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Abstract: The main objective of the Variational inequality problem is to study some functional analytic tools, projection
method and fixed point theorems and then exploiting these to study the existence of solutions and convergence analysis of
iterative algorithms developed for some classes of Variational inequality problem. The main objective of this paper is to study
the existence of solutions of some classes of Variational inequalities using fixed point theorems for multivalued and using

Banach contraction theorem we prove the existence of a unique solution of multi value Variational inequality problem.

Keywords: Fixed Points Theorems, Variational Inequality Problems, Strongly Lipschitz Operator

1. Introduction

Variational inequalities and complementarity problem play
equally important roles in applied mathematics, physics,
control theory and optimization, equilibrium theory of
transportation and economics, mechanics, and engineering
sciences. We study the existence and convergence of
solutions of some classes of Variational inequalities using
fixed point theorem for multivalued mappings we develop an
iterative algorithm for prove the approximate solution
converges to solution of multi value Variational inequality
problem.

Definition (1-1): Let X be a metric space with metric d. A
mapping F: X — X is called contraction mapping if:

d(F(a),F(b)) < ad(a,b),foralla,b €X

Definition (1-2): Let a(.,.);H X H — R be a bilinear
from, K a nonempty closed convex set of H.

Definition (1-2): If H = R? and project any point x =
(x1, x,) on the x; axis then the projection Py (x) = (x4, 0).

Theorem (1-3): Let H be a real Hilbert space, let K € H be
a nonempty closed convex set and let Py due the projection

mapping on K. Then Py is non expansive, monotone, but not
strictly monotone and strongly continuous.

Proof: Let us first note that the characterization of the
projection (y —x,y —n) <0,

for all y € K can be written

(Px(x) —x,Px(x) —y)forally €K (1

To show that Py is monotone, let us fix x;and x, in H
and write

(Px(x1) — x1, Pg(x1) —y)forally €K 2
(Px(x2) — x5, Px(x2) —y)forally € K 3)

Putting y = P (x,) in (1.2) and y = Px(x;) in (1), we
have

(PK(xl) —x1 — P (xz) + x3, P (1) — PK(xZ)) <04

And therefore

1P¢ () — P ()| < (x1 — X, Pp(xy) — PK(xZ))for all x;,x, €H 3

Which in particular implies the monotonicity of Py, further
if K = H then Py = 1, an identity mapping, and one has strict

monotonicity, but in general for K # H then Py is not
injective and hence not strictly monotone, If x € K then
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Px(x) # 0but Pe(Pc(x)) = P.
To show that Pk is non expansive it is enough to apply the
Schwartz inequality to (1.5) and obtain thus

[P (x1) — PK(xZ)”Z < llxg = 22l 1Pc (x1) — Pi (x2) | (6)

Or, dividing by ||Px(x;) — Px(x3)|| = 0 then ||Pg(x;) —
Py (x)]l < llxy —x,|l. the strong continuity follows
immediately form (5).

2. Preliminaries

Definition (2-1): Let H be a real Hilbert space and
[l.lland (.,.) denote norm and inner product on H
respectively. Given multivalued mappings T, A: H — 2" is a
power set of H, a nonlinear mapping g: H — H and a proper
convex and lower.

Semi — continuous function j:H — RU{+o0} with
Img Ndom dj # ¢, where dj denote the subdifferential of
j. We consider the following Variational inequality

problem (GVIP):

GVIP: Find u€eH,xeT(u),y€A(u) such that

gw) Ndom dj # ¢ and
(x—y,v—gw)=j(gw)—jw),vveH.

Definition (2-2): let g: H — H is said to be:
(i) v — stongly monotone, if there exists a constant
v > 0 such that

(gw) —gw),u—v) =v|lu—v|4vu,veH

(i) p — Lipschitz continuous, if there exists a constant
p > 0 such that

lgw) =gl <pllu—-vl,vu,veH

Definition (2-3): A multivalued mapping T:H — 2 is
said to be:

(i) @ — stongly monotone, if there exists a constant
a > 0 such that

(x—yu—v) =allu—v|?VvuveHx€T(uandy € T(v)

(ii) p — nq Lipschitz continuous, if there exists a constant p > 0 such that

p (T(w), TW)) < ny llu—v|,Yu,v € H

wheren,(4,B) =sup {|la—b|l:a € A,b € B} forany A,B € 2"

Definition (2-4): Let (X, d) be a metric space and T: X — X be amapping.

A point x is said to be fixed point T if x = x.

Fixed Point Problem: Let T be a mapping defined on a metric space (X, d) into itself, find x € X such that Tx = x.
Definition (2-5): If F is multivalued mapping on X into itself. Then a point x € X is called a fixed point of F if € X.
Lemma (2-6): A mutivalued mapping F on X into Y is continuous at point x, if and only if F(x,) = F(x,) for all sequence

{x,} in X with x,, - x,

Proof: Suppose that x,, = x,. Given € > 0 there exists § > 0 such that

llxg — x|]| <8 = |lu—vl|| <eforallu € F(xy)and v € F(x)

And there exists a positive integer N such that

llxg — x|l <& foralln=N

Thus, if n = N we have

[lu, —ul|l <€ forallu, €F(x,)andu € F(x)

Therefore F(x,) — F(x).
Conversely, suppose that F(x,) = F(x),i.eif n =N

[lu, —ul|l <eforallu, €F(x,)andu € F(x)

And [|x, — x|| < 6. Suppose that F is not continuous at x,. Then there exists > 0, for each § > 0 there exists x € X such

that

[lxg— x|l <6 = |lu—v| <eforallu € F(xy)and v € F(x)

In particular, for each positive integer n there exists x;,, € X such that

1
llxo — xI| < - and |lu, — uyll <€ forallu, € F(x,) and u, € F(x,)

Clearly, x, converges to x but F(x,) does not converges to (x,). which is a contradiction, this prove the lemma #
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Theorem (2-7): Let X be a Banach space. If F is multivalued contraction mapping on X into itself Then F has a fixed
point.

proof: Let i < 1 be contraction constant for F and let x, € X. Choose x; € F(x,). Since F(x,) and F (x;) are subsets of
X and x; € F(x,) thereisax, € F(x;) such that

Iy = 22l < pllxg — xq]l.

Now, since F(x;) and F(x,) are subsets of X and x, € F(x;), there is a point x3 € F(x;,) such that ||x, — x5|| <

wllixg = x|l < p?llxg — x|
We product a sequence {x,,} of points of X such that x,,; € F(x,) and

IXn = Xneall S pllxn_g = x5l < p?llxg — x4l foralln =1
Now
”xn - xn+m” < ”xn — Xn+1 ” < ”xn+1 - xn+2” + o0 + ”xn+m—1 - xn+m”
S Ut lxo = xq ||+ ™ lxo — x1||+. . +Iln+m_1 llxg — x4l

= (p" A+ p" e g™ g — x|

<ut (Z ui> [lxg — x4]| foralln,m =1
i=0

n

_ A llxg = %11 foralln,m=>=1

1-u

If n,m — OO0, then the sequence {x,} is a Cauchy sequence. Since X is Banach space
Lemma (2-8) :u € H,x € T(u),y € A(u) is a solution of GVIP if and only if for some given @ > 0, the mapping
F:H — 2% defined by

r = ) fe-9@ +pige - atx -y}
xeT(u) yeA(u)

Has a fixed point u, where pé = (I + adj)~! is called proximal mapping. I stands for the identity mapping on H.
Proof: Letu € H,x € T(u),y € A(u) be a solution of GVIP,i.e.u € H,x € T(u),y € A(u) satisfy (x —y,v —g(u) ) =
Jj{(gw)) — j(v), Vv € H . By definition of dj we have x — y, € (g(w))

= gw) —alx —y) € g(w) + adj{(g(w))
= g(u) —alx—y) € (I + ad{(gw))
= pllgw) — alx —y) = g(u)

=u=u— (g + pé((g(u) —a(x _3’))

€ U U {u—g@) +plg@) — alx - y))}
x€T(W) yeA(uw)

= u€F(u)
Conversely, let u be a fixed point of F,i.e.3x € T(u),y € A(u) such that
u=u—g@) +pi(g) - alx - y))
= g) = pigw) —alx - )
= gWw) —alx—y) € U+ adj){(g(w))
= g) —alx —y) € g) + adj{(g(W)
= —a(x —y) € adj{(g(w)
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=y —x€ adj (g(u)),sincea >0

Hence, by definition of dj

(x—y,v—g))=jg)) —jW), Vv € H. This complete the proof #

3. Main Result

Let T,A: H » 2" be multivalued mappings then multivalued Variational inequality problem is to find u € K such that

(pv—uw)=(qv—uw),foralv EKandp € T(u),q € A(u) @)

Let T and A are nonlinear mappings on H into H, the
single value Variational inequality problem is to findu € K
such that :

(T(w),v—u) =2 Aw),v—u,forallv eK (8)

Lemma (3-1): (u,p,q) withu € H,p € T(u),q € A(w), is

a solution of multivalued Variational inequality problem
(3-1) if and only if u € H is a fixed point of mapping
F:H - 21 defined as
Fw= | Bw-se-0»

PET (W)
qeA(w)

For some positive ¢.
Proof':
Suppose (u, p, q) satisfies if it satisfies (p —q,v—u) =

0,forallv e K
Or(u—(u—&é@—-qv—-wv—u)=0,forallv €K
If and only, the Theorem (2-3) (u, p, q) satisfies

u=Pc(v—§@p—q)

Oru € Fw) = UperaPe(v — £ — 4))

qeA(w)

We prove the existence of a unique solution of multivalued
Variational inequality problem (3-1)

Theorem (3-2): Let T:H —» 2% be a n,; — Lipschitz
continuous and A -strongly monotone multivalued mapping
and let A: H - 2% be p; —Lipschitz continuous multivalued
mapping. then multivalued Variational inequality problem (3-
1) has a solution.

Proof: By Lemma (3-1), it is enough to prove that
multivalued mapping F is contraction mapping.

Let w, € F(u,) and w, € F(u,), we have

wy = PK(ul & — ‘h)) for p; € T(u,) and q; € A(vy)

Wy = PK(uZ —&(p, — C121)) for p, € T(u,) and q, € A(v,)

Now

[lwy —w, ||

IA

IA

IA

| Pic(us = €1 = 41)) = P2 = $(02 — 42)) ||
(s = €1 — a1)) = (w2 + €2 — q2))|

lluy —u; = &y — P+ €llgr — g2l

lluy —up — §(py — PN + € p1llgs — @2l

By 4;-strongly monotonicity and 7; —Lipschitz continuous of T, we have

lluy —up, —&(p1 — pz)”Z < lluy — u2||2 = 28(py —p2uy —Uy) + 52”?91 - Pz”2

< lug = upll* = 284 lluy — u,l1? + E%n%lluy — uy|I?

s(1-284 +€277% ) lluy —u2||2

Therefore:

lwy — wyl < J 1— 260 + €02 llus — wpll + € pulls — s

= Eput 1= 260+ 80 s —

= Ollu; — uy|l

Where 8 = &p; + /1 — 284, + &2 < 1
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§<2(11_P1)

7]% —P1

Hence F is contraction multivalued mapping. By Theorem
(3-2), F has a fixed point, say u,i.e,u € F(u) then

u=Pe(u—¢@—q))andp€ T(w),q € A(w)

This completes the proof #
Iterative Algorithm (3-3):
For any given u, € K, compute u,,,, defined as

Upt+1 = PK(un - g(pn - Qn)) (9)
Pn+1 € T(Ups1) and qnypq € A(Uyyq) for some constant &

Theorem (3-4): Let T:H - 27 be a n; — Lipschitz
continuous and A; -strongly monotonicity multivalued
mapping and let A:H — 2" be p; — Lipschitz continuous

> p1 <Aand p; <X

multivalued mapping. If (41, Pns1, Gnes )and (u,p, q) are
solution of (7) and (8) respectively then u,,; converges
strongly to wuinH,p,,; converges strongly to
p in H and q,,, converges strongly to q in H for

2(4; —
g <28 o) s and gy > A,
Pr—MN1

Proof: By Lemma (3-1) and Iterative Algorithm (3-4), we
have

un+1_u:PK(un_€(pn_Qn))_ PK(u—f(p—Q))

Therefore,

”un+1 - u” = ”PK(un - g(pn - Qn)) - PK(u - f(P - Q))”

IA

Olluy — ull

By theorem
Where@=(fp1+ \/1—25/11+5277%)<1
For€<2(/11—_ppzl), p1 <Aand p; <A

1

ni-

Then by iteration, we have
lunsr —ull < 0™ luy — u,ll

Since 8 < 1. we have u,,,, converges to u strongly in, we
have p,,1 = p strongly in H and q,,, — q strongly in H.
This completes the proof #

4. Conclusions

We study the existence of solutions of some classes of
Variational inequalities using fixed point theorems for
multivalued and using Banach contraction theorem we
prove the existence of a unique solution of multi value
Variational inequality problem discussed in the article
research.
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Statement of the Problem

Find solutions of some classes of Variational inequalities.

Research Objectives

Study the existence of solutions of some classes of

(f put 1= 260+ 22l - uzn)

Variational inequalities using fixed point theorems for
multivalued and using Banach contraction theorem
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