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Abstract: This paper is on the solution of multi-objective transportation problem via fuzzy programming algorithm. The 

data for this paper was collected by an egg dealer in whose main office is located at Orji Owerri Imo State Nigeria, who 

supplies the product to different wholesalers (destinations) after taking it from different poultry farm (sources), and the time 

and cost of transportation from source i to destination j were recorded. TORA statistical software was employed in the data 

analysis, and the results of the analysis revealed that if we use the hyperbolic membership function, then the crisp model 

becomes linear. The result also revealed that the optimal compromise solution does not alter if we compare it with the 

solution obtained by the linear membership function. Thus, if we compare it with the solution obtained by the linear 

membership function, it is shown that the fuzzy optimal values do not depend on the chosen membership function be it 

linear or non-linear membership function. 

Keywords: MOTP, Transportation Problem, Fuzzy Programming Algorithm, Hyperbolic Membership Function,  
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1. Introduction 

Decision making is the process of identifying and 

choosing alternatives based on the values and preferences 

of the decision maker. It is the process of sufficiently 

reducing uncertainly and doubt about alternatives to allow a 

reasonable choice to be made from among them. Decision 

making based solely on a single criterion appears 

insufficient as soon as the decision–making process deals 

with the complex organizational environment. So, one must 

acknowledge the presence of several criteria that lead to the 

development of multi-criteria decision making. 

Optimization is a kind of the decision making, in which 

decision have to be taken to optimize one or more 

objectives under some prescribed set of circumstances. 

These problems may be a single or multi-objective and are 

to be optimized (maximized or minimized) under a 

specified set of constraints. The constraints usually are in 

the form of inequalities or equalities. Such problems which 

often arise as a result of mathematical modeling of many 

real life situations are called optimization problems.  

1.1. Single-Objective Optimization Problem 

In many real life situations problems are modeled and 

solved as single-objective optimization problems in a 

deterministic and crisp environment. The general form of 

single-objective optimization problems is: 

Minimize (or Maximize) ( ),Xf  ( )nx,...,x,xX 21=  
 

Subject to  

,)X(g j 0≤        k,...,,j 21=  

,)X(l j 0≥          r,...,,j 21=  

,)X(h j 0=          m,...,,j 21=  

Where mrk, h,...,h,...,h,l,...,,l,g,...,gg,f 212121 1  are real 

valued functions defined on Rn . X= ( ) n
n Rx,...,x,x ∈21  is 

called decision vector and nxxx ,...,, 21   are called 
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decision or unknown variables. In case all the functions 

(objective function constraints) are linear then the above 

problems is called linear programming problem, otherwise 

it is called non-linear programming problem. 

1.2. Transportation Problems 

It is a special type of linear programming problem which 

arises in many practical applications. In the beginning it 

was founded for determining the optimal shipping patter, so 

it is called transportation problems. The conventional and 

very well known transportation problem consists in 

transporting a certain product from each of m  origins 

m,...,,i 21=  to any of  n  destination n,...,,i 21= . The 

origins are production facilities with respective capacities 

aaaa ,...,, 21
 and the destination are warehouse with 

required  levels of demand .b,...,b,b n21  for the transport  of 

a unit  of  the given product from the 
thi  source  to the 

thi  

destination a cost 
ijc  is given  for which, without  loss of 

generally, we can assume .j,i,cij ∀≥ 0  Hence, one must 

determine the amounts 
ijx  too be transported from all the 

origins m,...,,i 21=  to all the destination n,...,,j 21=  in 

such a way that the  total cost  is minimized. This problem 

can be suitably modeled as a linear programming problem. 

Thus the conventional transportation problem can be 

mathematically expressed as: 

Minimize ∑∑
==

=
n

j

ijij

m

i

xcZ
11

  

Subject to 

∑
=

≤
n

j

iij ax

1

 m,...,,i 21=           (Row restrictions) 

∑
=

≥
m

i

jij bx

1

 n,...,,j 21=          (Column restrictions) 

0≥ijx  i∀  and j  

∑ ∑
= =

=
m

i

n

ij

ji ba

1

 (Balanced condition) 

1.3. Multi-Objective Optimization Problem 

Many real life optimization problems re multi-objective 

in nature and are to be optimized simultaneously subject to 

a common set of constrains. The most general mathematical 

model of a multi-objective in nature and are to be 

optimized simultaneously subject to a common set of 

constrains. The most general mathematical model of a 

multi-objective optimization problem is: 

Maximize ( ) ( ) ( ) ( )[ ],Xf,...,Xf,XfXF m21=  

( )nx,...,x,xX 21=  

Subject to: 

( ) ,Xg j 0≤  k,...,,j 21=  

( ) ,Xh j 0=  m,...,,j 21=  

( ) ,Xl j 0≥  r,...,,j 21=  

Where mf,...,f,f1  are the objective functions, Variables 

nx,...,x,x1  are called decision variables and X is called 

decision vector. This problem is also called multi-objective 

programming problem.  

1.4. Multi-Objective Transportation Problems (MOTP) 

In real life situation, all the transportation problems are 

not single objective. The transportation problems which are 

characterized by multiple objective functions are 

considered here. A special type of linear programming 

problem in which constraint are of equality type and all the 

objectives are conflicting with each other, are called MOTP. 

Similar to a typical transportation problem, in a MOTP 

problem a product is to transported from m  sources to n  

destination and their capacities are 
maaa ,...,, 21

 and 

nbbb ,...,, 21
 respectively. In addition, there is a penalty 

ijc  

associated with transporting a unit of product from 
thi  

source to 
thj  destination. This penalty may be cost or 

delivery time or safety of delivery or etc. a variable 
ijx  

represents the unknown quantity to be shipped from 
thi  

source to 
thj  destination. A mathematical model of MOTP 

with r  objectives, m  source and n  destinations can be 

written as: 

Minimize ∑∑
= =

=
m

i

n

j

ij
r
ijr ,xcZ

1 1

 Kr ,...,2,1=  

Subject to  

∑
=

=
n

j

iij ax

1

 m,...,,i 21=  

∑
=

=
m

i

jij bx

1

 n,...,,j 21=  

0≥ijx
 j,i∀  

The subscript on rZ  and superscript on 
r

ijc  are related to 

the 
thr  penalty criterion. Without loss of generality, it may 

be assumed that 0≥ia  and j,ib j ∀≥ 0  and the equilibrium 

condition ∑ ∑
= =

=
m

i

n

j

ji ba

1 1

 is satisfied. 

1.5. MOTP with Equality and Inequality Constraints 

MOTP with equality constraint is of the form: 

Minimize  ∑∑
= =

==
m

i

n

j

ij
k
ijk K,...,,k,xcZ

1 1

21  

Subject to 
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∑
=

=
n

ij

,iij ax  m,...,,i 21=  

∑
=

=
m

i

jij ,bx

1

 n,...,,j 21=  

,0≥ijx  ji,∀  

The above problem is feasible if and only if the condition 

∑ ∑
= −

=
m

i

n

j

ji ba
1 1

 holds. 

MOTP with inequalities both in supply and demand 

constraints can be presented as: 

Minimize ∑∑
= =

==
m

i

n

j

ij
k
ijk K,...,,k,xcZ

1 1

21  

Subject to  

m,...,,iax

n

ij

,iij 21=≤∑
=

 

 

,0≥ijx
    ji,∀  

This problem is feasible if and only if ∑ ∑
= =

≥
m

i

n

j

ji ba

1 1

. 

In this paper, we shall present only fuzzy programming 

technique to find an optimal compromise solution of a 

transportation problem with several objectives. Here both 

linear and non-linear membership functions are used.  

1.6. Related Literature Review 

Some works have been done in transportation problem 

which in one way or the other relates to this paper. 

Wahed and Lee (2006) proposed an interactive fuzzy 

goal programming approach to determine the preferred 

compromise solution for the multi-objective transportation 

problem. The proposed approach considers the imprecise 

nature of the input data by implementing the minimum 

operator and also assumes that each objective function has 

a fuzzy goal. The approach focuses on minimizing the 

worst upper bound to obtain an efficient solution which is 

close to the best lower bound of each objective function. 

The solution procedure controls the search direction via 

updating both the membership values and the aspiration 

levels. 

Zangiabadi and Maleki (2007) presented a fuzzy goal 

programming approach to determine an optimal 

compromise solution for the multi-objective transportation 

problem by assuming that each objective function has a 

fuzzy goal. A special type of non-linear (hyperbolic) 

membership function is assigned to each objective function 

to describe each fuzzy goal. The approach focuses on 

minimizing the negative deviation variables from 1 to 

obtain a compromise solution of the multi-objective 

transportation. 

Surapati and Roy (2008) presented a priority based fuzzy 

goal programming approach for solving a multi-objective 

transportation problem with fuzzy coefficients. Firstly, they 

defined the membership functions for the fuzzy goals. 

Subsequently, they transformed the membership functions 

into membership goals, by assigning the highest degree 

(unity) of a membership function as the aspiration level and 

introducing deviational variables to each of them. In the 

solution process, negative deviational variables are 

minimized to obtain the most satisfying solution. 

Osuji et al (2013) carried out a research on the paradox 

algorithm application of linear transportation problem. Two 

numerical examples were used for the study. In their paper, 

an efficient algorithm for solving a linear programming 

problem was explicitly discussed, and it was concluded that 

paradox does not exist in the first set of data, while paradox 

existed in the second set of data. The Vogel’s 

Approximation Method (VAM) was used to obtain the 

initial basic feasible solution via the Statistical Software 

Package known as TORA. The first set of data revealed that 

paradox does not exist, while the second set of data showed 

that paradox exists. The method however gave a step by 

step development of the solution procedure for finding all 

the paradoxical pair in the second set of data. 

Lau et al. (2009) presented an algorithm called the fuzzy 

logic guided non-dominated sorting genetic algorithm to 

solve the multi-objective transportation problem that deals 

with the optimization of the vehicle routing in which 

multiple depots, multiple customers, and multiple products 

are considered. Since the total traveling time is not always 

restrictive as a time constraint, the objective considered 

compromises not only the total traveling distance, but also 

the traveling time. 

2. Fuzzy Programming Technique to 

Solve Multi-Objective Transportation 

Problems 

In this section, fuzzy programming technique to solve 

the MOTP with different type of membership functions is 

presented.  

2.1. Linear Programming Formulation of MOTP 

A MOTP can be stated as:  

Minimize ∑∑
= =

==
m

i

n

j

ij

k

ijk KkxcZ
1 1

,...,2,1,   

Subject to 

m,...,,iax

n

ij

,iij 21==∑
=
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∑
=

==
m

i

jij n,...,,j,bx

1

21

 

,0≥ijx i∀  and j 

The subscription Zk and superscript on  
k

ijC  denote the 

K
th

 penalty criterion. We assume that  0≥ia  for all 

0≥jb,i  for all 0≥ijC,j  for all i and j, and  

∑ ∑
= =

=
m

i

n

j

ji ba

1 1

  (Equilibrium condition) 

ia  is the quantity of material available at source 

( )m,...,,iOi 21=   

jb   is the quantity of material required at destination 

( )n,...,,jD j 21=  and  

ijC  is fuzzy unit cost of transportation from source iO  

to destination .jD  

2.2. Fuzzy Programming Technique to Solve MOTP 

In fuzzy programming technique, we first find the lower 

bound as kL  and the  upper bound as kU  for the 
thK  

objective function k,...,,k,Zk 21=  where kU  is the 

highest acceptable level  of achievement  for objective 

kLk ,   the aspired level of achievement for objective k and 

dk = Uk – Lk the degradation allowance for objective k.   

When the aspiration levels for each of the objective have 

been specified, a fuzzy model is formed and then the fuzzy 

model is converted into a crisp model.  The solution of 

MOTP can be obtained by the following steps: 

Step 1. Solve the MOTP as a single-objective 

transportation problem K times by taking one of the 

objectives at a time 

Step 2. From the above results, determined the 

corresponding values for every objective at each solution 

derived. According to each solution and value for every 

objective, we can find a pay-off matrix as follows: 

 Z1(X) Z2(X) ZK(X) 

X(1)  Z11 Z22 Z1K 

X(2)  Z21 Z22 Z2K 

X(K) Zk1 Zk2 ZkK 

Where X
(1)

 , X
(2)

,…,X
(k)

 are the isolated optimal solutions 

of the K different transportation  problems  for K different 

objective function, Zij =Zj (X
i
), i=1,2,…,K; j = 1, 2,…,k   be  

the i
th

 row and j
th

 column element of the pay-off matrix. 
Step 3. From step 2, find for each objective the U

k
 and 

the L
k
 corresponding to the set of  

solution, where, Uk = maximum(Z1k,Z2k,…Zkk) and Lk = 

minimum (Z1k,Z2k,…,Zkk k = 1,2,…,K 

An initial fuzzy model of the problem can be; 

Obtain Xij, i=1,2,…,m,  j = 1,2,…,n 

,kk LZ ≤      k =1,2,…,k 

Subject to 

∑
=

=
n

j

iij ,aX

1

     i = 1,2,…,m 

∑
=

=
n

j

iij ,aX

1

 nj ,...,2,1=  

0≥ijX        for all i  and j  

Step 4. Define a membership function ),Z( kµ  for the k
th

 

objective function  

Step 5. Convert the fuzzy mode of the problem, obtained 

in step, into the following crisp  

Model;  

Maximize λ  

Subject to   ( )kZµλ ≤  

∑
=

=
n

j

iij ,aX

1

 m,...,,i 21=  

∑
=

=
m

i

jij ,bX

1

 j  =1,2,…, n  

0≥ijX  i∀  and  j  

0≥λ  

Step 6. Solve the crisp model by an appropriate 

mathematical programming algorithm 

Step 7. The solution obtained in step 6 will be the 

optimal compromise solution of the MOTP 

2.3. Fuzzy Programming Technique with Linear 

Membership Function  

A linear membership function is defined as:  

( )









−
−

−=

,0

,
,1

1
kk

kk

k

L

LU

LZ
Zµ      

kk

kkk

kk

UZif

UZLif

LZif

≥
<<

≤
 

If we use a linear membership function, the crisp model 

can be simplified as: 

Maximize λ   

Subject to  

( ) k,...,,k,ULUZ kkkk 21=≤−+ λ  

∑
=

==
n

j

iij m,...,,i,aX

1

21  
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∑
=

==
m

i

,jij n,...,,jbX

1

21  

0≥ijX     ji,∀  

0≥λ  

2.4. Fuzzy Programming Technique with Hyperbolic 

Membership Function  

A hyperbolic membership functions is defined by  

( )
( ) ( ){ } ( ) ( ){ }

( ) ( ){ } ( ) ( ){ }










+
+

= −+−−+

−+−−+ −

,0

,
2

1

2

1

,1

2/2/

2/2/

kkkkkkkk

kkkkkkkk

aXZLUaXZLU

aXZLUeaXZLU

k

H

ee

e
Zµ

kk

kkk

kk

UZif

UZLif

LZif

≥
<<

≤

 

Where  ( )kk

k
LU

a
−

= 6
 

If we will use the hyperbolic membership function then an equivalent crisp model for the fuzzy model can be formulated 

as: 

Maximize λ   

Subject to 

( ) ( ){ } ( ) ( ){ }

( ) ( ){ } ( ) ( ){ } ,
e

e
kaXkZ/kLkU

kkkk

kaXkZ/kLkU

kkkk

eaXZ/LU

eaXZ/LU

2

1

2

1
2

2

2

2

+≤ −

−+−

+−+

−+
λ  Kk ,...,2,1=                     (1) 

 

∑
=

=
n

j

iij aX
1

,     mi ,...,2,1=              (2) 

∑
=

=
m

i

jij bX

1

    n,...,,j 21=  

0≥ijX            for all i   and     j  

0≥λ  

Constraint (1) can further be simplified as: 

( )
2

1

22

1 +














 −+≤ kk

kk aXZ
LU

tanhλ ,  

( ) 1
2

2 +














 −+≤ kk

kk aXZ
LU

tanhλ  

( ) ( ) ( ) kk
kk aXZ

LU
tanh







 −

+
≤−−

2
12

1

λ , 

( ) ( )
2

121 kkk
kk

aLU
tanhZa

+≤−+ − λ  

Now, putting tanh ( ) ,1

1 12 +
− =− mnXλ  constraint (1) is 

converted to  

( ) ( )kk

k

mnkk LU
a

XXZa +≤+ +
2

1
. Hence, the given 

problem is simplified as: 

Maximize 1+−mnX    

Subject to 

( ) ( ),LU
a

XXZa kk
k

mnkk +≤+ +
2

1     K,...,,k 21=  

∑
=

=
n

j

iij ,aX

1

   m,...,,i 21=  

,bX j

m

i

ij =∑
=1

  n,...,,j 21=  

0≥ijX    ji,∀  

01 ≥+mnX  Where ( )12
1

1 −−
+ λtanhX mn  

3. Data Analysis 

This section shall discuss how multi-objective 

transportation problem is solved using the algorithm 

discussed in the previous section. The data for this paper 

were collected by an egg dealer in whose main office is 

located at Orji Owerri Imo State Nigeria who supplies the 

product to different wholesalers after taking it from 

different poultry farm sources. There are four different 

suppliers named as S1, S2, S3, S4 and four destinations 

namely D1, D2, D3, D4. The researchers liaised with the egg 

dealer to study the average total cost and time of 

transportation for two weeks. Data for time and cost of 

supplying products from sources i to destination j are 

presented in Tables 1 and 2 respectively. 

How much amount of material be supplied from different 

sources to all other destinations so that total cost of 

transportation and time of transportation is minimum. 
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Table 1. data for time of supplying products from sources: i to destination j 
 

               Destination 

Sources  
D1 D2 D3 D4 Supply  

S1 24 29 18 23 21 

S2 33 20 29 32 24 

S3 21 42 12 20 18 

S4 25 30 19 24 30 

Demand 13 22 26 30 93 

Table 2. Data for cost of supplying products from sources i to destinations j 

               Destination 

Sources 
D1 D2 D3 D4 Supply  

S1 14 21 18 13 21 

S2 24 13 21 23 24 

S3 12 30 9 11 18 

S4 13 22 19 14 30 

Demand 13 22 26 30 93 

The developed problem shall be formulated as:  

Min. 
44434244434241343332

3124232221141312111

14192224193025201242

213229203323182924

XXXXXXXXXX

XXXXXXXXXZ

+++++++++
+++++++++=

                 (3) 

Min. 
44434241413433323124

24232221141312112

1419221313119301223

2321132413182114

XXXXXXXXXX

XXXXXXXXZ

++++++++
++++++++=

                      (4) 

 
Subject to: 

432143210

30262213

30182421

4

1

4

1

4

1

43

4

1

21

4

1

4

1

43

4

1

4

1

2

,,,j;,,,i,X

X,X,X,X

X,X,X,X

ij

j j i

ii

j

ii

j j

jj

j j

jij

==≥

====

====

∑ ∑ ∑∑

∑ ∑∑ ∑

= = ==

= == =

             (5) 

Where 21,ZZ  represents total cost and total time of 

transportation respectively. 

Solving equations (3) and (5), we obtain the optimal 

solution as:   

( )





=========
======

=
0

,13,13,18,2,22,8

434234323123211211

444133241413

XXXXXXZXX

XXXXXX
X i

 

( )( ) 18981 =iXZ , and ( ) 12862 =iXZ  

Solving equation (4) and (5), we obtain the optimal 

solution as;  

( )





==========
=======

=
0,9

,9,6,15,18,2,22,21

42343231242113121144

444341332322142

XXXXXXXXXX

XXXXXXX
X

 

( ) 12722
2 =XZ

, and ( ) 19021 =iXZ  

The outcomes obtained from step 1 give the following 

pay-off matrix as; 

 

 

From the pay-off matrix, we obtain  

{ }
{ } 18981902,1898min

19021902,1898max

1

1

==
==

imumL

imumU
 

 

If a linear membership function is employed, the crisp 

model can be presented as follows:  

Maximize λ   

Subject to:  

19024124193025201242

213229203323182124

44434241343332

312423222114131211

≤+++++++
++++++++

XXXXXXX

XXXXXXXXX
 

1286141419221511930

1223152413182114

44434241343332

3124232114131211

≤++++++
++++++++

λXXXXXXX

XXXXXXXX
 

3026221530182421

4

1

4

1

43

4

1

2

4

1

1

4

1

4

1

43

4

1

2

4

1

1 ======== ∑ ∑∑∑∑ ∑∑∑
= ==== === i i

ii

i

i

i

i

j j

jj

j

j

j

j X,X,X,X,X,X,X,X  

0432143210 ≥==≥ λand,,,j;,,,i,X ij  

The optimal solution of the above problem is thus   presented below as; 
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



=========
=======

=∗

09

71418122121

423432312413121144

43413323222114

XXXXXXXX,X

,X,X,X,X,X,X,X
X  

1900=∗
iZ     12792 =∗Z   and  50.0=∗λ  

If we use the hyperbolic membership functions, an equivalent crisp model can be formulated as:  

Maximize 10X   

Subject to: 

28503652845537301863531

48543305495342754336

104443424134333231

2423222114131211

≤++++++++
++++++++
XXX.XX.XXXX.

XX.XX.X.XX.X
 

 

519181419221511930

122321152413182114

1044434241343332

312423222114131211

.XXXXXXXX

XXXXXXXXX

≤+++++++
+++++++++

 

432143210 ,,,j;,,,i,X ij ==≥ , and 010 ≥X  

Solving the above problem, the optimal solution is shown a follows: 





========
=======

=∗

0

78151822221

423432322321131211

44454133242214

XXXXXXXXX

,XX,X,X,X,X,X
X  

00310 .X =  

Therefore; 

12861898 21 == ∗∗ Z,Z ,  and 500.=∗λ   

4. Conclusion 

In this paper, two special types of membership functions 

linear and non-linear are used to solve the MOTP. From the 

results in this paper, it is observed that if we use the 

hyperbolic membership function, then the crisp model 

becomes linear. The optimal compromise solution does not 

change if we compare with the solution obtained by the 

linear membership function. However, if we compare with 

the solution obtained by the linear membership function, it 

is shown that the fuzzy optimal values do not depend on the 

chosen membership function whether linear or non-linear 

membership function is used. 
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