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Abstract: In classic mathematical physics course, under the local boundary conditions the Dirichlet (first kind), Neuman
(second kind) and at last special case of Poincare (third kind) boundary value problems were considered for a Laplace eq-
uation being a canonic form of elliptic type of equations. Later on for a Laplace equation, under non-local boundary condi-
tion the Steklov problem was investigated in [3] and a sufficient condition for Fredholm property was found. Note that here
boundary conditions contains non -local and global terms and the investigation method consist of obtaining necessary con-
ditions, regularization of them and reducing the stated boundary problem to the system of second kind Fredholm integral

equation with non-singular kernel.
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1. Introduction

It is known, that outside of geometrically symmetric
domains for investigating the solution of boundary value
problems, the potential theory is the most perfect method
of mathematical physics equations [1], [2]. As the Green
formula for a Laplace equation gives the harmonic function
in the form of two summands, simple and double layer
potentials , these potentials have been studied enough. We
can say that not all the results obtained for these potentials
have been found their application. So, the jump formulas
for the double layer potential and for a normal derivative of
a simple layer potential which arises during investigation
the solutions of the Neumann and Dirichlet problems was
in wide use.

In spite of the fact that the tangential derivative of a
simple layer potential and the tangential and normal deriva-
tives of the double layer potential have been investigated
[1], they have not found their applications.

Our method of investigation is the continuation of the
potential theory and makes it possible to look for the solu-
tion of a boundary value problem in the form given by the
second Green formula [3]-[5]. Comparing the Cauchy
problem for the wave equation with the boundary problem
for the Laplas equation it should be noted that the functions
participating in the D’Alambert formula obtained for the

solution of the Cauchy problem are independent arbitrary
functions (the functions given in the initial conditions),
having given them we can get the solution of the Cauchy
problem from D’Alambert formula [2]. However, in the
second Green formula established for a Laplace equation,
the harmonic function is obtained in the form of two sum-
mands, in one of them, a boundary value of the unknown
function, in another one a boundary value of the normal
derivative of this functions participates. These functions
are not arbitrary functions as in the D’Alambert formula
[2], they can’t be given (for Laplace equation) arbitrarily.
The relation between them are necessary conditions given
by us.

The boundary value problems for elliptic (Cauchy-
Riemann, Laplace), hyperbolic, mixed, composite type,
Bitsadzeh and Sobolev equations and some other equations
were considered by this method [3]-[11]. Note that Steklov
problem, is generally considered for the second order ellip-
tic type of equation with local boundary conditions. We
began our researches of a Steklov problem with the elliptic
type of equation of the first order, i.e. Cauchy-Riemann
equation [8], [10]. Local boundary conditions of Dirichlet,
Neumann, Poincare are unacceptable for this equation,
therefore we considered a problem with not local boundary
conditions. The presented work is devoted to research a
Steklov problem (here spectral parameter is present only at
boundary conditions) for Laplace equation where both lo-
cal and global (i.e. integrals) terms are present at boundary
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conditions. The scheme of research belonging to us, abso-
lutely differs from the methods of researches which are
carried out for a Steklov problems with local boundary
conditions.

One can find these papers in http/nihan.aliev.info.

2. Problem Statement

Let D be a bounded, convex plane domain in the direc-

tion X, , its boundary [ is a Lyapunov line [1]. If we
project this domain along the axis x, parallel to Xx,, the
boundary [T will be divided into two parts. Denote these
parts moving along x, by ', and [, and define these
boundaries by equations X, =)/(X). and x, E[q,h],kﬂ,?. As
the considered domain ) is convex in the direction X,,
the lines [, and [, will be expressed by one-valued

functions , (x,) and ,(x,).
Let’s consider the boundary value problem
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where K(x,,,),a(x,),(x,) are complex-valued conti-
nuous functions, J,(x,) and J,(x,) are real-valued con-

tinuous functions, A is a spectral parameter. It is known
that

U(x—f):%Tln|x—£| 3)

is a fundamental solution of two—dimensional Laplace
equation [2].

3. Basic Relations

To obtain the first basic relation we get the second Green
formula [1], [2] by means of Laplace equation and its fun-
damental solution (3). For this, multiply both hand sides of
(1) by (3) and integrate with respect to domain D .
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If we take the derivative by integration by parts from

u(x) to U(x = ¢), we get:
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here, we take into account that (3) is a fundamental solu-
tion of (1), i.e.
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is a two dimensional Dirac-delta function, V is an ex-
ternal normal drawn to [". In order to get the remaining
two basic relations, as in [3], [6], we multiply equation (1)
by the first order derivatives of fundamental solution with

_{)zd(x—f),so

respect to X, and X, and integrate the obtained expres-

sions in domain [):
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To get the analogy of the second Green formula from
these expressions we conduct an integration by parts so

that neither the third order derivatives of #(x) and

U(x—¢) on integrals on D nor the second order deriva-
tives could participate in integrals on [ . Then we get:
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In the same way, integrating by parts the second relation
obtained from the above equation, similar to (5) we get:
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so, we get the following statement:
Theorem 1. Let D be a convex bounded domain in the

direction X, , its boundary [ = B\ D is a Lyapunov line.

Then any harmonic function determined on [ satisfies
main relation (4)-(6).

4. Necessary Conditions

The second expressions from the basic relations (4)-(6)
obtained above are necessary conditions. Separate them:
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So we get the following statement:

Theorem 2. Under the conditions of theorem 1, any
harmonic function determined in [) satisfies necessary
conditions (7)-(9).

5. Separation of Singularities

Let consider expression (7) obtained for necessary con-
ditions. Here at right side at £ =1 first and fifth terms, and
at k =2 third and seventh singular terms cancels each

other , so there is no singularity in (7) and , therefore it is
regular. Now, consider the second necessary conditions (8).
The first, second, fifth and sixth expressions at its right side

are singular at k =1. Here, the first and sixth terms can-
cels each other, and the second and fifth singular terms are
combined, therefore, at £k =1 from (8) we get:
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where the dots indicates the sum of the obtained regular
expressions. In the same way at k=2 we get:
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At last consider the expression (9). Here at Kk =1 there
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is singularity in the second and fifth terms in the right side,
which are mutually canceled. Other terms have no singu-
larity. The obtained expression is as follows:
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In the same way, for kK =2 we get:
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where the dots indicates the sum of the regular expres-
sions, which doesn’t participate expressions

u(x,, Y, (x,)). Thus, we see that each of the four neces-
sary conditions given in (8) and (9) has singular summands.

6. Regularization

Set up the following combination by means of the ex-
pressions (10) and (11) obtained by the necessary condi-
tions above:
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So, we used the second of boundary conditions (2) for
obtaining the regular relation (14). Now, similar to (14), set
up the following expression by means of (12) and (13):
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In the singular integral in the right hand side of the ob-
tained (15) we change the turn of integrals and regularize it.
Then, we get the following regular expression:
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Thus, if we combine the regular expressions (14), (16)
with boundary conditions (2), we get the following four
relations for boundary values of first order derivative:
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7. Fredholm Property

If we subtract the third equation from the first equation
and the second equation from the fourth equation of (17)
and accept the condition

a(x)+ B(x)#0, (18)
we get:
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Thus, we obtained a system of four normal second order
Fredholm integral equations for the boundary values of
first order derivatives in the form (19). Finally, we combine
system (19) with regular necessary conditions (7) obtained
for u(é,,y, (&) k =1,2 and get the system of second
kind fredholm type homogeneous equations with weak
singularity in the kernel , with respect to the six unknowns
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At last, we get the following statement:

Theorem 3. Under the conditions of theorem 1, if
K (xl,/71) are continuous, & (xl) and ,B(Xl) are from
the Holder class, condition (18) is satisfied, then problem
(1),(2) is of Fredholm, i.e. the given boundary value prob-
lem is reduced to the system of second kind Fredholm type
integral equations. This system has no singularity in the
kernel.

8. Unsolved Problems

1) Assume that [ is a convex domain in the direction
X, of three-dimensional space, the [ = D \ D boundary
is a Lyapunov plane. If we project this domain to the sur-
face x' = (x,,x,) parallel to x5, the boundary I is di-

vided into two parts. Denoting them by [, and I, respec-

tively, we can express these planes by the following equa-
tions:
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We can investigate the following Steklov problem:
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here A [JC is a spectral parameter, K ; (x',¢") |
a y (x) B,("),a;(x),B,(x') are the given sufficiently
smooth functions.

2). The obtained problem has not been considered when
the integral term in the boundary condition of the given
problem is replaced by Au(x’, y;(x")).

3). As a global term the integral ,[ Aj(x', $u($)ds may be
D

added to the boundary conditions of the given problem, so
that the given boundary conditions are not linear dependent.

4). In two-dimensional case, for the Laplace equation the
Steklov problem has not been considered under the boun-
dary conditions containing non-local and global terms in
multi-connected domain.
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5). In the same way, in two-dimensional case the Steklov

problem remains open for convex domain.
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