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Abstract: This study investigates the dynamic properties of a discrete predator-prey model influenced by the Allee effect.
Through rigorous analysis utilizing bifurcation theory and the center manifold theorem, we establish the stability of the system’s
local equilibrium and reveal the intricate dynamical behaviors exhibited by the model, including period-doubling bifurcations at
periods 2, 4, and 8, as well as the emergence of quasi-periodic orbits and chaotic sets. A notable finding is the significant role
played by the parameter r in shaping the system’s behavior, as we identify a series of bifurcations, such as flip and
Neimark-Sacker bifurcations, by systematically varying r while keeping other parameters fixed. These findings underscore the
non-linear nature of the model and provide valuable insights into its complex dynamics. Our enhanced understanding of these
bifurcations and resulting dynamical behaviors deepens our knowledge of the Allee effect’s implications for predator-prey
models, contributing to our comprehension of population oscillations, stability transitions, and the emergence of chaotic
dynamics in ecological systems under the Allee effect. Moreover, this study carries practical implications for population
management and conservation strategies, as incorporating the Allee effect into predator-prey interactions allows for better
insights into population dynamics and the development of more effective and sustainable management practices. Overall, this
comprehensive analysis of the discrete predator-prey model under the Allee effect uncovers intricate dynamical behaviors and
emphasizes the influential role of the parameter r in shaping system dynamics, with implications for both theoretical
understanding and practical conservation management strategies.
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1. Introduction

Population dynamics is a fundamental field of research
in mathematical biology that examines how populations
of species change over time. The study of population
dynamics has a wide range of applications, including wildlife
conservation, resource management, and epidemiology [1].

There are two primary mathematical models used in
population dynamics research: continuous—time models,
which are described by differential equations, and
discrete—time models, which are described by difference
equations. Continuous—time models are widely used and
have been studied extensively for many years. However,
discrete—time models have received increasing attention in

recent years due to their ability to better capture the behavior
of populations with non—overlapping generations or minimal
population numbers, which are not accurately modeled by
continuous—time models [2, 3].

In addition, discrete—time models are beneficial in
producing more precise numerical simulation results.
Discretization is often used to produce numerical simulations
of continuous—time models, but this process can introduce
errors that impact the accuracy of the results. Discrete—time
models can overcome this issue by directly representing the
population dynamics through difference equations.

Furthermore, discrete—time models can exhibit more
complex and sophisticated dynamical behaviors than
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continuous—time models, such as bifurcations, chaos, and
other complicated dynamics [4]. These dynamical behaviors
have been the subject of much research and have yielded
valuable insights into the behavior of populations in response
to different ecological conditions.

Many authors have extensively investigated the stability,
permanence, and existence of periodic solutions of
predator—prey models [5-19]. However, research on the
dynamical characteristics of predator—prey models, such as
bifurcations and chaos occurrences in discrete—time models,
has been limited.

Furthermore, there is a lack of research on the stability of
discrete predator—prey systems with Allee effect. The Allee
effect is a biological phenomenon that describes a positive
relationship between population density and the rate of per
capita growth, named after Allee [20]. This means that
individual reproduction and survival are reduced at lower
population densities, while this impact typically saturates or
vanishes as populations grow larger. Various factors could
cause this impact, including the difficulty in finding a mate for
reproduction in some species when population density drops.
Recently, there have been a few studies on the Allee effect in
discrete predator—prey systems. For instance, Ye et al [21]
analyzed a discrete—time predator—prey model with Allee
effect and demonstrated the existence of a global attractor
with a stable equilibrium point. Moreover, METWALLY
et al [22] investigated the existence of chaotic dynamics in
a discrete predator—prey system with Allee effect. This
study revealed the coexistence of multiple attractors and chaos
occurrence through a bifurcation analysis. Therefore, while
many studies have examined predator—prey models, more
research is necessary to explore the dynamical characteristics
and stability of discrete predator—prey systems with Allee
effect.

The difference equations presented below are utilized to
define a discrete—time predator—prey model with Allee effect

Tpil = Tp (re(kx") (o:n — u) — 5yn),

Yn+1 = Yn (amn - '7) .

(D

The model components can be interpreted as follows:

1. The term raz,e!=%~) represents the growth of prey
population according to the Ricker model when
predators are absent. The term x,, — p represents the
Allee effect, which describes the positive relationship
between population density and the rate of per capita
growth.

2. dx,y, represents the decrease in prey population due to
predation by the predators.

3. az,y, represents the increase in predator population as
a function of the prey population.

4. vy, represents the natural death rate of the predator
population.

The objective of this study is to explore the implications

of substituting the Ricker model, r:rne(lf‘f"), for the
conventional logistic growth term, rz,,(1 — z,,), in predator-

prey models. Additionally, we aim to examine the influence of
applying the Allee effect to this discrete predator-prey system.

The paper is structured as follows: In the second and
third sections, we discuss the existence and local stability of
equilibria in model (1). The fourth section examines the flip
bifurcation and Neimark-Sacker bifurcation of model (1) by
utilizing r as a bifurcation parameter. In the fifth section,
we provide numerical simulations that not only demonstrate
our theoretical results but also showcase complex dynamic
behaviors, including a cascade of period-doubling bifurcation
in periods 2, 4, and 8, as well as quasi-periodic orbits and
chaotic sets. Finally, we present our discussion in the last
section.

2. Stability Analysis

Our analysis begins with an examination of the equilibria
in model (1). As expected, the point £y = (0,0) is one
such equilibrium. Moreover, we can deduce that the remaining
equilibria of model (1) fulfill the subsequent requirements:

1—x

r(xu)e ™ —dy —1=0,

(zp) 2
ar—v—1=0.

Solving System (2) allows us to find the other equilibrium
point, which is

(7—1—1 r(au—’y—l)ea_g_l —l—a)

Ey = ,— .
! da

The equilibrium point F» is considered positive if

y—a+1

o
Y+1—apu>—e =
r

Another equilibrium point, £y («*, 0), exists at the boundary
and can be described by the equation 7(z* — p)e!=*" = 1.
To find E;, define the function g(z) = r(z — p)e! =@ — 1.
We note that g(0) = —pre — 1 < 0, limy00 g(x) = —1,
and g (z) = (1 — 2 + p)e' . Hence, g(z) has a unique
equilibrium point at x = 1 + p. Thus, we can identify the
following three cases:

1. If r < eM, there are no positive roots for g(x).

2. If r = eM, g(x) possesses a single positive root, which
can be found at x = 1 + pu. Therefore, we can identify
Eqas (1+ p,0).

3. When r > e, g(z) has two positive roots, specifically
27 < 14+ pand 25 > 1 + p. We can refer to
the corresponding equilibrium points of model (1) as
Ell = (SUT,O) and E12 = (1’;,0)

3. Linearized Stability

This section presents the local stability conditions for the
equilibrium points of the model. By computing the variation
matrix corresponding to each equilibrium point, we can
analyze the model’s local stability. The Jacobian matrix J of
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model (1) evaluated at (z,y) is used to obtain this variation
matrix.

g (—2?+ (p+2)z — p)re! = — by —dx
a oy ar—7v )’

We can obtain the characteristic equation of the Jacobian
matrix as follows:

02 —p(I,y)U+q($,y) 207 (3)

p(z,y) = (—582 + (n+2)x — ,u) rel™ — Sy + ax — 7,
q(z,y) = (az —y)r (2% + (n+ 2)z — p) ' % + dyy.

Proposition 3.1. The following statements are true for the
equilibrium point Ej of System (1):

() If0 < rp < e tand 0 < vy < 1, then Ej is locally

asymptotically stable, or a sink point.

(ii) If ru > e~ ! and v > 1, then Ej is an unstable source.

(i) If rp < e ltandy > 1,orifru > e ! and v < 1, then
E)y is an unstable saddle.

(iv) If rp = e™1, or if ¥ = 1, then Ej is a non-hyperbolic
equilibrium.

Proof: The eigenvalues of the Jacobian matrix evaluated at
Ey are 0y = —rpe and o0y = —v. Thus the results of this
Proposition can be obtain by comparing the position of the
eigenvalues with respect to the unit circle. a

One of the eigenvalues of the equilibrium E(0,0) is
observed to be 1, according to Proposition (3.1). Therefore,
a perturbed values of the parameters about 7y = e 1 ory = 1
can result in a fold bifurcation of the system.

Proposition 3.2. The equilibrium point E of the System (1)
exhibits global asymptotic stability if and only if 0 < ru <
e land0 <y < 1.

Proof: Proposition 3.1 established that FEy is locally
asymptotically stable when 0 < ru < el and 0 < v <
1. Therefore, demonstrating that lim, ,,,x, = 0 and
lim,, o yn = 0 is sufficient to establish the global stability
of E().

Tp4l = Tn (re(l_wn) (xn - M) - 5yn>7

= T(xn)Qe(l_In) - Tﬂxne(l_mn) - 5$nyn7
< rexy (znel77)),
< rex,.
Hence
Tn < (re)"zog, n=1,2 .. )
Thus

lim z, = 0.
n—oo

Noting that

0< @ = 0=, (1o (m, = 1) = by ).

<~ dy, < ree(~@n) (:1:7, — u) < ree(=n) (asn),

Therefore, we can conclude that ¥,, is bounded from above.
Examining the second equation of System (1) and equation (4),
we obtain:

Yn+1 = QATpYn — YYn S ATnYn
S a(Te)nmoyn

< %(re)”“xo, n=12...
Therefore
lim y, = 0.
n—oo
Then the proof is completed. a

Proposition 3.3. The equilibrium point of System (1),
E;(1 + p,0), is always non-hyperbolic.

Proof: The eigenvalues of J (F;) are 0y = 1 and o9 =
all+p) —n.

Thus, we can conclude that the proof is complete. O

Proposition 3.4. The equilibrium points Fy;(xF,0) of
System (1), where ¢ € {1,2}, satisfies the following
statements:

() If aa? — | < 1and |zf(re'=% — 1) 4 1| < 1, then

Ej; is a sink point;

(i) If oz} — | > 1 and |z} (re’=® — 1) + 1| > 1, then
F; is a source;

(i) If |ax? —~| > 1 and |z} (re' =% — 1)+ 1| < 1, or if
laxt — | < 1and |z} (re' =% — 1)+ 1| > 1, then F;
is a saddle;

(iv) If |aa} — 5| = 1, orif |z} (re' =% — 1) 4+ 1| = 1, then
E; is non-hyperbolic;

Proof: The outcomes of this Proposition can be obtained by
noticing that the eigenvalues of .J (Ey;) are 07 = auxrf — -y and
oy = at(rel™™ — 1)+ 1. O

Proposition 3.5. If the following conditions are satisfied,
the positive equilibrium point E5 of model (1) is locally
asymptotically stable:

7+1 ’

@) ?u—2u+v+3)a+20+2<
(i) a2 — (4 +2)aty+1< =2 a",

1ty—o
(o3

2(q_ 1+v—a
a”(3=7) =2,

(i) ap—v—1< ="e .

Proof: Upon solving the characteristic equation (3) of the

Jacobian matrix J for the linearized system of the model (1) at
the equilibrium point Es, the following results are obtained:

(1t Da—1=yr(l+y)e" =" + 2

p(w,y) =
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q(z,y) =

the local asymptotic stability of the positive equilibrium point
F) is achieved if the following conditions are met:

Ip(z,y)| <1+ q(z,y) <2,

the criterion 1 + p(x,y) + g(z,y) > 0 can be observed to be
equivalent to the condition

2
3— —a
o?( v)eu+

—2u+v+3a+2a+2<
(2u+v+3) P

)

we can easily observe that the criterion 1 — g(x,y) > 0 is
equivalent to

2 —a2 1ty—o

a uf(u+’y+2)a+’y+1<7e >

the condition expressed by the criterion 1 —p(z, y) +q(z,y) >
0 can be rephrased as follows:
- 14y—«a
op—y7—1< —e =
r
|
The stability analysis of a nonhyperbolic fixed point can

be more complex. When one of the eigenvalues is on the
unit circle and the other is inside the unit circle, there are

Tn+1 = xn( (7"* + 6) e(lizn) (xn

The characteristic equation of the Jacobian matrix J(EQ(’YJFI _

- U) - 5%) yYn+1 = Yn (Oéxn - ’Y) .

o2 e
various possibilities to consider. In such cases, centre manifold
theory is often used to determine the stability of the fixed point
[2, 23, 24].

Lemma 3.1. The stability of Es is lost in one of the following
two cases:
(1) via a flip point when

(h+Da-y-1< m+1> ¢, and o?p — (2p +
v+ 3)a+ 20 + 2 = LEM =

(ii) via a Neimark-Sacker point when
((p + Da — v — D)(y + Dre™ = + 2a?| <

—(a2u+ (—p =y = 2a+y+1) (y+ Dre* = -
a?(y - 1),

and o?p —

2 14y-—a

(W+y+2)a+y+1==e"@o ; O

4. Bifurcations Analysis

4.1. Neimark-Sacker Bifurcation About E5

First, we will discuss the Neimark-Sacker bifurcation of the
discrete-time model (1) around the equilibrium point F>. Let
us consider the parameter 7 in a small neighborhood of 7, i.e.,
r = r* + ¢, where ¢ < 1. Then, the discrete-time model (1)
can be written as:

&)

r*4e)(ap—y—1)e
da

a—y—1
= +a)) of the model (5) about

o2 = p(e)o + q(e) = 0,

Y+ D)((p+Da—y=1)(r+ee =

Ep(at), - eenmy e
where
p(e) =
and
q(e) = —

(v+D(r+e (@p+ (—p—v—2)a+vy+1)e o

o? ’

+a'y

The solutions to the characteristic equation of J(Es) are

p(e)Eey/4q(e)—p3(e)

01,2 = 2 )

a2

a—~y—1
o

_ D) ((ptDa—y— 1)(r+e)c +2a°

1\ 2 _
) +4a3(r+e)(pa—y—1)e” «

2

\/ (v+1)((WH)((u+1)a*7*1)2(r+6)2(e(ky
NSy

ol bl

+Oé"/

|01 2| = F \/ (v+1)(r+e) (e p+(—p— "/ 2)a+'y+1)e a=x=i

and

a—y—1

(y+1)e =

—(p+v+2a+y+1)

de

e=0

2&\/—r(’y—|—1)(o¢2u—|—( p—y—2)a+v+1)e =

a—~y—1
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Furthermore, we imposed the condition that when € = 0, the eigenvalues 07", should not be equal to 1 form = 1,2, 3,4. This
is equivalent to the condition p(0) # —2,0, 1, 2, which can be verified through computation.

The equilibrium Es of the discrete-time model (1) is transformed into O(0, 0) when we let w,, = x,, — z* and v, = y,, — y™*.
After some manipulation, we obtain:

Upt1 = (Un + x*)((r* +€) (un + 2" — N)e(liunim*) —6(vn + y*)) - (6)

Unt1 = (vp + ") (@(un +2%) —7) —y".
«,71
where z* = 2L 4 _rlap=y= 1)e = . In the following analysis, we consider the case where e = 0, and we study

the normal form of System 6). To obtam the normal form, we expand (6) up to third order using a Taylor series centered at
(tn,vy) = (0,0), yielding:

Unt1 = A1ty + D120, + A13ul + Argunvy, + Agsul + O(|un|, [va)?,

Unt1 = Dot + Aoovy + Aoztn vy,

where *
Ay =7 (= (@) + (p+2)z* — p)e! ™" — oy,
Ay = —dz*,
A13 _ _T*y* (7(1*)2+(N4+24)1*72H72)61_T ,
r*(—=(x* 2 x*— _ 1—az*
Ay =—6, A5= (- +(u+6g 3u—6)e ’
Agi =ay*, Ap=az®—7, Ap=a,
Now, let
— (7+1)((F‘+1)a*’7*1)(7‘+6)ea%’kl+2a2
n 202 )
amy—1\ 2 o
1 (7+1)((7+1)((#+1)Q*W71)2(r+5)2<eTl) +4as(r+6)(ua7771)671+4a4)
C =3\ — — 7

The matrix 7', which is invertible, is defined by

(6) gives
— X T'(X
(vt )= () )+ (i) ) "
Yn+1 C n Yn II (Xnyyn)

where

D (X, V) = A Xn? + A2 X Yo + Ais X2,

II (Xna Yn) = A21Xn2 + A22X77,Yn + AQBXEU
and

Ain = Aa(n — A1) + A3,

Ag = —CAyy,

Az = A%, A5,

Ao = %(77 - All)(nAM — AuA 4 (Arg — A24)A12>7
Aoo = Aa(Ar1 — 1) + AgsAgo,

A23 = %(77 - A11)A15A%2-

In addition,
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I'x,x.l0,0) = 2811, Txovili,0) = A1z, Tvavalio,0) = 0

I'x, x.x0l0,0) = 6M13, Tx,x,v.l0,0) =05

Ix,v.v.lo0,0 = Ivavay,

and

x, x,l0,0) = 2021, 1lx, v,

(0,0) = N2z, Ty y,

©0,0 =0,

©0,0) =0,

Ix, X, X, (0,0) = 6A23. IIx, X, v, (0,0) = 0

1_IXn,YnYn|(0,o) = HYnYnYn|(070) =0.

For a Neimark-Sacker bifurcation to occur in (7), it is necessary that the discriminant Y is non-zero (see [2, 23, 25])

1 —26)52 1 _
x =—Re Qiguezo — ~[1611]* = [|602]1* + Re (5621 ,
1—0 2
where

1
Oo2 = 3 Tx,.x. — vy, +2x, v, +t(Ilx,x, —y,v, +2Tx,v, )] ‘(0 0

1
011 = 7 [x.x, + vy, + e (x,x, +1ly,v,)] ;

(0,0)

1
b0 = 3 Tx,x, —Tv,v, +2lx,v, +¢(Ilx,x, — My,v, —2Cx,v,)] ‘ 00
o1 = 16 Cx, x.x. + Txovaye + Ox, x,v, + v, v, v,

+ 0 (x, x,x, +1Ix,v,v, —Ix.x,v, —Tvavav.) ] ‘

Upon computation, the result is obtained as follows:

0,0)

002 = % [A11 —+ A22 + L (A21 + AlQ)} 1)
911 = ? [All + LA21] )
Oa0 = % A1+ Moo + ¢ (Aa1 — Ar2)],
921 = g [A13 + [/A23] N

After analyzing the normal form and using the Neimark-
Sacker bifurcation theorem discussed in various sources
including [23, 26-29], we can conclude the following
proposition.

Proposition 4.1. Provided that the parameters satisfy
condition (2) in Lemma (3.1), a Neimark-Sacker bifurcation
occurs about Fs in the discrete-time model (1) when x # 0.
Moreover, if y < 0 (resp. x > 0), an attracting (resp.
repelling) closed curve emerges from Fs.

Remark 4.1. A supercritical Neimark-Sacker bifurcation

Tn1 = @ (0417 ) (20— 1) = 0y ).

Yn+1 = Yn (axn - ’7) .

occurs in the discrete-time model (1) if the discriminatory
quantity x < 0 according to bifurcation theory discussed in
[27].

4.2. Period-doubling Bifurcation

This section focuses on investigating the period-doubling
bifurcation of model (1) at F, in a small neighborhood
of condition (i) from Lemma (3.1) by selecting arbitrary
parameters («,r,d,7,u). Here, we treating r* as a new
dependent variable. As a result, we obtain:

®)

Let u,, = z, — 2" and v,, = y, — y*. The equilibrium E5 of model (8) is transformed into O(0,0) by this coordinate
= (0,0

transformation. We expand the model (8) as a Taylor series up to the third order around (uy,, w,,, )

the following model.

~ ~ ~ 2 ~ N * AN .3 N 2 % *\4
Una1 = D11ty + A1avn + Arzul + Apgun vy + Apsunr™ + Ajguy, + Azusr™ + O (Jug|, [7*])7,

Unt1 = Doty + Aoovy + Aogtin vy,

(0,0,0), which results in

)
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where . X
Ay =r(—(@*) + (p+2)z" —p)e' ™™ — oy,
Z\lg = —ox*,
— r *
Kig = =2 (= (@) + (u+ 42" — 20— 2)e! ™",
Z1\4 = _6a

A= (— (@) + (u+2)z* — p)e!™,

A = %( — (@) 4 (u+6)z" — 3u—6)e! ™,

N 1 * * —z*
Arg = =5 (= @)+ (n+4)2" —2u = 2)e!™",
Agr = ay*, Agpp =azx™ —v, Ay =a.

Construct an invertible matrix 7" as follows

and use the translation - -
( Unp ) _ AND) AN < Xn )
Un —1-— All g9 — All Yn ’
(9) gives
Xn+1 -1 0 Xn f(unvvnvr*)
= ~ 10
( Yot1 ) ( 0 02)<Yn >+<H(un,vn,r*) ’ (10)
where - - - - - - o
~ Aqs (02 - An) Aqs (02 - All) Ay (02 - All) — Ag3Aq
T (tp, vp, ™) = /\—ui +—_— L, + — Up Uy,
A1z (14 02) A1z (14 02) A1z (14 02)
Bo(r-Bn) | Bu(n-Bn) 4
+ — Syt ———"u, + O ([, 7)),
Alg (1+O’2) Alg (1+O’2)
_ Ea(1+50) |, Su(1+&)  Eu(1+50)+Anks
H (un, ’Un,T’*) - — u?l + — nr* + _— unvn
A1 (1+ 02) Ao (1+ 09) A1z (1 + 02)
Ae(1450) ,  Au(1+Am) )
+ A—unr*+A—u,L+O(\un|,|r*|) .
Aqz (1 +02) A (1+02)

w2 =Ry (X2 42X,V +Y2),
Uy = — Ay (1+ZH>X3+ (Apa(oz — Apy) — Ay (1+Z§) )XY, + Apy <02 fﬁ\u) Y2,
Up 1™ :K\HXHT* + Z\ngnr*,
ulr* :K\HQ (X2r* +2X,Y,r* + Y.2r%) .
According to the center manifold theorem [23, 27, 30, 31], we can construct a center manifold W¢(0,0) of (10) about (0, 0)

in a small neighborhood of r*. The center manifold can be represented as follows:

We(0,0) = { (X, Ya) : Yo = cor* + a1 X2 + 2 Xor™ + ¢5(*)? + 0 ((1Xal 1 )*) },

The function O ( (|X,,| + |r|)3) is order three or higher in the variables (X,,, ), representing the higher-order terms that are

neglected in the expansion, and
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(HK\H) (Z\n@+(@f@)fm+@)

Co = 07 1 = 0_2 1 )
5 —
& (14 50)
S W A —)
©2 (1+02)2 e

Thus, we can restrict the map (10) to the center manifold W ¢(0, 0) and obtain the following map:

F(Xn) = —Xp + X2 4 hoXor™ + ha X214+ hy X ()2 + hs X3 + O ((|Xn| , |7°*|)4) , (11)

where

o [+ (8~ ) B~ Bt 1) B+ (257 + 52) B — en .

hzzl_i_l@ [E‘) (szgﬁ)},
1

SRS
S [ SR B ,
+ 4(((—1A13 + §A23)A12 + Arg(An + Z))Aw - 1A17A12)(A11 +1)03

hs =

|o480AT — (AuBn + DA + ApAr(An - 1)

[ D SR _
+ ( —3(— (A3 — Ag3)(Anr + g)A12 + A1 A (A + 1))(A11 + 1) A5

——— — — — — — —2 — — ———  —
+ A1 Ar7(Arr — 1))02 + (((A23 — Ay3)A11 + Ao3)Aga + Aqy A14) (A1 +1)A15 + A1 A Ay |,
—2 — —
Aqy (02 - An) (1 + An)

(02 +1)°

hy =

)

1 — 2 —_ - 2 2
hs = (02 —1)(0a £1)° [(Q(Am — Ng3)?A1r + (— 03016 + (3823713 — 2A13° — Ags )0y

+ 2805 — 505 Ax5 + 3805 + Arg)Agy + 03 A5 + (393805 — 275

— Ky = Bro)os — Bay(Brs — Aa) ) Ar” — BB +1) (1A

~ Bo)Bn” + (4B — 5B33)02 + 8833 — 4853) Ay + (Bys — K)o + (283 — 3813)02 — By ) By
+ K (B + 1202 — A (on — 287 — 1)

For a period-doubling bifurcation to occur in the map (11), it is necessary that the following discriminatory quantities are

nonzero:
188 102F\°
) AQ = 787{; + <6 .];)
0.0) 60x3 ' \20x2

After calculating we obtain time model (8) exhibits a period-doubling bifurcation at the

unique positive equilibrium Eq, when 7* varies within a small

Ay = ho + 1 hs, neighborhood of O(0,0). Furthermore, the stability of the

2 period-2 points emerging from F5 depends on the sign of Ag;

and the bifurcated points are stable if Ay > 0, and unstable if
Ay < 0.

2f  10f 9f
A= (3Xn87‘* oo axg)

(0,0)

Ay = hs + B2

Based on the analysis in [22] and the bifurcation theory in
[23, 26-29], we can propose the following proposition.
Proposition 4.2. Assuming that As # 0, the discrete-
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5. Numerical Simulations

This section presents numerical simulations to demonstrate
the complex dynamical behavior of model (1). Bifurcation
diagrams and phase portraits are utilized as visual aids to
provide further evidence of the theoretical analysis discussed
earlier.

We start by selecting the parameter values as § = 0.1,
a = 2, and v = 5.1, with an initial condition of (3.05,4.75).
Initially, we construct the bifurcation diagram of the model
(1) without considering the Allee effect (Figure (1)-a). As
the system evolves, it reaches a stable equilibrium, and
subsequently, chaotic dynamics emerge.

To investigate the influence of the Allee effect, we focus
on the bifurcation diagram of System (1) with respect to the
parameter y. By gradually increasing the Allee parameter,

oa—

(y+1)e" ="

(@2 (p+y+2a+y+1)

we observe that the system undergoes a transition. Beyond a
critical threshold value of 0.262, the dynamics become stable
(Figure (1)-b). This finding is consistent with our theoretical
analysis and is further supported by numerical simulations that
showcase the novel and intricate dynamical behavior of the
model.

Next, we investigate the behavior of model (1) by varying
the parameter r within the range 3.8 < r < 4.1. In the
interval 3.8 < r < 4.032, the model exhibits a unique positive
stable equilibrium point. By computation, we find that this
equilibrium point is located at (3.05,4.793185240) for the
parameter values r = 4.032,0 = 0.1, = 0.2, = 2,y =
5.1. The corresponding phase portraits for different values of
r within this range are depicted in Figure 3. Notably, at r =
4.0321, a Neimark-Sacker bifurcation occurs, as illustrated in
Figure 2 (f), with

=0.7576542145 > 0

Qa\/—r('y-i-l) (@Pu+(—p—y—2)a+v+1)e

hold. Furthermore, for r = 4.0321, the eigenvalues of Jg,
around FE5 are

01,2 = —0.464431894 4 0.882896387., (12)
After performing calculations, we obtain
02 = 0.02191700441 — 0.08872080900¢,
011 = —0.07938575138 — 0.22158643 74, (13)

020 = 0.01095850221 — 0.06643281419¢,
621 = 0.009076385606 + 0.02533457095¢,

1 1.2 1.4 1.6 1.8 2

(a) Without Allee effect where the values of parameters are § = 0.1,

a = 2, = 0.1. Corresponding to the bifurcating parameter r.

a—vy—1
o — a2'y

Based on the calculations from (12) and (13), the value of
the discriminatory quantity is x = —0.08653744470 < 0.
Therefore, when r = 4.321 > 4.32, the model (1) undergoes
a supercritical Neimark-Sacker bifurcation, resulting in the
emergence of a stable invariant closed curve, as shown in
Figure 3. As the parameter r exceeds the value of 4.04, chaotic
behavior emerges, as observed in Figure 3(b-e).

The numerical solutions depicted in Figure 2 and Figure 3
demonstrate that the stable fixed point E5 becomes unstable,
leading to the coexistence of prey and predator populations
through persistent positive periodic oscillations over time.

0.1 0.2 0.3 0.4 05 06

(b) With Allee effect where the values of parameters are r = 4,

6 = 0.1, = 2,y = 5.1. Corresponding to the bifurcating parameter f.

Figure 1. Bifurcation diagrams.
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=3.8, p=0.2, §=0.1, & =2, 7 = 5.1, with initial value (3.05,4.75)
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(e) invariant circle
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4.5
3.025 3.03
X

(b) stable equilibrium

414025 =02, 5204, a =2, =51, with initial value (3

3.035 3.04 3.045 3.05 3.055 3.06 3.065 3.07 3.075

.05,4.75)

4.8

4.79

475

4.74 :

3.044 3.046 3.048 3.05

X

3.052 3.054

(d) stable equilibrium

4rg: 4.034, p=0.2, § =0.1, a = 2, v = 5.1, with initial value (3.05,4.75)

4.88

4.84
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(f) invariant circle

Figure 2. Phase portraits for various values of v from 3.8 to 4.034.
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The branch point (BP), Neimark-Sacker point (NS).

Figure 3. Phase portraits for various values of v from 4.038 to 4.1.
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6. Conclusions

In conclusion, the stability analysis of predator-prey models
with Allee effect is crucial for understanding their biological
significance and can inform conservation management. The
Allee effect is a natural phenomenon that can have either a
stabilizing or destabilizing effect on population dynamics, and
its impact on the model can be explored through bifurcation
diagram analysis.

In this study, we analyzed a prey-predator model with
Allee effect in the prey growth function. By increasing the
strength of the Allee parameter, we observed a transition from
chaotic behavior to stability in the model dynamics. We also
investigated the effect of Allee parameter on the model for
different values of p and produced bifurcation diagrams and
phase portraits for various parameter values (Figures (1), (2),
and (3)). Our analysis showed that the Allee effect has a
stabilizing effect on the model dynamics.

Moreover, by replacing the logistic growth function with the
Ricker map, we demonstrated that the behavior of the model
dynamics can be altered and enriched. Our results may have
significant applications in species conservation management
policies. Overall, our study highlights the importance of
considering the Allee effect in ecological models and its
potential impact on conservation management.
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