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Abstract: In the study of quantum groups, quantized matrix algebras have been widely investigated from the viewpoints
of representation theory and noncommutative geometry. This paper addresses a computational approach to the investigation of
quantized matrix algebra .J. O( ), namely, by employing the Shirshov algorithmic method, it is shown that the defining relations of
J9(n) constitute a Grobner-Shlrshov basis; by constructing an appropriate monomial ordering on J(n), it is shown that J (n) is
a solvable polynomial algebra. Consequently, it is shown that several further structural properties of J, 0( ), such as J| 0( ) bemg a
Noetherian domain, having Hilbert series (17’ having GK dimension n2, having global homological dimension 2, and being
a classical quadratic Koszul algebra, may be derived in a constructive-computational way. Moreover, applying the foregoing
structural properties in turn to investigate several structural properties of modules over Jg (n), such as constructing finite free
resolutions of finitely generated modules, establishing the stability of finitely generated projective modules, establishing the
Ky-groups of Jqo (n), computing minimal graded generating sets of finitely generated graded modules, and establishing the
elimination property of one-sided ideals (finitely generated modules), it is shown that all of those properties may be obtained and
realized in a computational way.

Keywords: Quantized Matrix Algebra, Grobner-Shirshov Basis, PBW Basis, Solvable Polynomial Algebra

1. Introduction basis, and from which a PBW K-basis of .J9(n) is obtained. As
consequences, several global structural properties of .J, O( ) are

Let K = C be the field of complex numbers. by derived. In Section 3, it is shown that .J. 0( ) may be equlppe'd
modifying the standard quantized matrix algebra M, (n) in ~ With an appropriate monomial ordermg such that Jg'(n) is
the sense of [4], a class of quadratic matrix algebras M (n) turned 1nt(()) a solvable polynomial alge?ra in the sense of [6],
associated to the quantized enveloping algebra Uy (Ag,_1) thereb?/ Jg(n) hgs an .algorlthmlc Grobner basis theory for
was naturally introduced in [5], where algebras belonging to ~ (tWo-sided, one-sided) 1'deals and modules. AS consequences,
Mg? (n) are called modified algebra for short. Except for the ~ MOre structural propernes of J(‘L)(n) are derived, andO several
quantized matrix algebra M, (n), the so-called Dipper Donkin structural-computational properties of modules over .J; (n) are

quantized matrix algebra D,(n) introduced in [3] is also a  ©btained. . o
modified algebra, and recently some structural properties of Throughout this paper, K denotes a field of characteristic 0,

both algebras M,(n) and Dy(n), as well as their modules, & =& — {.0},.and' all K -algebras considered are associative
have been established in a constructive-computational way in ~ With multiplicative identity 1. If .S"is a nonempty subset of
[15] and [16] respectively. This paper investigates another a0 algebra A, then (S) is written for the two-sided ideal of A
modified algebra J(n) appeared in [5], which has its own generated by 5.

justification. More precisely, in Section 2 it is shown explicitly

that the defining relations of J (n) form a Grébner-Shirshov
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2. The Grobner-Shirshov
Defining Relations of .J{'(n),
Some Consequences

In this section it is shown that the defining relations of the
quantized matrix algebra Jg (n) constitute a Grobner-Shirshov

Jij Jot = qSthiiij JstJija

basis. As consequences, several global structural properties of
J g (n) are derived. For classical Grobner-Shirshov basis theory
of noncommutative associative free algebras, one is referred to,
for instance [2].

Let K = C be the field of complex numbers, I(n) =
{G,5) | i, = 1,2,...,n} with n > 2, and let JJ(n)
be the associative K-algebra generated by n? elements J;
(i,j = 1,....,n) subject to the relations:

if (s —1)(t —j) <0,

Jadiy = ¢ 52 T g — ¢ (g — gD sy, ifs >0t >,

Where ¢, 3,5, = 1,2,...,nand ¢ € K* is the quantum parameter. Now, bearing in mind the defining relations of Jqo(n), the
same set of symbols J = {J;; | (i,7) € I(n)} to denote the generating set of the free associative K -algebra K (.J), and let S be

the subset of K (.J) consisting of elements

i
fijst = Jijdst — @ T T Jij,

ifi>s, t>j,

hstij = Jaodig — ¢ T g+ ¢ g — ¢ Tudsy, ifs >0t >

Then, JO(n) = K (J)/(S) as K-algebra, where (S) denotes
the (two-sided) ideal of K (.J) generated by S, i.e., JO(n) is
presented as a quotient of K (.J). Our aim below is to show
that S forms a Grobner-Shirshov basis with respect to a certain
monomial ordering on K (.J). To this end, the deg-lex ordering
<dies (€., the degree-preserving lexicographic ordering) on

Jij < Jst & {

J* is employed below, where J* is the set of all mono words
in J, ie., all words of finite length like v = J;;Jp...Js.
More precisely, first take the lexicographic ordering <., on
J* which is the natural extension of the ordering on the set .J
of generators of K (J): for J;;, Ji € J,

1 < s,
ort=sandj > t.

J— J— *
and for two words u = J; j, Jis gy Ji g, U = Js1t, Ssata - Ispty, € J5,

U <lexz V =
Jiljl
but J;

= Js1t1 ) ‘]7,
< J

2j2 —

mim Smitm:*

there exists an m > 1, such that
Jsotas ooy d,

Im—1Jm—1 J8m71t7n71)

(note that conventionally the empty word 1 < Jg,; for all J,; € J). For instance

J32J21J31 <iex J13J13J43 <iex Ja2J23J41.

And then, by assigning each J,; the degree 1, 1 < s,¢ < n,
and writing |u| for the degree (i.e., length) of a word u € J*,
the deg-lex ordering —<gie, is defined on the set J*: for
u,v € J*,

v n e d <ol
er or |u| = |v| and u <jey v.
For instance,
JoaJ11 <diex J32J24 <diex J32J21 <diex J11J12J13.

It is straightforward to check that < ;.. iS a monomial
ordering on K (.J), namely, <4, is a well-ordering and

U < e v implies wur <gie, wor for all u,v,w,r € J*

With the monomial ordering <., constructed above, the
next goal is to prove the following result.

Theorem 2.1 With notation as fixed above, let I = (S) be
the ideal of Jg (n) generated by S. Then, with respect to the
monomial ordering <., on K (J), the set S is a Grobner-
Shirshov basis of the ideal I, i.e., the defining relations of
J3(n) constitute a Grobner-Shirshov basis.

Proof By [2], it is sufficient to check that all compositions
determined by elements in S are trivial modulo S. In doing
so, two more notations are fixed first. For an element f € (J),
f is written for the leading mono word of f with respect to
<dles, 1€, if f =37 o Nu; with \; € K*, u; € J*, such
that w1 <giee U2 <diex --- <dilex Us, thenf = ug. Thus,
the set S of defining relations of .J)(n) has the set of leading
mono words

5 — Fijor = Jijdst,if i > 5.t > j,
Gstij = Jstij,if s > it > j.

By means of S above, the compositions of intersections
determined by elements in .S, are presented as follows:
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1. The case (fijst A fserr) With w = Ji; st Ik, where k < s < i,t > j,t > I Since in this case wi = J;jJ o =
Figstdet = Jij F o With fijer = JijJse — ¢TI T Jij, where i > s and j < ¢, and fory = JopJr — "5 0 o,
where s > k and [ > ¢, it follows that

(fijsts fstkt)w

fijstdut — Jij fotni

—¢* T I g i T+ ¢ T T s
—qs+t+k+l_2i_2jJsthlJij + q2k+2l_s_t_i_ijlJijJst
—q2k+2[—2i_2j I JseJij + q2k+2l_2i_2j Jiidse Jij

0 mod(S, w)

The case (fijst A gsikt) With wy = JijJsp Jip, where k < s <4, <t <.

Since in this case w1 = JijJot Sk = fijadil = JijGemm With fijse = JijJo — ¢ T Ji;, where i > s and j < t,
and gsiny = JstJp — @2 00 J g 4+ ¢85 (@ — 7Y Jre Js, where s > k and t > [, there are three cases to deal

with.

Case 1. If j <[, then k < s < ¢,7 <[ < t, and it follows that

(fijstv gstkl)wl

fijstdkt = JijGstri

—q* Tt g i T+ TR T T d g — ¢85 (g — ¢ i ke Ja
_qs+t+k+l72if2j(]st!]kl<]ij 4 q2k+217t757i7j+2JliijJSt
AR R U/¥ /70 N

—q2k+21_2’_2]+2Jk1J5t¢]¢j + qt+2k+l_21_23+1(q - q_l)JkthlJij
PR Ty T Jig — @PPTHRE (g — g e Ja Ji;

0 mod(Sl, wl)

Case 2. If j > [, then k < s < 7,] < j < t, and it follows that

(fijshQstkl)wl

fijstdkt — JijGsthi

—q* T T Ty iy T+ T IR T T T — 65 g — a7 ) Jig ke T
_qs+t+k+l—21—2]+2JSthlJij + qs+t+k—2z—]+1(q _ q_l)Jsth:jJil
+q2k+2l_t_s_j_i+4jklJijJst

B R I S S TU R Wy

=243 (g — g g Jadu — @FTTETIRR (g — 72Tk g Ju

PRS2 g T T — PR (g — g g T
_q2k+t+l—21—2]+3(q _ q_l)JkthlJij 4R (g q—l)QJkthjJil
0 mod(Sy,wy)

Case 3. If k < s < i,l < j =t, and it follows that

(fijsta gstkl)wl

fijst Ikt — JijGstrl

_(]S-"—t_i_jJstJiijl + qk+l_t—5+2Jiij1J5t - qk_s+1(q - q_l)Jiijthl
RS2 32 1 T s RS2 (g T T
PRSI T Ty T — T T (g — g g Ja s

_q2k+t—s—i—j+1(q _ q_l)JktJijJsl

_q2k+2l—2i—2j+4JliStJij + qt+2k+l_2i_2j+3(q - q_l)JkthlJij

+¢? 2N g — ) Ty e Ja + PR T T Ji; — @R R (g — 1) kg Jse il
— PRAH22543 (0 o= T T T+ 2R 22 (g — 2 T T

0 mod(Sy, w1)

3. The case (gstij A fijrei) With we = JgJij Ik, where k < i < s,t > 4,1 > j.
Since in this case wy = JotJij Jor = GupigIur = Jst fijm With garis = JseJij—q™ 52 05 T +q = (q—q7 ) i J o0
where s > ¢and t > j, and fiju = Jij S — ghti—i—i JriJij, where © > k and [ > j, there are three cases to deal with.
Case 1. If t <[, then k < i < s,j <t <, and it follows that
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(9stij» fijht)ws

stij el — Jst fijii 4 o

—q ISR T T T+ a7 g — g7 Ty T+ ¢ T T i
_qz+3+k+l—2t—23+4JiijlJst 4 gitith—t=2s43 (g _ a i Tkt T

g TR (g — ) g+ ¢TI TSR g i
7q2k+l—sz*S+1(q _ qil)JkthlJij

_q2k+2l*2t*25f4Jk1Jij‘ Jot + ¢*F 7253 (g — qil)Jkt;]ij Jsi
+q2k+2l_25_t_3+3(q — q_l)Jliithj — q2’f+l_25_7+2(q - q_l)JktJilej
+q2k+2l_2t_28+4JliijJst _ q2k+21—28—t—1+3(q — q_l)Jliithj

—q?R 23 (g — ) T Jij Jsr + PRI (g — ) ke Ju s,

0 I’IlOd(Sl7 ’wg)

Case 2. If t > [, then k < i < s,t > [ > j, and it follows that

(9stijs fijk)ws =

gstiijl - Jstfijkl

—q It LTk + ¢ (g — ¢ D) T sj T + ¢ T T i
_qz’+j+k:+l—2t—23+2JiijlJSt + qi+k+l—28—j+1(q — q_l)Jithlej
gPhAimi st o T i — RS (g — ) T Ja e
7q2k+t*8*i*j+1(q — qil)JktJij Ja1

—RRAA2A2A2 T 2R 2 L (g Y g T
+q2k+2l—2t—2s+2JliijJst _ q2k+2l—25—t—j+1(q — q_l)Jliithj

0 mod (S, wa)

Case 3. If k < < s,t > j =1, and it follows that

(gstijv fijkl)wg =

Gstij i — Jstfijri } o
—ql_ﬂ_*t’HQJijJsthz + q’fsﬂ(q - g N Tudsj T + ¢TI T T Ji;
—q AT g T+ @I TR T2 (g — D) T ke J s
_|_q1+k+lf2s'—j+1(q _ q_l)Jithlej + q2k+2l—1—j—s—t+2JlistJij
—@PR I m s (g — Y Ty T i

_q2k+2l_2t_2s+4jkl<]ij=]st + q2k—25+3(q _ q_l)JktJijJsl
PRI TS (g — g ) T Ji gy — PP IR (g — 72 T T g
+q2k+2l72572t+4JliijJSt _ q2k+217]7287t+3(q _ qil)Jliithj

—? 72T g — ) T Jij el

0 mod(Sl, wg)

4. The case (gstij A gijrr) With w = JgJi; ks where k < i < s,t > j,l < j <t Sincein this case w = JoJij g =
gstij‘]kl = JStgijkl with Gstij = Jstt]ij - qz+]7t75+2<]ij(]st + q’*SH(q — qil)JitJSj, where s > 7 and ¢t > j, and
Gijkt = Jij I — "IN 0 T+ ¢ (g — ¢ 1) Jyj Ji, where i > K and § > 1, it follows that

(gstij>gijkl)w =

This finishes the proof of the theorem.

Gstij Ikl — JstGijhi

—q TR T T+ ¢ @ g7 Tadsg i + @I g da Ji
=" g — g ) se i Ju

— gt Tk T T T+ ¢ TITRTE253 (g — g7 ) T T J

g RIS (g — g7 ) T s — ¢ (g — g7 ) i kg T
it g T 2R (g Y i T T
A U B e U B R Y/ O
7q2k+2l72t72s+6JliijJst + qj+2k+lf2tf2s+5(q _ q*l)kaJilJSt
+* 2 (g — ) Ty i e+ PP (g — ) i

— PRIt (g — )2 T T ey — @RI (g — )2 Ty T T
+q2k—23+3(q _ q_l)BJktJijJsl + q2k+21—2t—2s+6JliijJst

— PRI (g ) Ju T de — 2R — g D) e i Jan
_q2k+j+l72t72s+5(q _ qil)kaJilet 4 q2k+j*t*28+4(q _ qil)kajJithl
+q2k+l72sfj+4(q _ qil)ZJktJilej _ q2k725+3(q _ qil)sjktjijjsl

0 mod(Sy,w).

Immediately, Theorem 2.1 has the following
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Corollary 2.2 The quantized matrix algebra .J)(n) = K (.J) /I has the linear basis, or more precisely, the PBW basis

_ Ein 7R1(n-1) k11 7k2n k21
L= {Jm Sy it e e Jai

o Jhne gk €N, (1) € I(n)}.

Proof With respect to the monomial ordering < 4. on the set J* of mono words of K {.J), note that

Jin <diexr J1(n—1) <diex " Rdlex J11 <diex Jon <dlex Jo(n—1) <diex < <dlex J21
<dlex ' <dlex Jnn <dlex Jn(n—l) <dlex " <dlex Jnla

and the Grobner-Shirshov basis S of the ideal J = (S) has the set of leading mono words consisting of

foi = JijJst, With Jgp <qiex Ji; Where ¢ > 5,5 <,

st —

Gstij = JstJij, with Jg¢ <gier Ji; Where s >4, ¢ > j.

It follows from classical Grobner-Shirshov basis theory that the set of normal forms of J* (mod S) is given as follows:

kin 7R1(n—1) ki1 7kan ko1 Knn
{ Jln J1(n_1) T Jll JQn T J21 T Jnn

Therefore, .J9(n) has the desired PBW basis. O

To give some applications of Theorem 2.1 and Corollary 2.2,
first recall three results of [11] in one proposition below, for the
reader’s convenience.

Proposition 2.3 Adopting notations used in [11], let
K(X) = K(X;,Xa,...,X,;) be the free K—algebra with
the set of generators X = X;, Xo,..., X, and let < be a
monomial ordering on K (X) . Suppose that G is a Grobner-
Shirshov basis of the ideal I = (G) with respect to <, such
that the set of leading monomials LM (G) = {X;X;|1 <i <
j < n}. Considering the algebra A = K (X)/I, the following
statements hold.

(1) [11, P.167, Example 3] The Gelfand-Kirillov dimension
GK.dimA = n.

@i1) [11, P.185, Corollary 7.6] The global homological
dimension gl.dimA = n, provided G consists of homogeneous
elements with respect to a certain N-gradation of K (X). (Note
that in this case GY(A) = A, with the notation used in loc. cit.)

(iii) [11, P.201, Corollary 3.2] A is a classical quadratic
Koszul algebra, provided G consists of quadratic homogeneous
elements with respect to the N-gradation of K (X) such that
each X is assigned the degree 1, 1 < ¢ < n. (Note that in this

e Jhm

nl » kijEN7 (7’7.])61(”)}
case GY(A) = A, with the notation used in loc. cit.)

Remark Let jijs---j, be a permutation of 1,2,... n.
One may notice from the respectively quoted references in
Proposition 4.1 that if, in the case of Proposition 4.1, the
monomial ordering < employed there is such that

le < Xj2 <= Xj", and
or
LM(G) = {X;, X;, | X5, < X, 1<, Ju <},
then all results still hold true.
Applying Proposition 2.3 and the above remark to Jg (n) =
K(J)/I, the result below is obtained.
Theorem 2.4 The quantized matrix algebra J(n) has the
following structural properties.
(i) The Hilbert series of .J(n) is (1715)”2 .
(ii) The Gelfand-Kirillov dimension GK.dim.J (n) = n*.
(iii) The global homological dimension gl.dimJg (n) = n2.
(iv) J9(n) is a classical quadratic Koszul algebra.
Proof Recalling that with respect to the monomial ordering

~diee 0N the set J* of mono words of K{J) ,

s <1, t<j,

Jst <dlex Jij <

s <1, Jj<t,
s <1, j=t,

(i,4) € I(n),

s=1,t>].

Jln <dlex Jl(n—l) <dlex " <dlex Jll <dlex JZn <dlex J2(n—1) <dlex " <dlex J21
<dlex " <dlex Jnn <dlex Jn(n—l) <dlex " <dlex Jnla

it follows that the Grobner-Shirshov basis S of the ideal I = (S) has the set of leading mono words consisting of

foiy = JijJst, With Jgp <qies Jij Where @ > 5,5 <,

igst —

gstij = JstJija with Jg <giex Jij where s > i,t > 7

This means that J, g (n) satisfies the conditions of Proposition
2.3. Therefore, the assertions (i)-(iv)are established as follows.
(i) Since J9(n) has the PBW K-basis as described in
Corollary 2.2, it follows that the Hilbert series of J(n) is

ﬁ)ng. (ii) This follows from Theorem 2.1, Proposition

2.33).
Note that JJ(n) is an N-graded algebra defined by a
quadratic homogeneous Grobner-Shirshov basis (Theorem
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2.1), where each generator J;; is assigned the degree 1, (3, j) €
I(n). The assertions (iii) and (iv) follow from Proposition
2.3(ii) and Proposition 2.3(iii), respectively.

3. Equipping J? (n) with the
Structure of a Solvable Polynomial
Algebra, Some Consequences

In this section it is shown, by constructing an appropriate
monomial ordering on the PBW basis of the quantized

f =

matrix algebra J9(n), that J(n) is a solvable polynomial
algebra in the sense of [6]. As consequences, some further
more structural properties of Jqo(n) are derived, and several
constructive-computational results for modules over Jg (n) are
gained.

For convenience, it is necessary to start by recalling the
following definitions and notations. Suppose that a finitely
generated K-algebra A = Klaq,...,a,] has the PBW K-
basis B = {a* = af* - a2 |« = (a1,...,05) € N*}, and
that < is a total ordering on B. Then every nonzero element
f € A has a unique expression

Alaa(l) + )\2(10‘(2) + e + )wnao‘(m)’

such that a®(®) < q(2) < ... < go(m)

where )\; € K™, q(d) — af”agzj

Since elements of 53 are conventionally called monomials,
the leading monomial of f is defined as LM (f) = a®(™), the
leading coefficient of f is defined as LC(f) = A, and the
leading term of f is defined as LT (f) = Ap,a®(™.

Definition 3.1 Suppose that the K-algebra A =
Klas,...,a,] has the PBW basis B. If < is a total ordering
on B that satisfies the following three conditions:

1. < is a well-ordering (i.e., every nonempty subset of B
has a minimal element);

2. For a”,a% a%,a" € B, if a¥ # 1, a® # a7, and

a’ = LM (a%aPa"), then a® < a” (thereby 1 < a7
for all a” # 1);

3. For a”,a%,a?,a" € B, if a® < d®, LM (a"a%a") #
0, and LM (a”a’a") ¢ {0,1}, then LM (a”a“a") <
LM (a"a”a"), then < is called a monomial ordering on
BB (or a monomial ordering on A).

Fi:  JijJa = ¢ 000055,

an™ €B,1<j<m.

Definition 3.2 A finitely generated K-algebra A =
Klay,...,a,] is called a solvable polynomial algebra if A
has the PBW K-basis B = {a®* = af"a5? - al" | a =
(a1,...,a,) € N*} and a monomial ordering < on B, such
that for some \;; € K* and fj; € A,

a;a; = )\jiaiaj + f]‘i, 1<i<j<n,
LM (fj;) < a;a; whenever f;; # 0.

Following the definitions above, it is ready now to give and
prove the main result of this section.

Theorem 3.3 Let J, 3 (n) be the quantized matrix algebra over
the field K = C. Then Jg(n) is a solvable polynomial algebra
in the sense of Definition 3.2.

Proof Let I(n) = {(i,5) | i,7 = 1,2,--- ,n} withn > 2.
Recall that J(?(n) is the associative K -algebra generated by
the set of n? generators J = {.J;; | (i,j) € I(n)} subject to
the relations:

if (s — i) (t — j) <0,

Fy: Juldiy = ¢ 2500 — 5 (g — g Tadsg, ifs >, >,

where 7, 7,s,t = 1,2,...,nand ¢ € K* is the quantum parameter, and by Corollary 2.2, Jg (n) has the PBW K-basis

B={ubr iy

k11 7k2n k21
g gl gk

Tl Ti | ke €N () € In)}

In order to show that 3 may be equipped with a monomial ordering < such that the condition of Definition 3.2 is satisfied, first

observe that if B3 is rewritten as
B = {1, Ji1j1‘]izj2 o

“Ting | (ies5e) € I(n), k> 1},

then B may obviously have an ordering < inherited from the ordering <., employed on J* in Section 2, namely, for u =

JivisJings * -+ Jinjir 0 = Jiggy Jigy -+ Sy € B,

o
2J2 tJt

v-<u<:){

where each generators J;; of Jg(n) is assigned the degree 1.
Clearly < is a well-ordering on 5. It remains to show that <
satisfies the conditions (2) and (3) of Definition 3.1, and that
with respect to < on B, the relations F; and Fs satisfied by

o] < lul,
or |v| =

lu| and v <jep u,

generators of .J9(n) have the property required by Definition
3.2. To this end, note that Definition 3.2 requires that the
product aj;a; of two generators must be a linear combination
of monomials in B, so that LM(f;;) is well defined and
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LM (fj;) < a,a; with respect to the ordering < defined on 5.
Bearing in mind this basic requirement, it is seen immediately
that the definition of < entails that the relations F; and Fy
satisfied by generators of J((I) (n) have the property required by

2—i—jtstt
JijJa = @I

Definition 3.2. Next, let J;;, Js, Jr; € J, and suppose that
Jst < Jii- If (4,7) and (s,t) are such that ¢ > s and j > ¢,
then the relation Fy gives rise to

tJij + (q—q Vg 7T Ty

with Jgy Jij, JsjJie € B
and Jstit =< JstJij = LM(J”JSt)

On the other hand, if (¢, j) and (k, 1) are such that ¢ > k and j > [, then the relation Fo gives rise to

Jij Ik

= @I T+ (@ — g T Ja

with Jliij, kaJil eB
and kaJil =< Jliij = LM(Jiijl).

Thus, it has been shown that if

then

,(s,t) € I(n) suchthati > s, > t,
,1) € I(n) such thati > k,j > I,

Jst < dkl implies LM(JijJSt) = JstJij < Jliij = LM(JZ']‘JM)
and the generating relations of .J{(n) determined by Fy (1)
have the property required by Definition 3.2.

Similarly, in the case that

with the aid of Fs it is seen that

t),(i,7) € I(n) such that s > i,t > j,
,0),(i,7) € I(n) such that k > i,1 > j,

Jst < Jri implies LM(JSth;j) = JijJst =< Jiijl = LM(Jkldz])
and the generating relations of J, g (n) determined by Fo (2)
have the property required by Definition 3.2.

At this stage, bearing in mind the relations F;, F2, and the assertions (1) and (2) derived above, it is ready to conclude that

for any j;;, jst, ju € J, if Jg¢ < Jp, then

LM(JijJSt) =< LM(Jiijl), LM(JStJ”) < LM(Jleij),and
the generating relations of .J 8 (n) determined by Fy, Fa,

3)

have the property required by Definition 3.2.

Finally, by means of (1), (2), and (3) presented above,
it is straightforward to check that the conditions (2) and
(3) of Definition 3.1 are satisfied by <, thereby < is a
monomial ordering on B, and consequently .J, g (n) is a solvable
polynomial algebra in the sense of Definition 3.2, as desired.
O

Now that JJ(n) = K(J)/(S) is a solvable polynomial
algebra by Theorem 3.3, it follows from [6] that every
(two-sided, respectively one-sided) ideal of Jg(n) and every
submodule of a free (left) JJ (n)-module has a finite Grobner
basis with respect to a given monomial ordering, in particular,
for one-sided ideals and submodules of free (left) modules
there is a noncommutative Buchberger Algorithm which,
nowadays, has been successfully implemented in the computer
algebra system Plural [8]. At this point, it is possible to
give several applications of Theorem 3.3 to Jg(n) and their
modules. In what follows, modules over Jg(n) are meant left
J3 (n)-modules.

Theorem 3.4 Let J(n) be the quantized matrix algebra in
the sense of [S]. Then the following statements hold.

(i) J (n) is a Noetherian domain.

(ii) Let L be a nonzero left ideal of J (n), and J{ (n)/L the
left J{ (n)-module. Considering Gelfand-Kirillov dimension,
GK.dimJJ (n)/L < GK.dim.J{(n) = n? holds true, and there
is an algorithm for computing GK.dimJ? (n)/L.

(iii) Let M be a finitely generated Jq%(n)—module. Then a
finite free resolution of M can be algorithmically constructed,
and the projective dimension of M can be algorithmically
computed. Moreover, every finitely generated projective
J3(n)-module P is stably free, thereby the K-group of J; (n)
is isomorphic to the additive group of integers Z.

(iv) Let M be a finitely generated graded Jg(n)-module
(note that Jg(n) is an N-graded algebra in which each
generator has degree 1). Then a minimal homogeneous
generating set of M can be algorithmically computed,
and a minimal finite graded free resolution of M can be
algorithmically constructed.
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Proof (i) Though the property that .J9(n) is a Noetherian
domain may be (or may have been) established in some other
ways, it is necessary to emphasize here that this property may
also follow immediately from Theorem 3.3. More precisely,
the property that .JO(n) has no divisors of zero follows from the
fact that LM (fg) = LM (LM (f)LM g)) # 0 for all nonzero
f,g € JJ(n), and that the Noetherianess of .J{(n) follows
from the fact that every nonzero one-sided ideal of a solvable
polynomial algebra has a finite Grobner basis (see [6]).

(i) By Theorem 2.4(ii), GK.dimJ{ (n) = n*. Since J9(n)
is a (quadratic) solvable polynomial algebra by Theorem 3.3, it
follows from [10, CH.V] that GK.dim.J{)(n)/L < n? (this may
also follow from classical Gelfand-Kirillov dimension theory
[71, for Jg(n) is now a Noetherian domain), and that there is
an algorithm for computing GK.dim.J{(n) /L.

(iii) This follows from [11, Ch.3].

(iv) This follows from [11, Ch.4]. O

This section is ended by concluding that the algebra J, g (n)
also has the elimination property for (one-sided) ideals in the
sense of ([12], [13, A3]). To see this, let us first recall the
Elimination Lemma given in [12]. Let A = Klay,...,ay] be
a finitely generated K -algebra with the PBW basis B = {a® =
ai*---a®m | o = (0q,...,an) € N"} and, for a subset
U=A{ai,..,a;, } CT{ar,...,an} withiy <ig <+ <i,,let

i1 i

S = {ao‘1~-~a-o‘r

(a1y...,a) € N"} , V(S)= K-spanS.

Lemma 3.5 [11, Lemma 3.1] With notation as fixed above,
let L be a nonzero left ideal of A and A/L the left A-module
defined by L. If there is a subset U = {ai,,...,a; } C
{a1,...,a,} with iy < is < - - < i,,suchthat V(S)NL =
{0}, then

GK.dim(A/L) > r.

Consequently, if A/L has finite GK dimension
GK.dim(A/L) = d < n (= the number of generators of
A), then

V(S)N L #{0}

holds true for every subset U = {a;,, ..., a;,, } C{a1,...,an}
with 7; < i < .-+ < 1441, in particular, for every U =
{ay,...as} withd+1 < s <n-—1,V(S)N L # {0} holds
true. o

For stating the next theorem, it is convenient to write the
set of generators of J)(n) as J = {Ji,Ja,...Jp2}, ie.,
Jg(n) = K[Jl, JQ, ey Jn2]

Theorem 3.6 With notation as fixed above, Let L be a
nonzero left ideal of J, [(1) (n). Then the following two statements
hold.

(i) GK.dimJ(n)/L < n* = GK.dimJQ(n). If
GK.dimJ{(n)/L = t, then

V(S)N L #{0}

holds true for every subset U = {J;,,Jiy, ..., Jey1} C J
with 17 < 29 < --- < 14441, in particular, for every U =
{w1,m0.. x5y witht +1 < s <n?—-1,V(T)NL # {0}

holds true.

(i) Without exactly knowing the numerical value
GK.dim.J{(n)/L, the elimination property for a left ideal L =
Sy J2(n)&; of J2(n) can be realized in a computational
way, as follows:

Let < be the monomial ordering on the PBW basis B of
J3(n) as constructed in the proof of Theorem 3.3, and let
V(S) be as in (i). Then, employing an elimination ordering
< with respect to V() (which can always be constructed
if the existing monomial ordering on B is not an elimination
ordering, see [13, Proposition 1.6.3]), a Grobner basis G of L
can be produced by running the noncommutative Buchberger
algorithm for solvable polynomial algebras, such that

LNV(S)#{0} & GnV(S) #0.

Proof (i) By Corollary 2.2, J?(n) has the PBW basis B,
Also by Theorem 2.4(ii), GK.dimJ)(n) = n* , thereby
GK.dim.JJ(n)/L < n? by Theorem 3.4(ii), the desired
elimination property follows from Lemma 3.5 mentioned
above.

(i1) This follows from [13, Corollary 1.6.5]. O
Finally, it is necessary to point out that since Ji(n) is
now a solvable polynomial algebra, if F' = @leJg(n)ei

is a free (left) J9(n)-module of finite rank, then a similar
(even much stronger) result of Theorem 3.6 holds true for any
finitely generated submodule N = >7, J2(n)&; of F. The
detailed statements and proof is omitted here, but the interested
reader may referred to [13, Section 2.4] for a comprehensive
discussion.

4. Conclusion and Prospect of Further
Exploration

In conclusion, by means of Grobner-Shirshov basis theory
for free associative algebras and Grobner basis theory
for (noncommutative) solvable polynomial algebras, several
important structural properties of the quantized matrix algebra
Jg (n) and its modules have been established and realized
in previous sections. As pointed out in the introduction
part of this paper, the algebra Jg(n) belongs to the class of
quadratic matrix algebras M g) (n) associated to the quantized
enveloping algebra Ug(As,—1), which was introduced by
Jakobsen and Zhang in [5]. Combining the work of [15],
[16], and the present investigation of J9(n), it is clear that
the research results of loc. cit. may bring some prospects
on effectively establishing and realizing structural properties
of quantized matrix algebras (such as My(n), D4(n), and
J2(n)) and their modules in a constructive-computational
way. Thereby, in light of this viewpoint, in the forthcoming
work, the whole class of quadratic matrix algebras Mg) (n)
associated to the quantized enveloping algebra U, (Agy,—1) will
be investigated, especially, except those structural properties
as established before, the Auslander regularity, the Cohen-
Macaulay property, and the Artin-Schelter regularity (see [1],
[9], [14]), will be explored.
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