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Abstract: Generalized inverse matrices are an important branch of matrix theory, have a wide range of applications in many
fields, such as mathematical statistics, system theory, optimization computing and cybernetics etc. This paper mainly studies the
correlation properties and applications of the Core-ep inverse. Firstly, we present the characterizations of the Core-EP inverse by
the matrix equations, and an example is given for analysis. Secondly, we present a representation for computing the Core-EP
inverse, get a representation of 4,® by Cramer rule , and an example is given for analysis. Finally, we study the constrained
matrix approximation problem in the Frobenius norm by using the Core-EP inverse: | 4x-b | /=min subject to x€ R(4X), where

AE Crmm , We obtain the unique solution to the problem.
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1. Introduction

Let C

wm DE the set of mXm complex matrices. The
symbols A", R(A), and t1k(4) denote the conjugate

transpose, range (column space), and rank, respectively, of
40C,, ,, - Moreover, [, is the identity matrix of order m.

For an mXm matrix A4, the index of A is the smallest
nonnegative integer £ such that rk(Akﬂ) = rk(Ak) , denoted

as Ind (4).

The Moore-penrose inverse denoted by A™ of A is the
unique matrix satisfying

(WAA A=A, (2) AT44" = 4T, (3) (44" = 44, (4) (4 4)P=4"4.[1]

The Drazin inverse denoted by AP of A is the unique matrix
satisfying

() AP AAP = 4P ,(2)44P = AP 4,3) 4" 4P = 4,
where k is the index of 4 ,when A ’s index is one, A” is called

the group inverse of 4 and is denoted by 4% [2, 4] .

The Core-EP inverse denoted by A7 of Ais the unique
matrix satisfying

WA A =452 444 =4, 3) (44" )=44"

and R(A) 0 R(A"), where k is the index of 4 [3]. When 4 ’s

. . o. . .
index is one, 4 ~is called the core inverse of 4 and is denoted
O
byA4 .
For any complex m x m matrix A of index £, there exists an
mXm unitary matrix U such that

A—UTSU* 1
B 0o N| ° M

and
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40 77" 0l . )
UO OU (2)

where TUC, , is invertible, SUC; ,,_,, NOC,_; - 18

nilpotent, and N k=0 [3].
Consider the following equation

Ax =b. 3)

Let A0C,

m,m

withInd(A4) =k, and b1 R(Ak) . Campell and

Meyer[2]has shown that x = APb is the unique solution of (3)
concerningxl]R(Ak) . It is noteworthy that Morikuni and
Rozloznik [5] study the equation (3) by the generalized
minimal residual method in the case of 40C,, ,,, Ind (A)=1
and bUR(A).

When bOR(A), (3) is unsolvable, it has least-squares

solutions. Motivated by the above-mentioned work, it is
natural to consider the least-squares solutions of (3) under the

particular condition xJR(A), i.e.,
||Ax —b||F =min subject to x[IR(A), @)

where A0C,

m,m >

Ind (A) =1, 1k(4) =r<m,and bOC,,. In

Wang and Zhang [6]obtained X =4 b is the unique solution
of (4). In this paper, we study the constrained matrix
approximation problem in the Frobenius norm by employing
the Core-EP inverse:

||Ax—b||F =min subject to xDR(Ak), ®)

where A0C

m,m >

Ind (4) =k, tk(4) =r <m,and b0IC,,.

2. Characterizations of Core-EP Inverses

The characterizations for the Moore-Penrose inverse, the
Drazin inverse and the Core inverse have been studied[8-10].
And now we present characterizations for the Core-EP inverse.
It is well-known that if 4 is a nonsingular matrix of order#,

then CA™'B is the unique matrix X for which
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ﬂ{g Q =rk(4),

Grof [14] generalized this rank relation when 4 is a
rectangular matrix. This section presents a generalization of
this fact to a singular matrix A to obtain a similar result for the

Core-EP inverse 4 H .

A
LEMMA 2.1. [7] For P = (C

Then rk(P) = rk(A) if only if D = CA™'B.
LEMMA 2.2. [11] For 40C,,, , Ind(4)=k , and

, and A is nonsingular.
D] s

rk(Ak) =r. Then there exist a unique matrix X such that
A Ax =0, X4 =0, X% = X, rank(X)=n~-r,
a unique matrix Y such that
Y4" =0,Y* =YY" =Y, rank(Y)=n-r,

and a unique Z such that

rk(l le I;Y) =rk(4).

The matrix Z is the Core-EP inverse A 5 of A, and X=I- 4 5
A, Y=I-44".
THEOREM 2.3. Let A0C

m,m

be of rank r, Ind(A) =k and

have representation (1). Then X=4 " is the solution to

rk[g )l;]:rk(A),

when

~1p-1 -1
B= G°'T 0 Land C= G GT'S ,
0 0 0 0

where G is rxr real positive definite diagonal matrix.
Proof By applying the equations (1) and (2), we get

4 B T s 1671 T S 1G7'77" T s 167'77! T 0 0
rk[c XJ:rk 0 N 0 |=rkl0 N 0 |[=rk|0 N 0 |[=rk|0O N 0|=rk(4).
G Gr's 1! G 0o 71! 0 0 0 0 0 0

THEOREM 2.4. Let A0C,

m,m >

Then we have

tk(A4) =r, A[a| ,B} is xr nonsingular submatrix of 4. and B,C is mentioned above.

a"=c[n|B8)(4[alB])" BlaIN],

where @ ={i1,i2,i3,"'i,~} aﬂz{jl’j2’j3ﬂ'”jr} .
Proof Let
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L _([ale] salv]
c[nB] 4"

then we have rk(P) = rk(A[a|,8J) =r =rk(A). from theorem 2.3 we have

A B
c A"

rk(P)Srk[ J:rk(A),

so we obtain rk(P) = rk(4) = rk(4 [a’ | ,BJ). In addition, from lemma 2.1 we obtain

A"=c[N|p](4[a|B])" Bla|N].

THEOREM 2.5. Let 40C,, , be of rank r,Ind(4) =k and have representation (1). Then X=A4 " is the solution to

rk[ACk f{} :rk(Ak),
when

M 0 “Ly =k =lp -l
B= C= T"M 7" T"M ' H ’
0 0 0 0

where M isr xr real positive definite diagonal matrix.
Proof Applying (1) and (2), we get

) Tk H M Tk 0 M
rk(A Berk 7'M TTMTH T =k TTMTITE 0 T =

where H =TF 'S+ T 2SN + TF3sN? +...+ SN* 1,
Example 2.1. Let

S O o = O
S O = O N
S O o o~
S = O O

we have

2 10 01
O,S:ozandN=O .
1 00

Letg = by caculating we get

s

S O =
(=1 S N -

0
0
1

» GT™'S =

—_ W= o

n|WwW n|— O] —

114
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We have

T S T1G'TT!
rk| 0 N 0 =rk

G GT's T

Example 2.2. Let

by caculating we get Ind(A4) =k =2.From A we have

1 0 2
=11 0f,§=
301

1 00
LetM =0 2 0, by caculating we get
0 0 1
1 0 2
1
1y p=lpk =1y -1 0 - -1
C:[TMT TMH]: 2
0 0 3.0 1
0 0 O
0 0 O
and X=4 "=

Therefore, we have

O O W = =
S O O = O

|
S O Wn|lw n|— -

1 0 1 0 0
o 2 -+ 1 1
10 2 5
0 0 0 0 1
0 1 0 0
00 0 0 0 J_y= k).
Ly Ly 2
5 5 5
2, 1, 2
5 5 5
30 3 o -1
5 5 5
21 0
0 0 2
1 0 0f,
0 0 1
0 0 0
] a0 !
, an 0 ol
0
_1
5
6 1
5 M 0 0
S’Ame: =
3 0 o0 0
5 0
0
0
0200
5
1—200
5
0—100
5
0 0 0 O
0 0 0 O

S O N O

S = O O

S O o O

S o o O
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7 0 4 1 1 1 0 O
21 2 1 2 0 2 0
6 0 7 3 0 0 0 1
o0 0 0 o0 0 0 O
2 o0 0 0 o0 0 0 O
a4 B L1 5 |=3=1k(47).
¢ X 10 2 1 -— -— 0 =
5 5 5
oL 15 12
2 2 6 5 5
30 1 O 303 0 .
5 5 5
3. Representations of Core-EP Inverses
In this section, we present some representations for Core-EP inverse.
THEOREM 3.1. For 4,B0C,,, and Ind(4) =k, we have
-1
— [ 4k+1 k
AD_(A R(A")) 4%, (6)

where 4**! is restriction on R(Ak ), and it holds that

R(AY)

(40B)"=4"0B".

Proof From[12], we obtain
0= 4* ( Ak+1) O

A
notice that 4“*! RO is one-to-one mapping ofR(Ak)ontoR(Ak). Suppose that 4“"'x =0, wherexDR(Ak). It is obvious
that
A*xON(4), 4" x0R(4),
and
A*xON(4)n R(4) =0,
ie. A x=0.
On the other hand, if A*x=0 and xDR(Ak),then xDR(Ak)ﬂN(Ak)=O.ThusA/”1 R(Ak)is nonsingular on R(Ak)
and
_ gk k1Y O _ gk k1) O _ [ 4kn Tk ke, ket D -1
0= A () T =t () Ty —(A R(A")) A AT AT AAD:(A"” R(Ak)) A gAY "
= [ 4%+ - gk 40 [ gk ! VG
- R(A*) - R(4") ’
_, 0 o
Form [10], we know (ADB) n=4"UB , S0 we have

(ADB) D:(ADB)k[(ADB)kH] DzAk(AkH) O DBk(Bk+l) D_ 40 DBD'
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LEMMA3.2.[11] Let 40C,,,, and let B and C" be of full column ranks such that

N((Ak)*) = R(B),R(4")=N(C).

(¢ 3

A° (1 —ADA)C*

Then the bordered matrix

is nonsingular and

-1 _
2F BT(I—ADA) —B‘*’(I—ADA)A(I—ADA)C*

THEOREM 3.3. Let 40C,,,, andlet B and C "be of full column ranks such that

N((Ak)*) =R(B),R(4")=N(C)

A(j -¢) B A B . .
A_(D=det ) / det A, J=1L2,-m.
i Cc(j<0) o C 0

Where B= (1 -4 0 ACT, C=B"1-4" 4).
4 B4 B |_(I O
c o)\lc -cap) \0 1
. 4 B 4 B

we have

Proof From Lemma 3.2 we have

by Cramer rule, we have

SO

Since N((Ak )*j =R (B) ,R (Ak) =N (C) , and applying the decomposition (1) of 4 , then we have

(0
B=(0 bz)U,C:U( ]
)

{A(j@el-) B] {A B]
g=det| /det| .
4 B (j-0) 0 B0

LetC = B*, we have
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EXAMPLE 3.1 Let 4 =

S O O NN O
S O N O
S O o = O
(= N =

0
1
0 |, and we know Ind(A4) = k =3. By calculating we get
1
0

0 l 0 0 0
4
Lo 200
Ai/’D: 5 1 5
00— 000
2
0 0 O
0 0 O
and k=3, we get
oL o000
4
1 2
1 ~— 0 =00
4 3 _
(A ‘R<A3)) 4= 1 )
0= 000
2
0O 0 0 0O
00 00
Hencn,
-1
— k+1 k
AgD‘(A R<A*>) 4
4. Applications
THEOREM 4.1. Let A0C,,,,.Ind(4) =k and bC,. Then
x=4,"b (7)

is the unique solution of (5).

Proof FromxUOR (Ak) , it follows that there exists y U C,, for which x = A . Let the decomposition of 4 is as shown in (1).

% % b -1
Uy:[le,Ub:[ IJ,andA Dp=u|T M|,
32 b, 0 (3

where y;,5, and 77'p, O Coia)- It follows that

Now we denote

Tk+1 TH " bl 2
=|lu -U
0 0 )\l»n b,
Ty +THy, —b ’
N1 V) O
( —b, )

F
2

o]}, =] 44 y—b”; S =

T S * k * *
U( jU U(];) IZJU y-UU"b

F F

2
= “Tkﬂ)ﬁ +THy, _bIHF +||b2||2F-
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2
where H = T8 + TF28N + TF3SN2 +.-+ SN*_Since T is invertible, we have min HT"“ y, +THy, —b; “F =0 if

Therefore,

x=Aky=U
¥

that is, (7) is the unique solution of (5).

0 0

k . k + -1
! IZ]Uy:U[T PR = 4;"b,

THEOREM 4.2. Let 40C,,,, andlet B and C " be of full column ranks such that

(i)

R(B).R(4")=N(C).

LetbOR (Ak ) , then the unique solution X =4;; b of (5) can be expressed componentwise, by

c(j-0) o

X; =det[A(j - ei) B

A B
/ det L j=1,2,m.
C 0

Proof Since X = A, b DR(Ak) and R(Ak) = N(C) ,we have Cx =0. The solution of (5) satisfies

(e o)

Form Theorem 4.1 we have X =4 “b and its components
follow from the Cramer rule.

5. Conclusion

This paper mainly studies the correlation properties and
applications of the Core-ep inverse, firstly, we present the
characterizations of the Core-EP inverse by the matrix
equations. and then We present a representation for computing
the Core-EP inverse, and an example is given for analysis, and
finally the Core-EP inverse is used to study the solution of the
equation, i.e || 4x-b|| /=min subject to x € R(4") where A€ C
m.m» W€ obtain the unique solution to the problem.
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