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Abstract: In this paper, the solving of a class of both linear and nonlinear Volterra integral equations of the first kind is
investigated. Here, by converting integral equation of the first kind to a linear equation of the second kind and the ordinary
differential equation to integral equation we are going to solve the equation easily. The method of successive approximations
(Neumann’s series) is applied to solve linear and nonlinear Volterra integral equation of the second kind. Some examples are

presented to illustrate methods.
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1. Introduction

The integral equation originates from the conversion of a
boundary-value problem or an initial-value problem
associated with a partial or an ordinary differential equation,
but many problems lead directly to integral equations and
cannot be formulated in terms of differential equations [7],
[10] & [11]. There as on for doing this is that it may make
solution of the problem easier, or sometimes enable us, to
prove fundamental results on the existence and uniqueness of
the solution.

An integral equation is an equation in which the unknown
function f(x) to be determined appears under the integral
sign [3] & [7].A typical form of an integral equation in
f(x) is of the form.

fG) = 9G) +0 [0 K Of@de ()

Where K(x,t) is called the kernel of the integral equation,
and a(x) and B(x) are the limits of integration. It can be easily
observed that the unknown function f(x) appears under the
integral sign. It is to be noted here that both the kernel K(x, t)
and the function @ (x) in equation are given functions; and A is a
constant parameter [1], [3], [5], [7]&[9].

The prime objective of this paper is to determine the unknown
function f(x)that will satisfy equation (1) using a number of
Numerical techniques. It needs considerable efforts in exploring

these methods to find solutions of the unknown function.

The theory and application of integral equations is an
important subject within applied mathematics, physics, and
engineering. In particular, they are widely used in mechanics,
geophysics, electricity and magnetism, kinetic theory of gases,
hereditary phenomena in biology, quantum mechanics,
mathematical economics, and queuing theory [2], [7], [8] &
[11].

Integral equations are used as mathematical models for many
and varied physical situations, and integral equations also occur
as reformulations of other mathematical problems. Now begin
with a brief classification of integral equations, and then in later
sections, by considering volterra integral equations of the first
and the second kind. By doing this, it helps the researchers to
prepare themselves for more challenging problems that will be
considered in subsequent topics.

2. Significance of the Study

Integral equations are often easier to solve, more elegant
and compact than a corresponding differential equation.
Because it does not require supplementary initial or boundary
conditions and the contribution of this study is that:

* Distinguish the importance of integral equation over the

differential equation.

¢ Initiate other researchers for depth study about integral

equation using different numerical techniques.
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* [t gives clue to extend the concept of integral equation
to many interdisciplinary areas instead of using
differential equations.

* It invites other researchers interested on the rest part of
integral equations.

3. Research Methods

In this research, we had used successive approximation
method of integral equations in transforming from ordinary
differential equation (ODE). Integral equations of the first kind
are often extremely ill-conditioned. Applying the kernel to a
function is generally a smoothing operation, so the solution,
which requires inverting the operator, will be extremely sensitive
to small changes or errors in the input.

The treatment of the equation will depend on the smoothness
of K(x, t) and f(x). Integral equations of the first kind (linear or
nonlinear) are generally suspected of being ill-conditioned or ill-
posed. In such circumstances small changes in
f(x) or K(x, t) may have a large effect in the numerical solution
of f(x) of the problem. If the original problem had a solution the
perturbed equation may have no solution, and vice-versa.

4. Integral Equations and Their
Relationship to Differential Equations

The theories of ordinary and partial differential equations are
a fruitful source of integral equations. The researcher shall
sketch here one of the ways in which integral equations can arise
from ordinary differential equations. Most ordinary differential
equations can be expressed as integral equations, but the reverse
is not true [10] & [11].

To investigate the relationship between integral and
deferential equations, The researcher will need the following
lemma which will allow us to replace a double integral by a
single one.

Lemma 1: (Replacement Lemma) suppose
[a,b] = IR is continuous. Then

that f :

fxf f)dtdx' = f(x— t)f(t)dt,x € [a,b]

Proof:Define F : [a,b] — IR by

X

F(x) = f(x —t)f()dt,x € [a,b]

a

As(x — H)f(t) and% [(x — t)f(t)] are continuous for all x
and t in [a, b], we can use [Leibniz rule] to differentiate F:

d (9
PG = (= Of Olime gox + [ 5100 — OF @] de

= fx £(0) dt.

Since, again by [Leibniz rule], fax f(t) dt and hence %, are

continuous functions of x on [a, b], we may now apply the
fundamental theorem of calculus I to deduce

F() = F(x') = F(@) = [F F'Godx = [7 [Zf@©dtdx (2)

Swapping the roles of x and X" we have the result as stated.
Alternatively, define, for (t,x) € [a,x]?

f(t),whena <t <x'<zx,
0,whena < x' <t <zx.

Gt x') = { 3)

The function G = G(t,x) is continuous, except on the line
given by t=x", and hence integrable. Using Fubini’s
Theorem

X

fxff(t)dtdx’ =f fG(t,x’)dt dx’

a

= [(J76(t,xNdx")dt = [ (J] f(H)dx") dt =
[CEIVIGLE )

Hence proved.
Now considering the first-order differential equation.

2=y =fxy) (5)

With the initial condition y (0) = y, if say, f(x,y) is
continuous function of (x,y), integrate (5) from O tox,
obtaining

X

f dx— ff(x y)dxfdy

0

- f (&, y(®)dt () — y(0)
0

= f f(t,y(@®)de

L f(t.y(®©)dt, wherey(0) = y, (6)

This illustrates the general fact that, by going over to
integral equations, it includes both the differential equation
and the initial conditions in a single equation. Again consider

the second-order differential equation.

d?y _

Tz = ¥V = f(x,y), With initial conditions.

y(x) = yo—
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vy = yo.y' = n (7
Then integrate (7) from 0 to x. Then

; d
fd_ Ix dx— f[f(fY(t))
0
') — y'(0) = f £ (6, y(O)] dt
0

Y@ = YO+ [[f(6y©) debut,y'©) = v,

=y + [If(t.y®)ldt (®)

Whence the second integration

y'(x)

X X X t

f dx—fyldt+fdt f[f(u y(u))

0 0

X t
() — y(0) = yix + f dt f F(uy(w) du, buty(0) = v,
0 0

X t

y(x) = yo +yix + fdtff(u.y(u)) du
0

0
y(x) = yo +y1x + f[f(t,y(t))] dtf du
0 t

y@) = yo +yx+ [[x-O[f(tLy®)]dt ()

The argument is reversible, so that here again the
differential equation (7), together with the initial conditions,
is equivalent to the single integral equation (9). We see also
that any solution of (7) satisfies an integral equation of the
form.

y(x) = A+Bx+ [,(x—0[f(ty®))]dt (10)

The constant A and B being determined by the initial
conditions. They may also be determined in other ways
suppose, for instance, that y(x) is required to satisfy a two -
point boundary condition, sayy(0) = a,y(l) = B(if x =1)
substituting in (10), we obtain.

a=y0)=A4=yD) l
=A+Bl+ f U =0f[(t,y@®)]dt
A=aB=C"0C 2l A-0fLy®lde (1)

Hence, the function y(x) must therefore satisfy the integral
equation

y(x)—a+ﬁ

~xt f (= Of L y(©dt

l

f — Oflt, y(O)dt

0

This can be written in the form
y() = 2(x) - [, K Of [t y®ldt  (12)
Where z(x) = a + B%‘xx

t(l - x)

JJfor0<t<x

ko) =3 yu -0

Jforx <t <l

K (x,t) is the kernel of the equation the argument is again
reversible, so that (12) is equivalent to (7) together with the
boundary conditions. If the differential equation is linear, we
are led in this way to a linear integral equation of the second
kind.

Example: 1

Reduce the initial value problem

y"(x) + 4y(x) = sinx, with initial conditions y(0) =
0,y'(0) = 0atx = 0to volterra integral equation of the
second kind.

Solution:

Volterra equation can be obtained in the following manner:

Let

y' () = f(x) (13)
Integrate (13) from 0 tox. We then have

; d

Ofa — dx—ff(t)dt

V(@) —y'(0) = f F(O)de
0

@) =y'(0) + f fF(O)de
0

X X
y'(x) =0+ f FOdt = f FO)dt
0
Whence the second integration

f = fff(u)dudx

X X

= fxf(t)dtfdu = f(x— t)f (t)dt
0 t 0

“*Ie
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Then the given ODE becomes
X
o+ 4f(x —t)f(t)dt = sinx
0

This is the Volterra integral equation.

5. Integral Equation

Definition: Any equation in which the unknown function f{x)
appears under the integral sign and integrals of that function to
be solved for f{x) is known as integral equations. The general
linear integral equation for the unknown function f(x) is

gOOf(x) = F(x) + fﬁ(ﬁc’? K(x, Of (t)dt

a

(14)

K(x,t) is called the kernel, A the parameter of the integral
equation and a(x) and B(x) are constants ora(x) is a constant
and B(x) = x. If F(x) = 0, then the equation is referred to as
homogeneous. Wheng (x) = 0, the equation is of the first
kind; otherwise, it is of the second kind. The kernel is always
defined and continuous on

D={(xtralx)<x<px),alx) <t<pBx)}

classification of integral equations.

An integral equation can be classified as a linear or nonlinear
integral equation as we know in the ordinary and partial
differential equations [4], [6] & [7]. In the previous section,
These have noticed that the differential equation can be
equivalently represented by the integral equation. Therefore,
there is a good relationship between these two equations. The
most frequently used integral equations fall under two major
classes, namely Volterra and Fredholm integral equations. Of
course, These have to classify them as homogeneous or non
homogeneous; and also linear or nonlinear. In some practical
problems.

This research is focusing on the Volterra integral equations
and its solution by the method of successive approximations
(Neumann’s series) The classification of integral equations
centers on three basic characteristics which together describe
their overall structure and it is useful to set these down briefly
before entering into greater detail.

I The kind of an equation refers to the location of the

unknown function.

* First kindequations have the unknown function present
under the integral sign only.

* Secondkind equations also have the unknown function
outside the integral.

II The historical descriptions Fredholm and Volterra are
concerned with the integration.interval. In a Fredholm
equation the integral is over a finite interval with fixed
endpoints. In a Volterra equation the integral is
indefinite.

IIIThe adjective singular is sometimes used when the
integration is improper, either. because the interval is
infinite, or because the integrand is unbounded within
the. given interval. Obviously an integral equation can

be singular on both counts.

6. Volterra Integral Equation

Definition: Volterra equations are written in a form where
the upper limit of integration B(x) =x (independent
variable). The most standard form of Volterra linear
integralequations is given by the form.

geOf(x) = FO) + 1 [ KCe Of @dt  (15)
* Volterra integral equation of the first kind. Ifg(x) = 0,
then (15) yields
0= F(x)+ xf;(x)x(x, tf()dt (16)
This equation is called Volterra first kind integral
equations.
* Homogeneous volterra integral equations. If g(x) =
land F(x) = 0, then eqn. (15)gives.
f@) =2 f K@ Of (©dt (17)
* Volterra integral equation of the second kind, If the
function g(x) = 1, then (15)yields.
fO) = FQ) +2f K& Of@©dt  (18)
This equation is called Volterra integral equations of
second kind
* Non homogeneous volterra integral
g(x) = 1 and F(x) # 0, hen eqn.(8) gives

fx)= F(x) + A f;‘(x)K(x, t)f(t)dt

equations. If

(19)

This equation is called non homogeneous Volterra integral
equations of second kind For non homogeneous Volterra integral
equations A is numerical parameter, whereas for homogeneous
Volterra integral equations A is an eigen value parameter because
in such a case the integral equation presents an eigen value
problem in which the objective is to determine those values of A,
called the eigenvalues for which the integral equation possesses
nontrivial solutions called eigen functions.

6.1. Kernel of an Integral Equation

When considering numerical methods for integral
equations, particular attention should be paid to the character
of the kernel, which is usually the main factor governing the
choice of an appropriate quadrature formula or system of
approximating functions. Various commonly occurring types
of singularity call for individual treatment.

Likewise provision can be made for cases of symmetry,
periodicity or other special structure, where the solution
may have special properties and/or economies may be
affected in the solution process. We note in particular the
following cases to which we shall often have occasion to
refer in the description of individual algorithms. The
presence of the kernel under the operator makes the
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behavior of these equations less transparent than

differential equations. Consider the apparently benign

kernel clearly the form of the kernel is crucial to nature of
the solution, indeed, to its very existence.

* A linear integral equation with a kernel k(x,t) =
k(t, x) is said to be symmetric. This property plays a
key role in the theory of fredholm integral equations.

. IfK(x,t) =K(a+b—x,a+b—1t)in a linear integral
equation, the kernel is called centro-symmetric

e If the equations of the kernel has the form K(x,t) =
K(X, t,y(t)) =K(x— t)g(t,y(t)), the equation is called
a convolution integral equation; in the linear case
Kx - 0g(ty®) = y(©.

e If the kernel has the
K(X, t,y(t)) =K, (x, t,y(t)), ast<x

K(x, t,y(t)) = Kz(x, t,y(t)),x <t<b

Where the functions K; and K, are well behaved.

form

6.2. The Conversion First Kind Integral Equations to the
Second Kind Integral Equations

Thus it would appear that Volterra integral equations of
the second kind are more well behaved that Volterra
integral equation of the first kind [7]. To the extent that
this is true, we may replace any Volterra integral equation
of the first kind with Volterra integral equations of the
second kind. The relation between Volterra integral
equations of the first and the second kind can be

established in the following manner. The first kind
Volterra equation is usually.
fx) =[5 k(x, ) u(®dt (20)

if  the L= f(20), % = Ko t) and S5 =
K;(x,t) exists and are continuous, then the equation can be
reduced to one of the second kind into ways.

* The first and the simplest way are to differentiate both
sides of equation (11) with respect to x and we obtain
by using the Leibnitz rule.

Leibniz General Rule

derivatives

If
u(x) d u(x)
I(x) = f f(x, t)dt, then I'(x) = &[f f(x, t)dt]
v(x) v(x)
u(x)
= f 9 f(x,t))dt
) (€3] aX( “

- fu(g) L +f(u(x) 0u'(x) = fw(x), v (x),

v a
) u
% =[r2 — (k(x, u(D))

‘o
£160) = [ o e () + K u@
°_ K(0,x)u(x)(0)
K (e, 0)u(x) + [ Ko (x, ) u(®dt = f'(x) 1)

If K(x,x) # 0, then dividing throughout by this we obtain.

K(0u@) + [ K., Du®)dt = f'(x) (22)
u(x) + fo"’;"((“) pdt = L2 x)) 23)

And the reduction is accomplished. Thus, we can use the
method already given above. If the kernel in (21) is square-

integrable, and [ f (x) ] € L,[0,1] will have a unique solution in

L,[0,1].

The second way to obtain the second kind Volterra integral
equation from the first kind is by using integration by parts, if
we set.

Jyu(®ydt = (x) (24)
Or equivalently

Jy u(e)de = B(t)

Then by using integration by parts,

x ¢
- fKt(x, t) <f u(e)d(s)) dt = f(x)
0 0

(25)

X

¢
K(x, t)fu(s)d(e)]
0

t=0

which reduces to

X

- [ ko o@d = F)

0

[K(x, @ (®)]t=0

And finally we get
K (x, )8 (x) — K (x,0)0(0) — [ K, (x,£) @(t)dt = f(x) (26)

It is obvious that ¢ (0) = 0, and dividing out by K(x, x) we
have

000 = (L + [N g0)aer (o) [ 6 D 0(Dde (27)

K(x,x)
where

f(x)
K(x,x)

For this second process it is apparently not necessary for
f(x) to be differentiable However, the function u(x) must
finally be calculated by differentiating the function ¢(x)
given by the formula.

B(x) = {f'(")}+f H(x, t; 1) {K(tt)}dt

K(x,x)

K (x,t)
K(x,x)

F(x) = ,G(x, t) =

(28)
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Where H(x,t: 1) is the resolvent kernel corresponding

to%x'x?. To do this f(x)must be differentiable

6.3. Solution of Volterra Integral Equation

In the previous sections, we have clearly defined the
integral equations with some useful illustrations. This section
deals with the Volterra integral equations and their solution
techniques. The approach of Volterra equations in much the
same way as it has been done Fredholm equations, but there
is the problem that the upper limit of the integral is the
independent variable of the equation. For thus choose a
quadrature scheme that utilizes the endpoints of the interval;
otherwise we will not be able to evaluate the functional
equation at the relevant quadrature points. One could adopt
the view that Volterra equations are, in general, just special
cases of Fredholm integral equation equations.

fO) = @) + 1 [) K(x, O)f (Ddt

Where K(x,t) is the kernel of the integral equation, ¢ (X) a
continuous function of x,and A a parameter. Here, ¢ (x)and
K(x,t) are the given functions but f(x) is an unknown
function that needs to be determined. The limits of integral
for the Volterra integral equations are functions ofx. The
nonhomogeneous Volterra integral equation of the first kind
is defined as

29)

p(x) = [y K(x,0)f (t)dt

The important class of integral equations in which many
features of the general theory already appeared in the
introduction. There are a host of solution techniques to deal
with the Volterra integral equations.

(30)

6.3.1. The Method of Successive Approximations for Linear
Volterra Integral Equations
In this method, replace the unknown function f(x) under
the integral sign of the Volterra equation by any selective
real-valued continuous function fy(t) , called the zeroth
approximation [10]. This substitution will give the first
approximation f; (t) by.

fi(x) = 0() + 2 fi K(x, 0)fo(t)dt (31)

It is obvious that f; (x) is continuous if @(x), K(x,t), and
fo(x) are continuous. The second approximation f,(x) can be
obtained similarly by replacing f,(x) in equation (31) by
f, (x) obtained above. And we find

f(0) = () + 1 ) K(x, D)f; ()dt

Continuing in this manner, we obtain an infinite sequence
of function f,(x),f; (%), f5 (x),f5(x),f, (%),
That satisfies the recurrence relation

fu(0) = @) + 1 f K (x, ) foa (B)dt

forn =1,2,3,...and f,(x) is equivalent to any selected real-
valued function. The most commonly selected function

(32)

(33)

forfy(x) are 0, 1, and x. Thus, at the limit, the solution f(x) of
the equation (29) is obtained as

f(X) = limy,_ e fn(x)

so that the resulting solution f(x) is independent of the choice
of the zeroth approximation fy(x) . This process of
approximation is extremely simple. However, if we follow
the Picard’s successive approximation method, it needs to set
fo(x) = @(x) , and determine f;(x) and other successive
approximation as follows:

£100) = () + A [T K6, Ofp(D)dt f,(x) = o(x) +
YK Of(Odt frmg (x) =

@) + A [T K@, ) fuop(B)dE f,(x) = 9 (x) +
MK (e ) g ()dt (35)

(34

The last equation is the recurrence relation. Consider

£ = AN [ K@, O[p®) + 4 [ K6, De(0)dr] dt —
MK Oe®)dt =207 [ K(x, ) [ Kt De()drdt =

22 g5(x) (36)
Where
9:®) = [ K, 0) [ K&, Dp@dedt  (37)
Thus, it can be easily observed from equation (36) that
fn(x) = 21:0 7\'mgm(x) (38)
If go(x) = @(x), and further that
Im(x) = [ K@, ) gmoq (8)dt (39)

Where m= 1, 2, 3, and hence g; (x) = f; K(x, ) (t)dt

The repeated integrals in equation (37) may be considered
as a double integral over the triangular region indicated in
Figure 1; thus interchanging the order of.

A

t ~

Fe

Figure 1. Double integration over the triangular region (shaded area).
Integration, we obtain.
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X X X
g2(x) = f(p(r)dTJ-K(x, K (t, T)dt = sz(x,T)(p(T)dT
0 T 0
K,(x,7) = fo K(x,t)K(t,7)dt. Similarly, we find in
general.

In() = [} Kn(x, De(@)dT, m = 1,2,3, (40)

Where the iterative kernels
Ki(x,7) = K(x,t),K,(x, t), K5(x,T), ... are defined by the
recurrence formula

Kinar (6, 0) = [ Ko (6, D) K (7, DT (41)

Thus, the solution forf, (x) can be written as
fo0) = () + Zpcy AT [ K, Dp(Ddr (42)
=@ + [, {Zhai V" Kn(x D }o(@dr  (43)

Hence it is also plausible that the solution of equation (29)
will be given be as n = o

Hm 5,00 = 00 = @) + [ {37 Ko 0) ) 90

m=1

=@(x) + ?»f;H(x, 5A) () + kfox e*tp(t)dtt)dr (44)
Where

HGo,tA) = X0 A Ko (x, T) (45)

is known as the resolvent kernel.

Example 1

Solve the following Volterra integral equation of the
second kind of the convolution type using successive
approximation method.

f@) = 9@) +2 f; et f(D)dt (46)
Solution:
* using successive approximation method
Let us assume that the zeroth approximation is
fox) =0 (47)
Then the first approximation can be obtained as
i) = @) (48)

Using this information in equation (46), the second
approximation is given by.

£ = oG +1 f et (O)dt
0

f200) = @(x) + 1 [} e p(t)dt (49)

Proceeding in this manner, the third approximation can be
obtained as

£ = 000+ [ et Gode
o)

t
+ Xf e* L p(t) +Xf et Tp(r)dT p dt
0 0

X x t
=)+ kf e*tp(t)dt + \* f f e* Tp(1)dr dt
0 00

=)+ kf e*to(t)dt + \* f(x —t)e* tp(t)dt

In the double integration the order of integration is
changed to obtain the final result. In a similar manner, the
fourth approximation f,(x) can be at once written as.

fi(x) = (x) + Xf e to(t)dt + A* f(x —t)e* te(t)dt

+ X3I%ex‘tq)(t)dt

0

Thus, continuing in this manner, we obtain as n = «©
G = lim f,(x)
=¢x)
X
+ k{f et (1+M(x —t) + A% (x — t)?
0

+ . )<p(t)dt}

X
= () +1 f ¥t D o () dt p(x)
0
X

+}\.f eWNE=Dp()dt
0

Here, the resolvent kernel is
H(x, t; 1) = e@¥HG&0

* Another method to determine the solution by the
resolvent kernel

The procedure to determine the resolvent kernel is the
following: Given that

£ = () +1 f ¥t F (D)t
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Here, the kernel is K(x,t) = e*"t. The solution by the
successive approximation is.

FG) = p(0) + f H(x,1:0)f (D) dt

where the resolvent kernel is given by

H(x, 1)) = Z WK (x, )
n=0

In which

X

Kpiq1(x,t) = o(x) + Xf K(x,T)K,(x,7)f(t)dTt,n = 1,2,3
t
It is to be noted thatK,,(x,t) = K(x, t) Thus, we obtain
X x
K,(x,t) = feX_Te(X_T)dT = ex‘tf dr = (x — t)eXt
t t
Similarly, proceeding in this manner, we obtain

X
Ks(x,t) = feX‘T(e(X‘T) (t—t))dt =ext
t

(x—1t)?
2!

x—-t?3
3
(x—-t"

n!

K,(x,t) = eXt

Kpi (x, 1) = X7t

Hence the resolvent kernel is

oo —_on
H(x,T; 1) = Z MKps(x,1) = e"_tz (x ' )
n=0 n=0 n

— (1=

Hxt A)

Once the resolvent kernel is known therefore succeeded in
inverting the integral equation because the right- hand side of
the above formula is a known quantity.

6.3.2. The Method of Successive Approximations for
Non-Linear Integral Equations

Nonlinear integral equations yield a considerable amount
of difficulties. However, due to recent development of novel
techniques it is now possible to find solutions of some types
of nonlinear integral equations if not all. In general, the
solution of the nonlinear integral equation is not unique.
However, the existence of a unique solution of nonlinear
integral equations with specific conditions is possible.

We first define a nonlinear integral equation in general, and
then cite some particular types of nonlinear integral
equations. In general, a nonlinear integral equation is defined
as given in the following equation:

f(x) = F(x) + A f t )K(x, )G(f(t) )dt orf(x)

X

= F(x)+ A G(x, t, f(t))dt

o(x)

Where a(x) and $(x) are constants and the equations are
called non linear Fredholm integral equations.
X
K(x, t)G(f(t))dt orf(x)

a(x)
X

=Fx + 2| G(xtf(r))dt
a(x)

f(x) = Fx) + A

Where a(x) is constant and xis independent variable the
equations are called non linear Volterra integral equations.
The function G (f (t)) is non-linear except G =a constant or

G (f(x)) = f(x) in which case G is linear. G(f(x)) =
f™(x), forn = 2, then function G is non linear.

Example 1

f(x) = x+ A fx(x — Df2(t)dt
0

and
x) =1+ xf K(x,©) In(f(0) dt

Are non linear volterra integral equations. By contrast,
solving nonlinear Volterra equations usually involves only a
slight modification of the algorithm for linear equations.

The Picard’s method to obtain successive algebraic
approximations. By putting numbers in these, we generally
get excellent numerical results. Unfortunately, the method
can only be applied to a limited class of equations, in which
the successive integrations be easily performed. We shall
treat everal examples by these methods to enable their merits
to be compared.

Consider the initial value problem given by the first-order
nonlinear differential equation.

df/dx = ¢ (x,f(x)) with the initial condition f(a) =
batx = a.This initial value problem can be transformed to the
nonlinear integral equation and is written as

fe)=b+ [ oG fe)de

For a first approximation, we replace
the f(x)in (p(x, f(x))byb, for a second approximation, we
replace it by the first approximation, for the third by the
second, and so on.

fi@) =i =b+ [ ¢ (b
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X

@ =b+

a

X

b +f<p(t,b) dtl dt

f2(x) =b+fbdx+fxfx<p(t,b)dtdt

To demonstrate this method by examples.
Example 1 Solve the integral equation by Picard’s method
of successive approximation.

ﬂ@=f@+ﬁanﬂ
0

Solution
The given differential equation can be written in integral
equation form as

f) = [t 2@ de

Zeroth approximation is: f(x) = 0.
First approximation: Put f(x) = 0in x + f2(x), yielding
X

f0) =ftdt=%x

0

2
Second  approximation:put f(x) = x? in x+f%(x) ,
yielding

; t2 x? x°
=[(t+=|dt==+=—
/e f<+2> 2 720
0
2 5
Third approximation: f = X? + :—0 inx + 2, giving

x 2 5 x t 7 10
f(x) = t——zdtzft———dt
) f{+(2+20 } <+4+20+400)
0 0
XZ XS X8 Xll

2 720710 " 2200

2+20

Proceeding in this manner, Fourth approximation can be
written after a rigorous algebraic manipulation as

Fourth approximation
2 45 48

il
220

7X11 3X14 XZO

1602+ 8800 * 49280 * 7040000

X3

* 445280000’

f(x) =

and so on. This is the solution of the problem in series form,
and it seems from its appearance the series is convergent.

7. Conclusion

In thispaper we proposed some of the numerical methods
to solve volterra (linear and non linear) integral equations.

fx) = X)) + A f k(x, Of(t)dt
a(x)

And

X

f(x) = @) + A f K(x, )G(f())dt

a(x)

To solve this for f(x) the choice of the initial data fy(x),
plays an essential role on the speed of the convergence of the
numerical methods, successive approximation method.
Numerical methods have been selected based on the ability to
obtain rapid convergence, based on existence of reliable and
cheaply computable error estimates and personal predilection

When the kernel is simple enough to be closely
approximated by a degenerate kernel with a few functions,
this can be very efficient. How competitive in general such a
method is with the more usual approaches is an unresolved
question.

A solution of the integral equation gives more accurate
results than a solution of the differential equation using the
same step size and degree of precision in the integration
procedure.
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