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Abstract: The model of economic dynamics of the Leontief type is considered. The problem of determining the equilibrium
state of the model with a fixed budget is investigated. It is proved that the state of equilibrium exists, if the trajectory model is

a solution to the consumer problem.

Keywords: Production Mapping, Utility Function, Equilibrium

1. Introduction

Let at the moment t the production mapping a [1, 4] be
given

a(X) ={X = &",...x") € R0 < T, 2" < (1)
< » BR-xF + (FY(xY), ..., F*(x™)),x*
2

= (xkl’ "'1xkn)1k = H )

where X = (x1,...,x™) € (RM)", B¥ is a diagonal matrix the
main diagonal of which has a form
Wk, . v, vR e [0,1](k, i = T,n);

FJ(x) are production functions of the branches:
Fi(x) = mini:L—an—;,cij >0(@,j=1n). (2)
Production mapping a® (x) [4] of the branch k has a form:
a®(x) ={0,B*x + (0, ...,0, F*(x), 0, ...,0))(x € RM). (3)
Note. The mapping a¥ is completely defined by the set
', ¢,k =1,n)}, 4

where c¢* > 0,v* € [0,1](k,i = T,n).
Let

1={1,2,..,n}, €= (L ..., &"). 5)
If consider (2) then the utility function of the k —th
branch takes the form [2]
S _ kj
Uk, x*) = X je 7 - v - xM + £ - min;¢, :]—.k, (6)

where £ = (£1, €2, ...,£") is a cost vector, the set I is defined
by the formula (5).

By the definition the set (P,x',..,x™,y) is an
equilibrium state if Y ze; x* =y and x¥'is a solution of the
k — th consumer problem [5-7]

U¥(#,x) - max, subject to [P,x] < A*,x € R%*(k € I), (7)

where U¥ is in the form (6), A* is a component of the budget
vector ¥ = (A1, ..., A™).

Let the vector ¥* be a solution of the k — th consumer
problem

Uk(6,x) > max,x eV ={x=0,[P,x] <1}k €I). (8)
Then the equilibrium vector x* has a form [4]
xk =2k xk (k€. 9
Note that from (4) and (9) follows that

}’=Zxk'=2/1"-f"'.

kel kel
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This means that
y € cone{x*| k € I}.

In the future, we will be interested in the following
problem. Given a mapping a¥, ie. v¥,c*(k,i € I) and
(P,x%, ...,x™ y) are a set of the vectors such that ¥;¢; x* =
y,xi' < 0. Determine whether there is model M with given
v¥, ¢ in which the set (P,x%,...,x™ y) is an equilibrium,
and, if so, to find it, that is, specify ¢' and A'(i € I) such that
this set is a state of equilibrium in the model {y, U(¢), ¥}.
From this problem, it follows that it is a problem with 2 - n
unknowns ¢, A(i € I).

2. Materials and Methods

Let x € R} . Throughout the following notation will be
used below

L(x)={iel|x'=0}

L(x)={iel|x!>0} (10)
. ' X oy
R*(x) 2{1 €l Cﬁ=r§)ellncj—-k}(k€1).

Q*(x) = \R*(®)(k € D).

Before talking about equilibrium, we examine the
consumer problem. Along with set ¥V in the consumer
problem (8) we can consider the set

V={x>0]|[Px] =1} (11)

Due the homogeneity of the functions U*(#,x) their
maximums on the sets ¥ and V coincide.

Let ¥ be a maximum point in the k —th consumer
problem (8). Then this point satisfies the necessary and
sufficient conditions for an extremum differentiable on the
direction function

U*)'(%9) <0V g € Gz(V), (12)

where [9]
G:(V)={g€R"|Fa,>0:x+a-geVVvae(0,a,)}

And the set V is defined by the formula (11).
Introduce the set Gz (V):

G:(V)={geR"|Fa,>0:[P,x+a-gl=1x+a-g
>0vVace(0,a,}

Since [P,%] =1 then from [P,x+a-g]=[P,X]+a-
[P,g] =1 follows that [P,g] = 0. From the condition
¥+a-g=0orx'+a-g'>0forVie€l follows that

a) If X' = 0, then a - g* > 0, consequently g > 0;

b) If k' > 0 then ¥' + a - g* = 0 for V g' small enough a.

From the foregoing, we find that the set Gz(V) can be
written as

G:(V)={g €R"|[P,g] =0,g'20Vie (D} (I3)

where the set I; (%) is defined by the formula (10).

Let us solve the properties of the solution of the consumer
problem. Particular attention is paid to how these properties
are associated with the structure of the set I; (X).

Lemma 1. Let X be a solution of the k —th(k € 1)
consumer problem. Then if I; (X) # @ _then I; (¥) < R*(%).

Proof. Let x be a seeking solution of the k — th consumer
problem and I; (X) # @, i.e. there exists an index i € [ such
that x* = 0. Then suppose that R¥(X) = I. But since I; (X) #
@ we get ¥ = 0 that is impossible. If I;(X) c Q¥ (%), then
¥t <0 for all i€RF(X) that is also impossible.
Consequently, I; (¥) © R*(%).

The lemma is proved.

Consequence. If R¥(x) = I then I, (¥) # @.

Let us study in detail the k —th consumer problem. Let X
be a solution of this problem and the vector P = (P, ..., P")
be given where P' > 0 forany i € I.

The utility function of the k —th branch in the point x has
a form [2]

Uk(8,x) = Sjer £ v - x) + €% minge, 2 (k € 1), (14)

where £ = (£1,...,€") is a given cost vector.

Introduce the vector
28 = (£ - v, L e v (R E D).

Then (14) takes the form
k(= k(p = k = Ko %
U(x) =U(4,x) = [£5,x]+ ¢ r}’lel}lm(k €.

To investigate the k —th consumer problem, we apply the
necessary and sufficient conditions for the extremum,
according which the maximum is reached in the point X if
and only if

U)'(xg) <0vgeGW)keD,

where the cone Gz(V) is defined by the formula (13).
It is well known that (U*)'(%, g) = q*(g), where

i J
q*(9) = [£%, g] + ¢ - minjpicr) T2, g € R (15)
Introduce the denotations

. Jj
G"(g) = ¢* - minj pepy Fr(k €D, (16)
Thus if in the point X the maximum is reached then

q“(9) <0V geG(V)={geR"|[P,g]=0,g"=

oOvielL(x)} 17
where the set is defined I; () by (10).
Consider some particular cases.
1. Let
L(x) =09, (18)

where X is a maximum pint in the kK —th consumer problem
and the set I; (x) is defined by the formula (10).
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In this case from (13) follows that Gz (V) = Q, where

Q={g €eR"|[P,g]=0}. (19)

Then the necessary and sufficient condition for the
optimality X in the branch k takes the form

q(9) = [#5, 91 + 3 (g) <0,V g €Q,

where the function §*(g) is defined by the formula (16).

Lemma 2. The following conditions are equivalent:

) q“(g) <0, g€

2)3u* > 0:uk-P e aqgk.
where dq* —is a superdifferential of the function g*.

Proof. The function g¥(g) is concave. Let the inequality
q*(g) <0V g € Q take place.

Since g*(0) = 0 then in the point g = 0 the function g*
reaches its maximum in the set Q. It is well known that
necessary and sufficient conditions for the maximum of the
concave function g*(g) in the point § = 0 on the set

{g eR™|[P,g] =0}

Consist in the existing of the element f¥ € dg*(g) such
that

(20)

max [f¥, g] = 0.
[P,g]:O[f gl

But it means that [f*,g] = 0 in the same place where
[P,g] = 0. It implies that for some u* takes place the
following equality

f=uk-P.

Since f* and P are positive we get u* > 0.

Citing the same arguments, but in reverse order, it is easy
to show that from condition 2) of the lemma follows
condition 1).

The proof is complete.

Lemma 3.Superdifferential of the function ¢*(g)(g €
R™) defined by the formula (15) has a form [8-10]

ag* = ¢k + agk(k € ),

where
ok = (gt vk, L em e vk,
k k :
@ =t min
moreover

0gF ={f =% (f*, ... fM 3’ 2 0: at=1, f!

i€RK (%)

i € RF(x); fi=0,i € QX(X)}(k € D). (21)
Proof. From (15), (16) we have

ag* = ¢k +ag*(k € I).

Define the vector Cf = c%k el € R™, where e! is i — th
coordinate ort (i, k € I). Then

i

g ..
[Cik,g] = C7(l € I)
and
G“(g) = ¢* - min[C{, g](g € R™).
13

From the definition of the superdifferntial we obtain (21).

The lemma is proved.

Lemma 4. The number u*(k € I) defined in the Lemma 2.
Is equal to

i ki,
ierk@ V€

pl.cik

ik

kyy

i (k€D (22)

Lierk(z)
where £ = (1 - ¥, £2 . pk2, 7. pkn),

Proof. Let u* >0 be such that u*-P € £k + 0g*, ie.
condition 2) of the Lemma 2 is satisfied. Using (21) one can
obtain from this that for some a' > 0,};cqk(ma’ =1 the
following equality holds true

(11
(WPt = ot pt 4 5

. pk

aT
iﬂk,Prztar,vkr_l_CW,fk,

23
| /,Lk . P‘r+1 — €r+1 . vk‘r+1' ( )
L ”k Pn:{m an
where r = |R*(%)].
It follows from the last that
. fl . 'Ukl . Clk al . fk
B =pr.qx pr.ctk

Pr. 17kr . C‘rk a’ fk

= Pr. Crk Pr. C‘rk =
{;r+1,vkr+1 {;n,vkn

ZTZ'“Z pn . (24)

Let’s fix the index j € R¥(X) and express all ai(i €
R¥()\{j}) through a’:

i1 al - £ i, ik v - ok pi. ik _ pi. ki, ok
@ =g\ proem Pt g Pt e
vie RF(\{}

Due the conditions ¥;cgk(p @' = 1

z aiz—aj : z Pl-c* 4+l +
PJ - clk

i€RK (%) ieRk(@\{j}
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j ki .k

VAR VLI Z pi.cik_l- Z Pl ki cik =
gk

i€Rk(x) ieRk(O\U}

Yok pi gk

[ A Y el (R 2 e LD Y
- Pk . pi.cik -
pJ . cik * Vierko) £i - pki . ik

- Pk . pi . Ik =1L

From this we obtain a’/(j € R*(%)):

i {)k+2 plpki.cik

al = icRK (%)

o Jpld. ik _
{’k'zist(?c)Pi'Cik I C]k - {)TC(} € Rk(x))' (25)

Substituting the obtained values of a’ (j € Rk(f)) into the
first r equalities (r = |R¥(X)|) of (24) we get (22).

Lemma is proved.

Theorem 1. Let strictly positive vector P =
(PY,...,P™),index k € I u and a number u* defined by the
formula (22) be given. The vector X is a solution of the k —th
consumer problem (8), satisfying the relation

LX) =0
If and only if when
2Lkl = k. plyi e Q¥ (%), 26)
¢ vk = yk . pivj e R¥(x);
P&z (25 +07Y), 27)

when ¢¥, 9" are defined in the lemma 3.

Proof. Necessity. Let x is a solution of the problem (8),
satisfying the relation (18). From lemmas 2 and 3 we get that there
exists u¥ > 0, such that u* - P € £% + 9q* i.e. (22) is satisfied.
Then using the proof of lemma 4 (namely formula (25))

N T
a’ =u-- »gk - fk )

the condition a’ > 0 for all j € R¥(¥) and formula (22) we
get the system of inequalities in the system (26). The first
system of equalities of (26) follows from (23).

Sufficiency. Let the conditions (26) and (27) take place.
Let us choose a’(j € R¥(%)) by the formula (25) which due
(26) satisfies to the relations a/ > 0, moreover Y. jeRK(®) al =
1. Then as follows from the lemmas 2, 4 and (27) the number
©¥ has a form (22) and g*(g) < 0V g € Q, which indeed is
a necessary and sufficient condition for optimality of X in the
k —th branch.

Theorem is proved.

Remark. If R¥(x¥) =1 = {1, 2, ...,n} then the number u*
defined by the formula (22) is the maximum growth rate of
the total wealth of the k —th branch.

2. Consider the case when

L (X) # Q.-

Then according to Lemma 1 I, (X¥) © R*(X).
Introduce the projection operator P, —taking for g =

(g% ...,g™) ER™
P..(9)=(g" ..g™ " g™ ™).

Consider the vectors LY € R™*!
Gk, qk (m,k € I) defined on R** as below

Ik = (fl k1 _ﬁvkm>

and functions

piv T pm
-1
' Pl, vy (ﬁ:—l vkm—l _ ;_:vkm> . Pm—l’

+1
(f‘m vkm+1 _ ﬁvkm> . Pm+1, ., ({)_nvkn _ ﬁvkm>

pm+1 pm pn pm
qm(h) =
£k miniERk(i)c%.m € Q*(x); 28)
. Rt P . _
£ - min e gk gmy {ﬁ,—ﬁ Tiengm P’ - hl},m € R¥(%);

am () = [Ly, hl + G (D).

Note that the functions g, §¥ are superlinear.
Take

I = L@\ T, = {G €R | g' 2 0,i € '}, (29)
The cone T, adjoint to the cone T;, has a form
T, ={weRM|w >0,i e [™; w'=0,i¢I"}. (30)

We’ll consider the functional X (g) only on the cone T.
Proposition 1. For any m € [ the conditions
1. ¢*(g) < 0forall g € Gz(V);
2. gk (§) < 0forall § € Ty
are equivalent.
Proof. Let ¢¥(g) < 0 (g € Ge(V)) i.e. (see (15))
L

.9
—<0,g € Gz(V).
ier}?l’l?f)clk =0,9€GV)

[£5, 9] + £¢ (BD

Due to (13) e have [P, g] = 0; fixing the index m €I,
expressing g™ and substituting into the left hand side on the
last inequality, after some eliminations we get (31).

Having the same argument in reverse order, we get the
contradiction.

Proposition is proved.

In the case when I;(X) # @ the subdifferential dgX, has a
form [8, 10]

oqk =1k +0gk + T (k,me D), (32)

where L¥,, 0G%, Ty, are defined in the formulas (28), (30) [2,
3].
Theorem 2. Let the strictly positive vector P =

(PY, ..., P™) be given. If the vector x for which
I, (%) = 0, (33)

is a maximum point in the k —th consumer problem (8), then
for m € Q¥ (%) the following relation is satisfied
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i .
L.yki <X ypkmy e RE(%),
" P (34)
"_j - pki =£ pkmyie Qk(f)'
pJ pm J ’

for m € R¥(%) is satisfied:

Lok < ki vie RY(R),j € Q%(X)
pt . pPJ . (35)
Lokt = £ pkmy i e RE(%);
Pl Pm

2) Let I;(x) # @ and for some m is valid (34) (if m €
Q*(x)) or (35) (if m € R*(x)). Then the vector X is a
solution of the k —th consumer problem (8).

Proof. Necessity. Let strictly positive vector P = (P2, ..., P™)
be given and X is the point at which the utility function of the k-
th branch of (8) satisfying (33) takes its maximum.

Then due the proposition 1 necessary and sufficient
optimality conditions for the vector X in the k —th branch
take the form

am(§) <0V GEeT,(mkel),

where the cone Ty, is defined by the formula (29).
By the definition of the superdifferential we have

gk(@ <ovget, © 0e€aqk(kel),

where superdiffeential dg¥, has a form (32).
Consequently

—1k € 9k + Th(mkeD.  (36)

Depending on the choice of the index m € I the function
g% (g) may have various forms (see (28)).
1) Let m € Q*(%). Then from (28) we have
N g
k — pk. =
In9) = ¢ ierzrelly(]f)cik'
Superdifferential of this function has form (21).
Substituting (21), (30) and (28) into the relation (36) we
get that there exist the numbers a’ > 0, w’ > 0 such that

at=1,
ieRk (%)
—7 cPk —wi=pi. (f—livki —ﬂv"’m) Vi€ R*(%),
¢ P (37)
’ , _
0=pr - ( SV vki —P—vkm) v j € Q¥(x).

From this immediately follows the inequality (34).

We claim the opposite. Suppose that the conditions of the
theorem hold true in the case when m € Q* (%), i.e. we can
choose the numbers a’ > 0 and w' > O(i € Rk(f)) by such
way that the inequality (37) would be satisfied and

Diierk( ga' = 1. It means that the relation (36) is satisfied or
0 € dq,,,. Consequently, due to the definition of the
superdifferential the following condition takes place
q5(§) <0V g € T,(m € Q¥(x)), that indeed is necessary
and sufficient condition for the optimality of the vector X in

the k —th branch.
2) Consider the case when m € R*(%).

Then from (28) we get
_ g' 1 Z o
k — pk. I _ . pi. gl
Qm(g) ieR’E?J;)n\{m} cik’  pm.cmk . g (
ien\{m}

Superdifferential of which has a form [8, 9]
gk = ¢%-co L. LZ|ieR(@)\{m}
Im “woentli \{m},

1

¥ = g P P, Pm“,...,P")}

={f€R"‘1|f=f"-

i1 -
(ZieRk(f)\{m}al m et — pm. ka (P1 Pm 1,Pm+1. ....Pn)). (38)

al =0, Z at=1

ierRk (%)

Lo ) R A

i _ a_i_ a™ - PU) ek i € R*(%); f
f - cik  pm.mk ol x’f

a™ .

The according to (28), (30) and (38) from (36) follows that
there exists numbers a! > 0, w! > O(L € Rk(x)) such that

Z atl=1,

ieRk (%)
am™ at
Lpt ). pk 5t
(Pm . cmk Pt Cik) ? vt
g
:(F‘lﬂkl—P—mv > PIVlERk(X)

ipk i m j
Pk m _ (f_{vm _f_mvkm) -PI v j € Q¥(®). (39)

pmcemk pJ P
These lead us to
i m
ki kmyy ; k(i
piv SP—mv Vi€ R*(X),
v £m
- kj > - km v € k
v v x
7 pm Jj €Q*(X).
Since the first inequality of the last system holds true for
V i,m € R¥(x), it turns to the equality. As a result, we obtain
the desired result.
Let’s claim the opposite. Suppose that the conditions of the
theorem in the case when m € R*(%), i.e. we can choose the
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numbers a’>0 and w'>0(i € R¥(X)) such that the
inequality (39) would be satisfied or 0 € dgF. This is
equivalent to the condition qX(§) <0V §E€T,, that is
indeed a necessary and sufficient condition for the optimality
of the vector X in the k —th branch. Theorem is proved.

3. Conclusion

(1). The form of the superdifferential of the utility function
is defined.

(2). Necessary and sufficient condition for the existence of
the maximum of this function is derived.

(3). The maximum rate of the growth of the industries total
wealth determined.

(4). A necessary and sufficient condition is obtained or
optimality of the state vector of the branches.
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