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Abstract: Here, a new method called Aboodh transform homotopy perturbation method (ATHPM) is used to solve one
dimensional fourth order parabolic linear partial differential equations with variable coefficients. The proposed method is a
combination of the new integral transform “Aboodh transform” and the homotopy perturbation method. Some cases of one
dimensional fourth order parabolic linear partial differential equations are solved to illustrate ability and reliability of mixture of
Aboodh transform and homotopy perturbation method. We have compared the obtained analytical solution with the available
Aboodh decomposition solution and homotopy perturbation method solution which is found to be exactly same. The results
obtained reveal that the combination of Aboodh transform and homotopy perturbation method is quite capable, practically well

appropriate for use in such problems.
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1. Introduction

Many problems of physical interest are described by linear
partial differential equations with initial and boundary
conditions. One of them is fourth order parabolic partial
differential equations with variable coefficients; these
equations arise in the transverse vibration problems [1]. In
recent years, many research workers have paid attention to
find the solution of these equations by using various methods.
Among these are the variational iteration method [Biazar and
Ghazvini (2007)], Adomian decomposition method [Wazwaz
(2001) and Biazar et al (2007)], homotopy perturbation
method [Mehdi Dehghan and Jalil Manafian (2008)],
homotopy analysis method [Najeeb Alam Khan, Asmat Ara,
Muhammad Afzal and Azam Khan (2010)] and Laplace
decomposition algorithm [Majid Khan, Muhammad Asif
Gondal and Yasir Khan (2011)]

Prem Kiran G. Bhadane, and V. H. Pradhan (2013)]. In this
paper we use coupling of new integral transform “Aboodh
transform” and homotopy perturbation method. This method
is a useful technique for solving linear and nonlinear
differential equations. The main aim of this paper is to
consider the effectiveness of the Aboodh transform homotopy

perturbation method in solving higher order linear partial
differential equations with variable coefficients. This method
provides the solution in a rapid convergent series which leads
the solution in a closed form.

2. Aboodh Transform Homotopy
Perturbation Method [1, 2, 3, 4]

Let us consider the a one dimensional linear
nonhomogeneous fourth order parabolic partial differential
equation with variable coefficients as

92u
a—+¢/( )—‘¢(x ) M

where (/(x) is a variable coefficient, with initial conditions
u(x,0) = f(x) and

Ou

E(xa 0) = h(x) (2),

and boundary conditions as
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u(a,t) = ﬁl(t) ,u(b,t) = lgz(t) )
02
a 3.2

Making use the Aboodh transform on both sides of
Eq. (1), we obtain

a,t) = B,(0), (b 1) =pB,@) 3)

02 oty

PRLAClwy = A[@(x,1)] )

and, Aboodh transform of partial derivative [3]

Vf «, r)} =2A[f ()]~ (v, 0)——1@ 0

With the aid of this property, Eq. (3) as redas

v2 Alu(x, 0] ~u(x, 0)———( 0)=

asol-Aple| "
A ,D|—4 —
0] w0

By using of initial conditions in Eq. (5), we have

v2A[u(x, t)] - f(x) —lh(x) =
v

64u
A ,1)|— A _—
[0 = 4|05
_ 1 0'u
Alu(x,0)] = g(x,v) —7,4{(//@)@} (©6)
Where

1 1
gx,v)=— () +— h(x) + 4 [x,1)]
v \%
Applying Aboodh inverse on both sides of Eq. (6), admits to

4
e =K =A" g alpm gl o

V

Where K ( X, t) = A_l{ g( X, v)} , represents the term

Arising from the source term and the prescribed initial
conditions.
By apply the homotopy perturbation method.

00
— n
u(xat) - Z p un(xat) (8)
n=0
By substituting Eq. (8) into Eq. (7), we get

§ pnun (x,0) = K(x,t)—
n=0

o ©
pA‘l{izA{z/f(x)( > p”unoc,r)j }}
v n=0 XXXX

This is the coupling of the Aboodh transform and the

homotopy perturbation method. collectiy the coefficient of
like powers of P , we have

i (x,t) = K(x,1)
pl tuy (x,1) = —471 {% A [l//(x)uoxxxx (x, t)]}
v
Uy (1) = -4™! {% 4 [w(x)ulxxxx (x, t)}}

%
: us(x,1) = 47! {V%A[‘/’(x)uZxxxx (x,t)}}

And so on
In general recursive relation is given by

-1 1
-4 {v—zA[t//(x)u(m_l)xxxx(x,t)}}

Then the solution can be expressed as

pm :um(xat):

u(x,t) =u0(x,t)+u1(x,t)+u2(x,t)+ ......... (10)

3. Application

In this section, to demonstrate the effectiveness of the
proposal method we consider homogeneous and non
homogeneous one dimensional fourth order linear partial
differential equations with initial and boundary conditions.

Example 1.
Let us first consider fourth order homogeneous partial
differential equation as [1, 5]

2 4
6_2‘+ 1,x 6__0 l<x<1,t>0, (11)
ot x 120 )0x* 2

With initial conditions

5

u(x,0) =0 and a_u(x’()):1+x_ (12)
ot 120
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and boundary conditions

5
+
u(0.5.0=| 2O Gy wwn =12Lsins,
120 120

2 52
97 (0.5.)=0.02084sins, L (1. =1
62 2x 6

Applying Aboodh transform to Eq. (11), admits to
2 4
A M + A4 l+_ a_
012 x 120 | gyt
v2 A[uCx,t)] - u(x, 0)———( ,0)+

4
A l-*-x_ a_u =0
x 120 ax4

Using initial conditions from Eq. (12), we have

A[u(x, t)] =

1 x5 1 1 x4 64u
1 +—|-—— 4| -+ |—
v3 120 v2 x 120 6x4

By used Aboodh inverse on both sides of above Eq. (15),

5
u(x,t)=(1+l);—0}t—
1 1 x4 64u
— Al -+ — |—
v2 x 120 0x4

To solve Eq.(12) using homotopy perturbation method,
we assume that

(13)

sint

14)

15)

47! (16)

u(x,t) = OZO: pnun(x,t) (17)
n=0

inserty Eq ( 17) of u(x, t) into Eq. (16), we get
© o
> pu (x,t)=|1+—|t—
n=0 n 120

4
pA_l{%A[[l 1)620}( > pu (x z)] ]} 18),
v x =0 X000

Collecting the coefficient of like powers of p?in Eq. (18)

we have

5

0 _ _ X
: ) =Kt =| 14— |t
p g (x,1) = K(x,1) { 120}

A _
1. __ 1) ox _
P .ul(x,t)— A {vz A[{x+120 uoxxxx(x,t) }_

4
Sy S| L. i g
201 x 120

} { S8
=—|1+—|—
120 ) 3!
4

2. 1)1 I x _
p .uz(x,t)— A {?A[{;-Fﬁlulxxxx(x’[)]}_
—A_l LA l+i _xﬁ = 1+i i
V2 x 120 3! 120 | 5!

P iy (x,0)= 471 {V%A[w(x)uzxxxx(x, Z)J} =

4 5 51,7
_A_l LA l+x_ xt_ = — 1+x_t_
v2 x 120 5! 120 | 7!
4
-1/ 1 1, x

— _ — =

4 {ﬂ A[[x lzoJu(m —l)xxxx(x’t)]}

5) 2m+1

i PR A

120 (2m +1)!
and so on in the same manner the rest of the components of

iteration formula can be obtained and thus solution can be
written in closed form as

5 513
w(et) = K =| 1+2— =1+ |+
120 120 | 3!

x5 t5 x5 t7
I+— [——|1+— | —+......
120 | 5! 120 | 7!

=1,2,3,...

5 3 5 7
u(x,t) = 1+2— S S S
120 3t 517
x5
u(x,t) =| 1+—— |sint 19
(x,1) . (19)
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which is an exact solution of Eq. (11) and can be verified

through substitution

Example 2.

A second instructive model is the
homogeneous partial differential equation as [5]

62u +( X
6t2

4
, —1)6 Y20, 0<x<1,t>0 (20)
Sin x

6x4

with the initial conditions
=y —q] Ou .
u(x,0) =x smxanda—(x,0)=—x+smx Q1)
t

and boundary conditions

uw(0,1)=0, u(l,ny=e ' (1-sinl),

2 2
GT”(O,t):o, aT”(l,t):e" sinl (22)
0“x 0“x
Applying Aboodh transform to Eq. (20), we get
2 4
PNy (L_ljﬂ 0
atz Sin x ax4
V2 A[u(x0)] = u(x,0) 5 % (x,0)+
x 0% |-
A [Sinx ljax “1=0 (23)

Using initial conditions from Eq. (20), we get

Alu(x,p)] = Lz(x—sinx) +L3(—x+sinx) -
v v
14 [x_ljd“u

v2 T ilsinx g4 24)

Now taking Aboodh inverse on both sides of above
Eq. (24), we have

u(x,t) = (x—sinx) + (—x+sinx)¢ -
-1 1 ot
4 [VZA [ﬁ 1)(3);{” (25)

Now, we apply the homotopy perturbation method.

[ee]

u(x,t)= Y pnun(x,t)
n=0

Putting this value of u(x, t) into Eq. (25), we get

fourth order

[o0]
ZO puy, (x,t) = (x—sinx) + (=x+sinx)¢ -
n=

-1

pa L

x (o]
vzf{(smx lj[néopn””(x’t)}xxxx” (26)

collecty the coefficient of like powers of p , in Eq. (26) the
following approximations are obtained

pO L (x,t) = K(x,t) = (x—sinx) + (—x+sinx)t

2 3
pl uy (x’t):_A_l{vlzAHsi)rix_lquXchx (x,t)}}:(x—sinx)[g!—g!]

4 5
p2 y (x,t):—A—l{vlzAHsiflx—ljulxxxx(x,t)}}:(x—sinx)[i“—ts!]

6 /7
p3 Uy (x’t):_A_l{le{[Siﬁx_IJMZXXXX (x,t)ﬂ:(x—sinx)[%!—gd

m
Pty (xt) =

e {vlzAﬂsiix_lju(m—l)xxxx(x’t)ﬁ i

2m t2m+]

(x=sinx) [tzm!_(zmﬂ)!

},m =1,2,3,..

and so on in the same manner the rest of the components of
iteration formula can be obtained and thus solution can be
written in closed form as

2 3
u(x,t) = (x—sinx) + (—x+sinx) ¢ + (x—sinx) {tZ'_tZﬂJ +

4 5 6 7
(x—sinx) t4—|—t5—' +(x—sinx) t6—'—t7—| o

2 3 4 5

6 7
[ _ql t ot _t .t _t
u(x,0)=(x s1nx){l TR A TR < e TR }

u(x,t) = (x—sinx)e_t (27)

Which is an exact solution of Eq. (20) and can be

Verified through substitution

Example 3.
in this case we consider the fourth order nonhomogeneous
partial differential equation as [1,5]

2 4
a—;+(1+x)a—z=(x4 +x3 —£x7jcost,
ot ox 7!

0<x<1,¢>0 (28)

with the following initial conditions
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_6 7
u(x,0) = %x 6_( x,0)=0 (29) z pnun(x’t):
and =0
d bound diti
and boundary conditions £x7 ( j 1 COSt
6 7!
u(0,¢) =0, u(l,t) =—cost,
+
0% (0,£) =0 0% (1,£) = —= cost (30) i V2 Al § 0 o
A L) =Y, TR LE) T - XXXX
92x %x 20
Here, we assume that
Applying Aboodh transform to Eq. (28), we get
2 4 K(x,t)=£x7+(x4+x3 —£x7j.(1—cost)
0“u 0'u|_ 7! 7!
Al — [+ 4| (1+x)— |=
ot 0x Can be divided into the sum of two parts namely
Ky (x, t) and K (x,t) therefore we get [6]
AH}C4 +x3 —%x7jcost}
) K(x,t) =Ky (x,t)+K1 (x,t)
2 _10u
A [u(x t)] u(x,0) =—— (x 0)= Under this assumption, we propose a slight variation only in
4 the components uy,u; . The variation we propose is that only
4. 3 6 7 1 0'u . -
X +x ——x —A4 (1 + x)— the part K (x, t) be assigned to the u,, where as the remaining
7! V2 +1 0x4 °

part K (x, t) , be combined with the other terms to define u -
Using initial conditions from Eq. (29), we get

6 7
Ko(x,t):—x cost,
A[u(x,t)]ZLz.éyﬂ+(x4+x3—£x7j. 7!
ve 7! 7!

K (x,t)=(x4+x3).(l—cost)
S L . Al (1+ ot 31
2 2 (1+x)—7 | @D

V2 +1 Ox

In view of these, we formulate the modified recursive
algorithm as follows

now taking Aboodh inverse on both sides of above Eq. 0 6 7
(31),we have Py (x,1) —%x cost
6 7.(4,3_67 Lo (e =(x* +23 ) (1-cost) -
u(x,t):?x + x +x —;x .(l—cost)— p ot = :
-11] 1
4 A = A| (1+x)u (x,0) [ =0
A ) ] |
A 1 —2A (1 +x)_Z (32) 2 0xxxoxx
v Ox ) |1
P, (x,t)=—4 {—ZA[(I + x)ulxxxx(x,t)J} =0
Now, we apply the homotopy perturbation method. Y
w n ------------------------------------------------------------------------
u(x,1) = né() P (x,0) And so on in the same manner the rest of the components of

iteration formula can be obtained u,,(x,£) =0 for m =1

Putting this value of u(x, t) into Eq. (32), we get Thus solution can be written in closed form as
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7

u(x,t)=£x cost+0+0+0+......
7!

_6 7
uo(x,t)—%x cost (34)

Which is an exact solution of Eq. (28) and can be verified
through substitution

4. Conclusion

The aim of this paper is to show the applicability of the
mixture of new integral transform “Aboodh transform” with
the homotopy perturbation method to solve one dimensional
fourth order homogeneous and nonhomogeneous linear partial
differential equations with variable coefficients. This
combination of two methods successfully worked to give very
reliable and exact solutions to the equation. This proposed
method provides an analytical approximation in a rapidly
convergent sequence with in exclusive manner computed
terms. Its rapid convergence shows that the method is
trustworthy and introduces a significant improvement in
solving linear partial differential equations over existing
methods.

Finally it's worthwhile to mention that the proposed method
can be applied to other linear and nonlinear partial differential
equations arising in mathematical physics. This aim task in
future.
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