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Abstract: Using traditional methods it is possible to prove the Ito formula in a Hilbert space and some Banach spaces with
special geometrical properties. The class of such Banach spaces is very narrow-they are subclass of reflexive Banach spaces.
Using the definition of a generalized stochastic integral, early we proved the Ito formula in an arbitrary Banach space for the
case, when as initial Ito process was the Wiener process. For an arbitrary Banach space and an arbitrary Ito process it is
impossible to find the sequence of corresponding step functions with the desired convergence. We consider the space of
generalized random processes, introduce general Ito process there and prove in it the Ito formula. Afterward, from the main Ito
process in a Banach space we receive the generalized Ito process in the space of generalized random processes and we get the
Ito formula in this space. Then we check decompasibilility of the members of the received equality and as they turn out Banach
space valued, we get the Ito formula in an arbitrary Banach space. We implemented this approach when the stochastic integral
in the Ito process was taken from a Banach space valued non-anticipating random process by the one dimensional Wiener
process. In this paper we consider the case, when the stochastic integral is taken from an operator- valued non-anticipating

random process by the Wiener process with values in a Banach space.

Keywords: Wiener Process in a Banach Space, Covariance Operators, Ito Stochastic Integrals and Ito Processes,
the Ito Formula, Stochastic Differential Equations in a Banach Space

1. Introduction and Preliminaries

As in the finite dimensional case, the Ito formula plays an
important role in the infinite dimensional stochastic analysis.
For the cases when the Banach spaces have special
geometrical properties, the Ito formula was proved in [1] and
[2]. For the Wiener process in an arbitrary separable Banach
space, the Ito formula was proved in [3]. The Ito formula for
the case, when the stochastic integral that appears in the Ito
process is taken from Banach space valued non-anticipating
process by the one dimensional Wiener process was proved
in [4]. In this paper we prove the Ito formula for the Ito
processes when the stochastic integral is taken from the
operator valued non-anticipating random processes by the
Wiener processes in a Banach space. The main unsolved
problem to prove this formula in an arbitrary Banach space is
to find such a sequence of step functions converging to the
integrand function that their stochastic integrals converge to
the stochastic integral from the integrand function. We use
the concept of the generalized random element; we consider
the space of generalized random processes and introduce the

generalized Ito process there. Firstly we prove the Ito
formula for the generalized random processes. Then from the
initial Ito process in a Banach space we receive a generalized
Ito process and write the Ito formula there. Afterward, In the
obtained equality we check decomposability of the members
of the equality; we found that all of them are Banach space
valued. Therefore, we get the Ito formula for the Banach
space valued random process. Now we give, some definitions
and preliminary results.

Let X be a real separable Banach space, X - its
conjugate, B( X') — the Borel o -algebra of X, (Q,B,P)-a
probability space. The continuous linear operator T: X~ — L
,(Q, B,P) is called a generalized random element (GRE)
(sometimes it is used the terms: random linear function or
cylindrical random element). Denote by M,:=L( X", L,(Q,
B,P)) the of GRE with
||T ||M = SUP Tx" "L . Arandom element (measurable map)

Banach space the norm
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&:Q - X issaid to have a weak second order, if, for all

* * * 2 .
x 00X, E<{,x > <oco . We can realize the random element

& as an element of M : T‘,x*:<f,x*>, but not conversely:

Tl
(Q, B,P), there does not always exists the random element
&:Q - X such that Tx~ :<f,x*> for all X’ OX". The

problem of existence such random element is the well known
problem of decompasibility of the GRE. Denote by M, the

linear normed space of all random elements of the weak

in infinite dimensional Banach space for all 7: X

second order with the norm ||E|| = "T g(" . Thus, we can assume

M,0M,.

Let (W), be the Wiener process in a Banach space.
That is 1) W , =0 almost surely (a.s.); 2. for all
0<t, <t <---<¢, <1 , the random elements in X |,

w =W ,i=12,-,

W, n—1 are independent; 3. for all £>s

W,-W, is a Gaussian random element with a mean 0 and

the covariance operator (t—s)R , where R: X - X is a
fixed Gaussian covariance; 4. (W), has continuous
sample pats.

Let (F,),q, -be an increasing family of o — algebras such
that a) W, is F,-measurable for all #[J[0,1] ;

, b) 7, —W, -is
independent of the o -algebra F, for all s<t.

F, contains
all P-null sets in B. In this case we say that (W,),q,,, is F; -
adapted.

If R: X - X is a covariance operator of the random

element , , and Rx’ :Z<ak,x*>ak , (a)py X, is a

k=1
representation of the operator R (see [5], Lemma 3.1.1),
then there exists the sequence of independent, standard, real

valued  Wiener  processes (W, (?)),,y  such  that

w, = Zakwk (t) and the convergence is a. s. uniformly for #
k=1
in X (see [6 ], Th. 1.4, [7], Th.1.4). We may choose
(a,);oy O X and (W (?)),,y such that (w,(¢)),,, will be F,-
adapted for all kO N (see [7], prop. 2.1).
Let (T,) be a family of GRE. We call it a generalized

random process (GRP). If we have a weak second order
random process (&), ;> € :Q - X, it will be realized as a

GRP: T, x' =(&,x").

10,1]

Denote by G,(X") the linear space of random functions
@:Q - X such that for all xOX {(@w),x) is measurable
and 7°,(p) = j(R(lJ(a)),(a(a)))dP <. I,(¢) is a pseudonorm

Q

in G,(X").
Definition 1. A function @:[0,1]xQ — X is called non-

anticipating with respect to (F)),, if the function

(t,w) - (@t,w),x)y from ([0,1] xQ,B[0,1]xB) into
(R',B(R")) is measurable for all x(0X , and the function

w - ({t,w),x) is F,-measurable for all ¢[1[0,1].
By TG,(X") we denote the class of non-anticipating

random  functions @:[0,1]1xQ — X~ | for which

P (@) = (| [ (Rt ). @1, @)y dtd P < o

0Q

linear space and P is a pseudonorm in it.

TGo(X") is a

If o0 TG, (X") is a step-function
n-l

qt,D) =Y @ Ox,, O , 0=f<f<--<t, =1,
i=0

i=0,---,n—1, then the stochastic integral of @ with respect

to (W), , is naturally defined by the equality

n-l

IW@M'ZW@(M W,)) .

The following lemma is true:
Lemma 1 ([7]). For an arbitrary @[ TG,(X") there exists

a sequence of step-functions (g),,y 0 7G,(X ") such that

nON
P 1
@ _,@ and I@dW, converges in L,(Q,B,P) .
0
Definiton 2 ([7]). Let @O TG.(X) and
PR
@),y DTG, (X") be step-functions such that @ _, ¢ and

1

Ig{;ldW converges in L,(Q,B,P). The limit of the sequence
0

t

1
J‘QZd W, is called the stochastic integral of a random function
0
@O TG, (X") with respect to the Wiener process (W,) 0.,

1
and is denoted by IWW, .
0

such a

w, :Zakwk(t) be

representation of (W,),,,, that (wk (t))

Proposition 1. Let

o 18 F-adapted for

all kKON , then ij ZI(g{J,ak)dwk(t) a. s. for all

k=1 ¢
¢0[0,1].

Proof. As (w,(2)) is F,-adapted for all KON, the real

1070,1]
valued stochastic integrals I(@ak)dwk (t) exist. The sum

0
t

ij((ﬂ, adw,(t)  converges in  L,(QB,P) and
E(ij(@ak)dwk(t))z :i<§2ak) =(R@, @) . Let

Pr

(@),0y OTG,(X") be step-functions such that ¢ _, ¢ and
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1
J‘qqldW, converges in L,(Q,B,P). It is easy to see, that the
0

above equality holds for step-functions ¢, nON . That is

MdW, = > [(@.a)dw, () a s for all ¢O[0,1].
k=19

m 1L

ZJ‘(@,ak)dwk(t) converges also to ZI(@ak)dwk(t) for

k=1 ¢ k=1 ¢

all fixed mON . Therefore, Y [(@,a)dw (t) -

k=1 ¢

m

(@a)dw @) ~ 3 [(@a,)dw, (). when m - e and

t

10 k=1 ¢
t
0

=
I

M=

(@,a,)dw (1) - j{ﬂdW, when n - o .
0

=
Il

1
Now  consider the linear bounded  operator
@: X" - Gy(X"), for all fixed x OX , @’ :Q - X°

Denote by M,° = L(X',G,(X")) the space of such operators
()= SUP| et E(Rgx’,gx") <.

with the property:

is a pseudonorm in M . Consider now the family
]: X - GR(X*) >

7:(9)

of linear bounded operators (7;),5[

such that for all x' OX",

011 °

the random process 7,x  is non -

SUp -1 jj (RTx",Tx")dtdP = SUpy 1 j I
0Q 0Q

k=1

anticipating and 77 (T)qo) =

1
SUP| _”(R]}x*,];x*)dth< . Denote by TM,° the space
0Q

of such family of operators.
Afterward, we will consider the family (T[)[D o

T:X - G,(X) with the property SuPHstl SUP| et

—

j(ﬂx‘,x)zdtdpmo.
0Q
Proposition 2. If the family of linear bounded operators

(T, T:X' - Gu(X") are such that SUP| |4 SUP}y

t)tD 01] ° <t

1

[[(Tx x> didP < oo, then S, H<RTx Tx")dtdP< o,
0Q

that is ( ) OTMS .

(000,1]

Proof.. As R: X - X is a Gaussian covariance operator,
by the Kwapien-Szymanski’s theorem (see [5] p. 262, [8])
there exist the sequences (x,),y 0X and (x,),, OX"

such that (x,,x,)=9,,, Rx, =x,, k=12,---, for all

X OX', R :i(xk,x*>xk and i:"xk”2 <o . Then
k=1 k=1

© 0 2 1
3 (%, Tx") didP = ;"xk | supyopo J] <%Ck RESRCLE
= 0Q

el 1
lexk ||2 SUP}j<i SUP) ), .[ j (T,x",x)" dtdP < oo.
k=t 0Q

We can naturally define the stochastic integral from
( )[D[O . 0 TM ° which is the GRE, defined by the equality

1
J. Tx'dW, . Accordingly, we have the
0

tDOl
isometrical ~ operator  [: ™S - M, |,
(L) o * ij daw, .

0
Lemma 2. For an

@:[0,1] - M/°

arbitrary  separable-valued

there exists a sequence of step-functions

T 1
(@),on OTM,% such that @ _,@ in TM," and [gaw,
0

Sup. M”i«@c Z(@c x;)x,"),x,)  didP = =sup) H<1” i (@ 3, didP <

0 Qk=n+l

k=1 Jj=1

k=n+1

GRP
so we

For any fixed & , consider now the
(&, (t))lm[o,l] =(@DX,x) , P (1) X - L,(Q,B,P),

1
have the map ¢, :[0,1] - M, , I||¢k ||M12dt<oo and @, is
0

converges in M.

Proof. Analogous to the case of proposition 2, consider the
(x)uy OX and (x,),,, X" such that

(x,xy=8,,, R/ =x,, k=12, for all x OX ,

Rx’ :i(xk,x*bck and i:||>ck||2 <o |
k=1 k=1

n

denote by f (t)x" ZZ (@x",x,)x,

k=1
functions from 7M.

sequences

Let @0 TM,° and

n=12,--- . the

> dtdP <

Z [ su P ”Wc ;

1
S ) SUPy 1 SUPye [ [« x)>diaP - 0.
0Q

separable-valued, therefore, by the lemma 1 from [9], there

exists the sequence of non-anticipating step functions
2

¢, 0,11 - M, such that j||¢k(t)—¢km(t)|| dt -0 .

M,
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Afterward for f,(t)x" =) (@0)x",x,)x,", the sequence

k=1

Fom D Bt is such that 7.7(f,, —f,) - 0 , when
k=1

m — oo . Therefore, we may choose a sequence of step-
Tr

functions (¢),., O TM,° such that ¢ _, @. It is easy to see,
1 1

that I@dW, converges in M, to the IWVK .
0 0

If we have non-

F(taa)):[oal]xQ - L(MlaMl)
anticipating operator valued random process and non-

anticipating (T O TM° , then we can define the

t)tD[O,l]
generalized stochastic integral 7: X~ - L,(Q,B,P),

1 w 1
i = [F(t.o)Tx'dW, =Y [ F(t,oXTx",x,)dw, (0),
0 m=1q
as (T(Olx): X - L,(Q,B,P) is a generalized random
process. Here we use the representation of the Wiener

process in a Banach space by the sum of one dimensional,
independent, non-anticipating Wiener processes, and (X, ),y

is such that Rx’ ZZ(x*,xk)xk is the representation of the
k=1

covariance operator of W, . Let now X be a separable Banach

space and L(X,X) be the space of bounded linear operators

from X to X . We will consider the random processes

1
£:Q - L(X,X) such that j j (& (@)x,x Y dtdP <o for all
0Q

xO0X and X" OX".
Proposition 2. If the random process ¢,:Q — L(X,X) is

1
such, that j j (E(@)x,x" Y didP<c for all xOX  and
0Q

1
X OX . then supy [[(RE, (@' .€ (@) ) didP<oo .
0Q

where the operator £, (w) is conjugate of the operator &, (w) .

Proof. Firstly we

1

SUP| 1, SUP) s [[(&.(@x.x"y*dtdP < 0. Consider the family
0Q

prove that

of linear operators 7. : X" — L,([0,1]xQ,B[0,1]xB,AxP),
T.x" =({(@)x,x")y, xOB(X) = {x:|x| <1} . From the closed
graph theorem it follows that 7 is a continuous operator for
all fixed xOX . That is {T,,x0OB(X)} is a collection of
continuous linear operators from X~ to L,([0,1],Q). For all

fix x’0X , if we consider the linear operator
S:X - L,([0,1],Q), Sx={(¢ (w)x,x"), by the closed graph
theorem, we can proof boundedness of the operator S . That

S

2
1o = supy

is, for all fixed x" OX", sup sy,

1

= Supyq II({ (w)x,x ) dtdP<oo . Then, by the uniform
0Q

boundedness

1
SUP o1 SUPger !i(c‘, (@W)x,x Y dtdP < oo,

principle,

Let now the sequences (x,),,y 0 X and (x,),,, O X be
such that (x,,x'y=9,,, Ry, =x, , k=12,---, for all

xO0X', Rx :i(xk,x*bck and i“"x,{"2 <oo . Then we
k=1 k=1

have

0

SupHX.Hsl j..l‘<R§(., (a))x' ’E'x- >2 dtdP = SupHx_Hsl J‘IZ<E.t(w)x. ,xk>2dth _

k=1

w 1 2 © 1 :
kzz;"xk ||Z SUP). 1o M(ft (Wx", ) dtdP< ;”xk ||2 SUP) -1y SUP e M(ft ()x,x")* dtdP < oo

X
|
Definition 3. The random process & :Q - L(X,X) is
non-anticipating with respect to the family of the ¢ -algebra
(F)yqoyy if, for all xOX , &(wx:[0,1]xQ - X is
measurable and, for all ¢0[0,1] , the random element
éx:Q - X is F -measurable.

Definition 4. We say that the non-anticipating random
process (g‘,)mml], é,:Q - L(X,X) belongs to the class

TG, (L(X, X)) if

1

r’(é)= SUP| [J(RE (@)x", & (@w)x")dtdP <o,

where " (w) is the linear operator, conjugate to the operator

é,(w) . TGL(L(X,X)) is a linear space with the pseudonorm
7($).

Let &0 TG,(L(X,X)) and
EXT[0,11xQ - X7 is

x"O0 X" Then

non-anticipating and

1
”(R{* (Wx",& (Wx")dtdP<oo . We can define the
0w

1
stochastic integral ij,(w)deW, , which is the random
0

variable with a mean 0 and variance

1

.[ (RE (w)x", & (w)x")dtdP . Therefore, we can consider
0w
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1
the GRE I, : X  L,(Q,B,P), I,x"= I{D,(w)deVK.
0

I.x"=

Definition 5. The generalized random element [,

1
IED, (w)x"dW, is called the generalized stochastic integral
0

from the random process &0 TG, (L(X, X)) . If there exists
the random element /7:Q — X such that (7,x") =TI ‘,xD =

1
ij, (w)x"dw, for all x"0.X", then we say that there exists
0

the stochastic integral from the operator-valued non-

anticipating random process ({) . &:Q - L(X,X) by

the Wiener process in a Banach space X and then we write

n:j{(w)dW,-

(000,1

2. The Ito Formula

We will prove the Ito formula for the generalized Ito
processes and, as a consequence, we receive the Ito formula
for the Banach space valued Ito processes, where the
stochastic integral is taken from the operator-valued random
process by the Wiener processes in a Banach space.

Definition 4. A non-anticipating GRP is called the
Generalized Ito process, if there exist non-anticipating GRP

1
(@®)iony » a(0): X" - L(Q,B,P), j ||a(t)||M|2dt<oo, and
0

non-anticipating
1

SupHx*Hsn II(RB(t)x*,B(t)x*)dth <o , such that, for all
0Q

(B(t))tm[(),l] D TMIG )

xOX°,
t t
T,x =Tx +Ia(s)x*ds +J‘B(s)x*dWs a.s.
0 0

Lemma 3. Let the generalized Ito process

t t

Tx =Tx" +.[a(s)x*ds + IB(S))H’dWS be such  that
0 0

a:[0,1] > M, and B:[0,1] - M,° are separable-valued,

then there exist the sequences of non-anticipating step

functions (a,),av and (B,),av such that

1 1
[la. @ =a®l,*dt -0 . [|B,&)=B@),. dt 0 and
0 0

"T W -7 " L0 uniformly for ¢, where
t tMl 4

t t
T”, x" =Tx +J“% (8)x"ds +_[B»1 (s)x’dw, .
0 0
Proof. The existence of the sequences of non-anticipating
step functions (a,),.y is proved in [ 3 ] ( lemma 1) and
existence of the sequence of non-anticipating step functions

(B,),ny follows from the lemma 2. Uniformness of the
convergence for ¢ of "T o —];”Mz - 0 follows from the

inequality
2 2 .
el <, o
1 1

Theorem 1(Formula Ito). Let T

X =Tx +Ia(s)x*ds +IB(s)x*dVK be a generalized Ito
0 0
where @ and B are

process, separable-valued non-

1
anticipating  GRP  such  that I||a(t)||M2dt<w ,
0

Mlczdt<oo. Let f:[0,1]%M, — M, be a continuous

1
[IB)
0
function such that the derivatives f;':[0,1]xM, - M
S [0,11xM, - L(M,,M,) and
(M,,L(M,,M,) are continuous. Then

1 »

Srr[01]xM, - L

FT)= FO.T)+ 5. ds + | £ T ats)ds +

0

%j‘(Zf"m (s,T.)B(s)a,B(s)a,)ds + j‘fT' (s,T.)B(s)dW (s) .

k=1

Proof. As in the finite dimensional case, we show that it is
enough to prove this theorem for the step functions a and B :

let (a,),,y and (B,),y be the sequences of step functions

such that -0 and

j

uniformly for t, where

[lla,®=a,,” dt

B, (f)‘B(f)”M,G2 dt - 0, then ||T(n)t _7;||M -0

t t
T"Wx =Tx + I a,(s)x'ds + .[ B, (s)x'dW, .
0 0
Let the Ito formula be true for the step functions:

f@T") = £(0.T;) +j‘ﬁ'(Sny"))dS +jf;' (s,T,")a, (s)ds +

L
2

o t—

(i S (s, T(n)s )B(s)a, B(s)a, )ds +

j £ (5,77 )B(s)dW (s) ..

As [ (s,T") are continuous functions on [0,1]

converging to the continuous function f; (s,7,), then they are
bounded. Thereby, by the Lebesgue theorem, we have the
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‘ ‘ we have
convergence .[ fls, T "yds - I f/(s,T.)ds . Furthermore,
0 0

fr (8T = £ (s,T)|ds <

£ (5T )a, (s) = f; (5.T)a, £y (5T

ds sj
0

lﬂla,, (s) = a(s)| ds ++( flla(s)||2 ds) % ( f

!

2
ds) - 0

fT (SaTs(n))_fT (SaTs

In principle, we can similarly prove

%J‘(Zf"” (s,T(")S )B(s)a, B(s)a,)ds _, %J‘(Zf"m (s,T.)B(s)a,B(s)a, )ds
0 k=1 0 k=1
and assume that 7,=0 .  Then  the

(£ GTo)B@ams  ~ [ 4 TIBEG)

so, it is enough to prove the Ito formula for
Therefore, it is enough to prove the Ito lemma for the step

169

function

u(t,BW,) = f(t,at + BW,) has the same smoothness as f and

function
1

w(t,BW,) . Let 1=[2"1], AW =W, -W,, , A=— ,

functions and, by additivity of integrals, we need to prove it o
hen T, =T, +at + BW,, wh d B are the elements of 2o
WhelL & = hy T a (o WheTe a an are the elements © n=1,2,.... Then, by the Taylor’s formula, we have
M, and M° correspondingly. For simplicity, we can
k k-
u(t,BW,)—u(0,0):Zu(?,BWk)—u( > BWk D +u(t,BW,) —u(— n,BW )= z.[u (? 2»,BW,{ 1)|327d~9+
o o k<l

k<l 2" 2"

ZM’T(%,BWH)BAWH-ZJ‘(I )y (— ’ZI,BWE+SBAW)BAWBAst +u(t,BW,)—u(?,BWL):

ksl ksl o o

k-1 k-1
Y ul(— ,BW“)E-I—+ZJ[ ( + 2 BW ) (o BW“>]E-»—ds+Z up L B, sow +
k<l 2 2" k<l o 2 o 2" o ksl 2" o
Z TT( Y ,BWk 1)]DBAWBAW+Z](1 $)[u TT( > L ,BW,_, +sBAW) = u;T( > ,BWk DBAWBAWds +
2% o ksl o 2" 2

u(t,BVK)—u(ZLn,BWlFZu,'(%,B 1>G—+ (L BW L )BOW +

o ksl PAN o
Z z " n TAn ? Wk—l)anlem+An+Bn+Cn+6n’
k<l m=1 7
where
1
, k—l 1
4, = Y[+ B i) W (B I ds

k<l o on

1
-1 1 -1
= j il —s)u;T(kZ—n,BWE + sBAW)BAWBAWds —Eu;T(kz—n,BWE)BAWBAW,
k<l o

2" 2"

Cn:lzu"TT(ﬂ,BWﬁ)BAWBAW Z Z "

n TAn ?
2 k<l 2 on k<1 m=1 2

BWk 1)Bx Bx,

J = u(z,BW,)—u(zin,BW, )

and (x,),ny O X is such, that there exists (x, ), OX , (x.,x,)=6,,, Ry, =x, , k=12, , for all x 0X°

00 00
Rx’ :Z<xk,x*)xk and Z:"xk”2 <o,
k=1 k=1
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Using the technique developed in [ 3], (theorem 1) it is not difficult to prove, that

J,x - 0 for all x OX in L,(Q,B,P) . Therefore, we have

M -0,Bx -0, Cx -0 and

u(t, BW)x" =u(0,0)x" + Iu (s,BW)x"ds +J.Z<u (s, BW,)Bx",x, Ydw, (s) +— ZI(u"TT(s BW,)Bx, Bx',x, )ds

o m=1

for all x' 0.X". That is, we have the equality in M E

mlo

u(t,BW,) = u(0,0) + ju (s, BW)ds+j L (5,B,)BdW () +— zju ' (s,BW.)Bx Bx,ds .

Now let wus return to the function f

and

mlo

then

remember that  f(t,at+BW,))=u(t,BW,) ,

u,(t,BW,) = f(t,at + BW,) + f;(t,at + BW)a . Therefore, we have

ST = 10T+ [ 15,7 )ds + [ f1.T )a(s)ds+—2jf (5T )Bs)x, B, s+ +] f1(5,T)B(s)AW,

s

where (x,),,y O X is such, that there exists (x,'),,, O X,
<xk,xj. )=9, ;. Rx =x,, k=1,2,---, for all

¥ OX R =30 ), and Y[ <eo.
k=1 k=1

Let the generalized Ito process T

X =T +J.a(s)x*ds +J.B(s)x*dWx be such that there

exists the X-valued random process (&), With property

< ,,x>:Ttx for all x 0X and

(f@&).x)= <f<o,fo),x*>+<jﬁ'(s,é)ds,x*>+ <]f; (s,é)a<s)ds,x*> <

ot—

The first five members of the aforementioned equality are
functionals from the X -valued processes. Therefore, the

1
stochastic integral I Sf7(s,&E)B(s)dW, as the X -valued
0

random process exists. Consequently, we have received the
Ito formula for the Banach space-valued Ito process.

Theorem 2. Let &, =&, + J.a(s,a))ds + J.B(s, w)dW, , where
0 0

t

ml()

t t
& =& +[at,wydt+ [ B(t,c)dW, , where a:[0,1]xQ - X,
0 0

B:[0,1]xQ - L(X,X) are (¢,w) -measurable, F , -adapted

and | f latt, @), * dPdt <, BO TG, (L(X,X)) . Let also
Qo

f:[0,11xX - X, be such that f :[0,1]1xM, - M, , f, f;
and f7. are continuous by the norm of M, (X 0 M, O M,).

Then, taking into consideration that the step functions for
T 0O M, we can take X -valued, we have

j S (5.6 )B(s)x, Bs)x ,x, )ds, >+

0 m=1

((fi(s,€)B(s) ' x")aw, .

a:[0,1]xQ -~ X , B:0,1]xQ - L(X,X) be (tw)

measurable, F , -adapted and Ij||“(t’w)||M12 dPdt <o , B[]
Qo

TG, (L(X,X)). Let f:[0,1]*xX - X be such that f :[0,1]
xM, - M,, f, f; and f;. are, continuous then

f(t.&)= 1, Eo)+ff(s & )ds + j £1(s,€)a(s)ds + % > £ (5,6 B(s, ), B(s, w)x, ds, + j f1(5.€)B(s,)dW, .

o m=1

We have chosen (x,),, such that Rx = (x,x')x, ,
k=1

x 0X", and i"xk ||2 <o . Analogously of proposition 3
k=1

from [3], we can prove, that the

expression

J.ZfT"T (s,¢,)B(s,w)x, B(s,w)x,ds is the same for all

()ml

('xn)nDN such that Rx* = Z<xk,x*>xk

k=1
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3. Conclusion

The theory of stochastic differential equations in Banach
space is develops in three directions. The first direction is the
case, when the stochastic integral of the equation is taken
from Banach space valued non-anticipating random function
by the real-valued Wiener process; the second direction is the
case, when the stochastic integral of the equation is taken
from operator-valued non-anticipating random function by
the Wiener process in a Banach space; the third direction is
the case, when the stochastic integral of the equation is taken
from operator-valued (from Hilbert space to Banach space)
non-anticipating random function by the canonical
generalized Wiener process in Hilbert space. Analogous to
the finite dimensional case, the Ito formula is one of the main
tools in stochastic analysis in Banach space. In this paper we
consider the second case and prove the Ito Formula in this
case. Existence and uniqueness of solutions is considered in
[12] for this case. As we mentioned above the first case is
considered in [4] and the third case, when the Banach space
has special geometry are considered in [1] and [2] . in [10] is
considered the case, when the function f maps from Banach
space to real line.

References

[1] L I Belopolskaia, Yu. L. Daletzky (1978), Diffussion Process
in Smooth Banach Spaces and Manifolds. (Russian) Trudy
Moskov. Mat. Obshch. 37, p.107-141.

[2] Z.Brzez’niak, J.M.A.M. van Neerven, M.C. Veraar, L Weis
(2008), Ito’s Formula in UMD Banach Spaces and Regularity
of Solutions of the Zakai Equation. Journal of Differential
Equations v.245, 1, p.30-58.

(3]

(3]

(6]

(7]

(8]

[10]

[11]

B. Mamporia (2000), On the Ito Formula in a Banach Space.
Georgian Mathematical Journal vol.7, 1, p.155-168.

B. Mamporia, Ito’s formula in a Banach space. Bull. Georgian
National Academy of Sciences, vol. 5, no. 3, 2011, 12-16.

N. N. Vakhania, V. I. Tarieladze, and S. A. Chobanian (1985),
Probability Distributions on Banach Spaces. Nauka, Moskow;
The English translation: Reidel, Dordrecht, the Netherlands,
1987. p.482.

B. Mamporia, On Wiener process in a Frechet space.
Soobshch. Acad. Nauk Gruzin. SSR, 1977

B. Mamporia, Wiener Processes and Stochastic Integrals in a
Banach space. Probability and Ma thematical Statistics, Vol. 7,
Fasc. 1 (1986), p.59-75.

S. Kwapie'n and B. Szymanski, Some remarks on Gaussian
measures on Banach space. Probab. Math. Statist. 1(1980), No.
1, p. 59-65

B. Mamporia. Stochastic differential equation for generalized
random processes in a Banach space. Theory of probability
and its Applications, 56(4),602-620,2012, SIAM.Teoriya
Veroyatnostei i ee Primeneniya, 56:4 (2011), 704-725.

H.H. Kuo, Gaussian measures in Banach spaces. Springer-
Verlag, Berlin, Heidelberg, New York, 1975.

Da Prato G., Zabczyk J. Stochastic Differential Equations in
Infinite Dimensions. Encyclopedia of Mathematics and its
Aplications. Cambridge University Press, 1992.

B. Mamporia. Stochastic differential equation driven by the
Wiener process in a Banach space, existence and uniqueness
of the generalized solution. Pure and Applied Mathematics
Journal 2015:4(3):133-138.



