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1. Introduction

Controllability is a mathematical problem, which consists in
determining the targets to which one can drive the state of some
dynamical system, by means of a control parameter present in
the equation. Many physical systems such as quantum systems,
fluid mechanical systems, wave propagation, diffusion
phenomena, etc. are represented by an infinite number of
degrees of freedom, and their evolution follows some partial
differential equation. Finding active controls in order to
properly influence the dynamics of these systems generate
highly involved problems. The control theory for PDEs, and
among this theory, controllability problems, is a mathematical
description of such situations. Any dynamical system
represented by a PDE, and on which an external influence can
be described, can be the object of a study from this point of view.
In 1978, D.L. Russell [1] made a rather complete survey of the
most relevant results that were available in the literature at that
time. In that paper, the author described a number of different
tools that were developed to address controllability problems,
often inspired and related to other subjects concerning partial

differential equations: multipliers, moment
nonharmonic Fourier series, etc.

Various types of controllability of linear abstract dynamical
systems defined in a Banach or Hilbert spaces have been
recently extensively explored by several authors (see
e.g.[2]-[18]). More recently, J.-L. Lions introduced the so
called Hilbert Uniqueness Method (H.U.M.; see [19]).

In this work, we will focus our attention on some special
aspects of controllability problems for parabolic system
involving Laplace operator. In order to explain the results we
have in mind, it is convenient to consider the abstract form:

Let ¥V and H be two real Hilbert spaces such that V

is a dense subspace of H. Identifying the dual of H with

problems,

H, we may consider ¥ 0 H OV', where the embedding is

dense in the following space. Let A(¢) ( tU]0,T[ ) be a
family of continuous operators associated with a bilinear
forms 77(%;.,.) defined on VXV which are satisfied
Gérding’s inequality

Gy, e vl zalvly s o 20,6>0, for yOy,10[0,T]. (1)

Then, from [20] and [21], for given f,», and B bea
bounded linear operator the following abstract systems:

%y(r) + A y(t) = f + Bu,t 0, T,

¥(0) =y,

2

have a unique solution, we denote it by y(t;u) Y.

We also given an observation equation

z(u)=Cy(u), COL(Y:H), H being a Hilbert space.

Definition 1. The system whose state is defined by (2)is said
to be controllable if the observation z(#) generates a dense
(affine) subspace of the space of observations 1.

In the above setting, the equation (2) is typically a partial
differential equation, where the influence of ¥ can take
multiple different forms: typically, ¥ can be an additional
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(force) term in the right-hand side of the equation, localized in
a part of the domain; it can also appear in the boundary
conditions; but other situations can clearly be envisaged (we
will describe some of them).

A typical application of a parabolic equation is the heat;

%:Ay+u in O = Qx]0,T7,
Y(x,0)=y,(x)  inQ, (€)
%y(x, H=0 on X =1x]0,TY,

where QOR" is a bounded open domain with smooth

boundary I, ai is the normal derivativeat ' and y,(x)
vV

is a given function in L*(Q).
The results in [20] partly overlap with results in [22] and
they were shown that the system (3) (with ¥ OL*(Q) ) is

controllable.

In our papers [23]-[27], the above results have been
extended, the controllability questions related to the time
optimal control problem of #Xn co-operative parabolic or
hyperbolic systems with distributed or boundary controls was
considered.

In this paper, we will consider various time-optimal control
problems for the following ”*7 Neumann co-operative
linear parabolic system (here and everywhere below the

vectors are denoted by bold letters and the index
i=1,2,..,n):
0y, .
a—t’ =(A@)y); +u,(x,t)  inQ,
Y;(x,0) =y, ,(x) in Q, 4)
iy,-(x,t):V,-(x,t), onZ

ov

where Yo, is a given functions, #; represents either a

distributed control or a given function defined in Q. v,
represents either a Neumann boundary control or a given
function defined in Z and A(f) ( tU]0,7[ ) are a family
of 7Xn continuous matrix operators,

A+a, a; a,, Wi

A | 4y A+a, a,, Y
Oy=| ) : :

nl anZ A + an yn

with co-operative coefficient functions 4;,a; satisfying the
following conditions:

a;,a; are positive functions in L” (Q),} )

a; (x,t) < \Ja,(x,t)a;(x,1).

A classical controllability problems consists in steering an
initial vector state (y,(0),¥,(0),...,y,(0))" for system (4),

with a distributed control u = (u,,u,,...,u,)" belonging to
(X (Q))" or Dirichlet
v=,v,,..,v,), belonging to (L’(Z))" so that R, (T)

or R (T) generates a dense (affine) subspace of H. where

with a boundary control

R(T)={y(T;u):uO(L(Q))"},
R(T)={y(T;v): vO(L* ()"}

2. Solutions of Neumann Co-Operative
Parabolic Systems
This section is devoted to the analysis of the existence and
uniqueness of solutions of system (4). We distinguish three

classes of solutions: strong, weak and ultra weak solutions
defined by transposition.

Let H'(Q), be the usual Sobolev space (see [28]) of
of all @OLX(Q)
distributional derivatives D@L (Q), |q|</¢, with the
scalar product

order ¢ which consists whose

= q q
<80 MZS;<D vD$>,
q:{ql,---an}, |Cl|:q1+...+qN,
D =D"..D¥, _:i,

1 N i Ox,_

Definition 2.
1. Areal function y=y(x,t) definedin QO issaidtobea
weak solution for system (4) if

yOC(0,TT(L*(Q))") n L*(0,T5(H ' (Q)")

and

op .
jQy,. [——¢ +4 ¢i}dxdt = [ 1,08, (x, 0)dx + jQu,.¢,.dxdr +[ vgdrar

ot

forall #OC'([0,TT;(L(Q)") n L*(0,T3(H(Q))"), ¢,(x.T) =0,

2. We say that the function Y is a strong solution of (4) if

L
ovs
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yOC[O,TE(H (Q)") 0 L0, T3(H* ()" n (H'(Q))") n H'(0,T3(L(Q)")

and the three conditions in (4) are satisfied almost everywhere
in their corresponding domains.

3. We say that the function ¥ is an ultra solution of (4) or
solution by transposition if

yOC(0,T1;(H ™ (Q)") n L2(0,T5(L*(Q))")
and

[ fidxdt =< y,.,.4,(x,0) > +[vgdrd: 0f,00(0)

where @ is the unique solution of the adjoint system

i) =3, [(0)(09)

I

= Z < _(A(t)Y)i’¢ >

Lemma 1. If Q is a regular bounded domain in R",

with boundary ', and if 7 is positive on Q and smooth
mOL*(Q) ) then the eigenvalue

in Q,
onl
possesses an infinite sequence of positive eigenvalues:

A (m)...;

enough (in particular
problem:

—Ly = Am(x)y
y=0

0<A(m)<A,(m)<... A (m) - o, ask — o

Moreover A (m) is simple, its associate eigenfunction e,

is positive, and A, (mm) is characterized by:

mty,y)

0 .
% (s 8), - e
¢i(x,T)—0 inQ,
%: on
ov
and <.-> denotes the duality paring between H '(Q)
and H'(Q).

For  y=(0.0pea2) s 9= (88500 8,)" O(H ' (Q))'

and fU]0,7T | let us define a family of continuous bilinear
forms

7(t;.,.): (H'(Q)" x(H'(Q))" - O by

—a,(x,t)y,, } dx - i .[Qaij (x,1)y,;@,dx

i,j=1

Ayl -a,(x, t)y,]¢dx ZI a;(x,0)y, @.dx (6)

2@’

A (m)Imezdx < L}|Dy|2 dx (7)

Proof. See[29].
Now, let

Alg)zn-1, i=1,2,....n. 8)

Lemma 2. If (5) and (8) hold then, the bilinear form (6)
satisfy the Garding inequality

el

ey, y) +c||y|;

(L2 (Q))n

cp.¢, > 0. 9)

Proof. In fact

- Zjﬂ U Oy, |2 —a,(x,1)y] J dx - ,-,,-i_l'[gaij (x,0)y,y,dx

= ’z,[g[hjyir —a,-(x,t))’fz}dx—zzj'g ai(x’t)aj(x’t) iyjdx'
i=1 o

By Cauchy Schwarz inequality and (7),we obtain

it y,y) 2

i=1

i>j

A(a)

i=1

>Z(/l(a) n+l1

[ Aa J“ O e - Zfayl
_ ZJ[ @A) ](“ 0 s (1o )
]UD%F d - nga,. Vi,
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Finally, from (8) we have (9).

Under the above lemma ( Lemma 2) and using the results of
Lions [20] and Lions and Magenes [21] we can prove the
following theorems:

Theorem 1. Assume that (5) and (8) hold. Then, problem (4)

1. has a unique weak solution if

-1 -1
w OO, T;H Q) OH2 +(x) and v, 0 L(Q).

Moreover, the mapping ¢ — y(t;u) is continuous from
[0,7] -~ (L'(Q)".
2. has a unique strong solution if
11 1
u, OC0,T;(Q),y, 0H2(z)  and v, DH(Q).

Moreover, the mapping ¢ — y(t;u) is continuous from
[0,T] - (H'(Q)".

3. has a unique ultra solution if
u, O(0,T; I2(Q)),y, OLX(0,T;I2(T)) and y,, DH ' (Q).
t - y(t;u)

Moreover, the mapping is continuous from

[0,7] — (H™(Q)".
where the sobolev space
defined by

H™(Q)=H*(0,T;H(Q))(H* (0.T;H" (Q)

H™”(Q),r,s=20 (see [21)])is

H*(0,T;X) denotes the sobolev space of order § of

functions defined on [0,7] and taking values in X.

Based on the above theorem, we may consider the
following problems:

1. distributed control ( u(L*(Q))") ) problem with
observation in C([0,T];(L*(Q))")

2. distributed control ( u(L*(Q))") ) problem with
observation in C([0,T];(H'(Q))")

3. boundary control ( vO(Z*(X))") ) problem with
observation in C([0,T];(L*(Q))")

4. boundary control ( vO(L*(X))") ) problem with
observation in C([0,T];(H ™ (Q))")

3. Controllability with Deferent
Observations

In this section, we take the deferent cases of observations:

3.1. Distributed Control with Observation in
C([0,T;(L*(Q)")

Let y(t;u) denote to the unique weak solution of (4), at
time ! corresponding to a given control u(L*(Q))" anda
Yio>
Theorem 1, a). Occasionally, we write y(x,;u) when the

given functions V,, satisfying the hypothesis of

explicit dependence on X is required.
Let the observations be given by

y(Tu) 0L (Q) (10)
Theorem 2. Assume that (5) and (8) hold, then the system (4)
with control uO(L*(Q))" and observation (10) is

controllable.
Proof. let us first remark that by translation we may always
reduce the problem of controllability to the case were the

system (4) with ¥, =V, =0. We can show quit easily that
(4) is controllable in (I*(Q))" if and only if the set of
reachable states R, (T') at any finite time 7 >0 is dense in

(I’(Q))". By the Hahn-Banach theorem, this will be the case
if

[y (@wac=0, ¢, 00 (@), (11)

forall u(L*(Q))", impliesthat ¢, =0,i=1,2,...,n.
We introduce & =(&,é,,....&,) as the solution of the
following system

2 (£0g) -0 ino,
EM-y0r@ o, (12)
%{I =0. on.

The existence of a unique solution for system (12) can be
proved using Theoreml,a), with an obvious change of
variables.

Multiply the first equation in (12) by »,(;u) and using
Green formula, we obtain the following identity:

oF .
_ Q[_a_‘;—(A (t)f)i}y[(t;U)dxd’

0
— [ Enu de+ [ £ {E 150 (A u))i}dxdt
=~ (T + [ Eudvat.
and so, if (11) holds, then

jggi wdxdt=0 Ou O (Q)

hence fl =0, and hence l//[ =0.

3.2. Distributed Control with Observation in
C([0,TT;(H"(Q)")

In this section, let y(#;u) denote to the unique strong
solution of (4), at time ! corresponding to a given control
uO(L*(Q))" and a given functions v, V. satisfying the



36 Mohammed Shehata:

hypothesis of Theorem 1,b). Let the observation be given by

yi(Tu)DH(Q) (13)
Theorem 3. Assume that (5) and (8) hold, then the system (4)
with control «O(L*(Q))" and observation (13) is
controllable.

Proof. We can reduce the problem of controllability to the
system (4) with y,, =V, =0.
y(T;u) O(H'(Q))". To show the system is controllable let
@OH(Q) such that

case were the Here

<@, y(T;u)>=0 Oul(L(Q)"

We introduce & =(&,é,,...,¢&,)" as the solution of the
following system

&

- (4e) =0 ino,

)=y, 0H7(@Q  inQ, (14)
0 ,_

a—vg‘, =0. onz.

since (¢, DH™'(Q) (it is sufficient to apply Theorem 1,c),
after reversing sense of time) then there exist a unique ultra
weak solution ¢ for (14) and

Jgé wdxdt =<4, y,(T;u) >=0

then & =0, andhence ¢, =0.

3.3. Boundary Control with Observation in

C([0, TT: (L (Q)")

Controllability of Co-Operative Neumann Parabolic Systems

Let y(t;v) denote to the unique weak solution of (4), at
time ! corresponding to a given control v (L*(Z))" anda

Vio» satisfying the hypothesis of
Theorem 1,a). Let the observation be given by

given functions U,

yi(Tv) 0L (Q) (15)
Theorem 4. Assume that (5) and (8) hold, then the system (4)
with control vO(ZL*(X))" and observation (15) is
controllable.

Proof. Here y(T;v)(L*(Q))". To show the system is
controllable let ¢,00L°(Q) such that

jQy,. (T;de=0 OvO(L (D).

We introduce & =(¢&,¢,,....¢,)" as the solution of the
following system

% (rwe) -0 g,

EN -y, 0F@ Q. (16)
2, _

a—vfi =0. onz.

The existence of a unique solution for system (18) can be
proved using Theoreml,a), with an obvious change of
variables.

Multiply the first equation in (18) by ¥;(£;v) and using
Green’s formula, we obtain the following identity:

T 0 0y,
=-JEntf de+[ & [Ey,- (V) + (A(r)y(r;w),}dxdt +[&ordz

0¢

—y.dZ.
al/yl

=~ (@) x|,
implies
[gvdz=o;

hence ¢ on Z. The Cauchy data of ¢ on Z being zero,
we conclude ( see [30]) ¢ =0 and hence ¢ = 0.

3.4. Boundary Control with Observation in

C(0,TT:(H™ ()"

Let y(t;v) denote to the unique ultra weak solution of (4),
at time ! corresponding to a given control vO(L*(Z))"

and a given functions u,, Vo, satisfying the hypothesis of

Theorem 1,c¢). Let the observation be given by

yi(Tv)OH™(Q) (17
Theorem 5. Assume that (5) and (8) hold, then the system (4)
with control vO(L*(Z))" and observation (17) is
controllable.

Proof. Here y(T;v)O(H ™' (Q))". To show the system is
controllable let .0 H'(Q) such that

<y (T, >=0 VO ()"

We introduce & =(&,é,,....&,) as the solution of the



Pure and Applied Mathematics Journal 2015; 4(1): 32-28 37

following system

05

(4 0¢) =0 i,
f,-(T) Sy, 0H\Q  inQ, (18)
%fl =0. onZ.

Since ¢, OH'(Q),

system (18) admits an unique strong solution ¢. ( after

o - |-

then according to Theorem 1,b),

~(4'®¢), }y[ (t; v)dxdt

reversing sense of time)
Multiply the first equation in (18) by ,(£#;v) and using
Green’s formula, we obtain the following identity:

=[xl de+ | 5{ 3+ (AON(EV)), }dxdﬁ [ 5raz

== <y(T;).¥, >+j S0
implies

La{ d3=0;

ov

hence Z—E:O on Z. The Cauchydataof ¢ on Z being
14

zero, we conclude ( see [30]) ¢ =0 and hence ¢ =0.

4. Conclusion

In this study, we have proved the controllability to a special
co-operative parabolic systems with Neumann conditions,
with deferent cases of observations. Most of the results we
described in this paper apply, without any change on the
results, to more general parabolic systems involving the
following second order operator :

L(x, )—zb (x,.) +Zb (x,.) +b(x )
i,j=1 J
with sufficiently smooth coefficients (in particular,
b,.b;,b, U L (Q), b;,b, >0 ) and under the

Legendre-Hadamard ellipticity condition

me > 02/7 O(x,1)0Q,
i,j=1
forall 7,00 and some constant 0> 0.

In this case, we replace the first eigenvalue of the Laplace
operator by the first eigenvalue of the operator L (see [29]).
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