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1. Introduction

Let L(R™) be class of function which is integrable on
Euclidean space R™. The function K € L(R™) is called
kernel if

fK(x)dx =1.

Rn

Let x €R™, >0, K.(x) ="K (E) and K. f(x) =
(K. * )(0)=[pn Ke(x — )f (D) dt, (1.1)

where f is locally integrable function such that for all
€ > 0 the integral on the right-hand side is finite.

In this work questions on approximation of locally
summable functions by singular integrals of type (1.1) are
investigated. Was estimated the rate of approximation in terms
of various metric characteristics describing the structural
properties of the given function.

Note that various aspects of questions on approximation of
function f by singular integrals of a kind (1.1) have been
investigated in works of many authors (see, e.g., [1], [2], [3],
[51, 81, [9], [10], [15], [16] and the literature quoted there).

2. Some Definitions, Notation and
Preliminary Facts

Let f be a locally integrable on R™ function, i.e.

f €L, (R"), B(x,r) closed ball in R™ with center
X € R" and radius r > 0, i.e.

B(x,r):=={y €R™ |x—y| <7},

1
foeer) = B f f(®)adt,
B(x,r)

1
Q(f,B(x,7)) = 1BG| (f )|f(f) — faeem|dt,
B(x,r

where |B(x,r)| denotes the volume of a ball B(x,r).
For f € L;,c(R™) and x, € R™ introduce the following
notation ([10], [11]):

mg(xp; 6) = sup{Q(f, B(x, r)):

It is obvious that, m(x,; §) is monotone increasing on
interval (0, 4+o0) due to the argument §.

The point x, € R™ is called d-point of f € L;,.(R™), if
there exists a finite limit lim, o fg(x,r) =Sr(xo). The
collection of all d-points of f is denoted by D(f).

The point x, € R™ is called Lebesgue point (or /-point) of
function f € Ly, (R™), if there exists a number ¢ (x,), such
that

r <68} (6> 0).

f |F(©) = L:(x,)|dt = 0.

B(xq,1)

o IB(xo. Nl

Set of all [-points of function f is denoted by L(f). It is
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clear that if x, € L(f), then
Lr (x0).

Point x, € R™ we will name a m-point of the function
f € Lipc(R™) (see [10]), if lim,_oms(xo;7) = 0. Set of all
m-points of function f € L;,.(R™) is denoted by M(f).

Theorem A [10], [12]. If f € L;,(R™), then the following
equality is satisfied:

L(f) = D(f) n M(f).

For f € L;,c(R™) and x, € D(f) we also introduce the
following notation

Xo € D(f) and sp(x,) =

wy(x0i 8) = sup f 1) = 5ot

0<rs<é |B(x0, T')|

> 0.

It easy to see that ws(xp; &) is monotone increasing on
interval (0, +o) due to the argument &. It is also easy to
see that the point x, € R™ is [-point of a function f if and
only if lim,_ ws(xo;7) = 0.

Now let’s note some facts which we will use in the future.

Theorem B [10]. Let K € L(R™) be kernel and

k(x) = esssup{|[K(M)|: |yl = x|}, k € L(R™), ko(Ix]) =

k(x),

f €Ly,.(R"), xy €R™. If right hand side integrals are
convergent, then the following inequality holds:

|st(x0) - fB(xo,s)| <

[ee]

< c(n, ko) | mg(xo; €) +f X" ko (0)my (x; 4ex)dx +
0

t
me(xg; t
f my (%oi ) f“ "1 () dx | dt +
0

&

+ fmw(ff xn—lko(x)dx) dt), £>0, (2.1
4g

where c¢(n, k) is constant depending only on the function k
and dimension n.
Note that the function
n+1
PG =N (M) (kP +1)7 2, xR,

is called the Poisson kernel. If K(x) = P(x), x € R™, then
it is obvious, that k(x) = P(x), x € R™, and

ko(t) = =+ 01 (”“) (t? + 1) t € [0,400).
Let f € Liyc(R™) and
M;(6) = sup{mf(x; 6): x ER™ }, 6> 0.

A function M;(8) is called modulus of mean oscillation
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of function f. Note that the function M(5) was firstly
introduced in [14]. If @(6) is positive function which is
monotone increasing on interval (0,+c0), then BMO,, =
BMO,(R™) denotes the set of all functions f € Lyyc(R™),
for which the condition (see, for example, [6])

M;(8)
()

fllawo, = sup{ 5> o} < +o0

satisfied.
If we consider the class BMO,, as subset in the quotient

space L;,.(R™)/{constants}, then Illzmo,, is the norm in
BMO, and in this norm BMO, is Banach space. If
®(8) =1, then BMO, turns to space BMO, which was

firstly introduced in [7].
We also introduce the class [13]

VMO = VMO(R™) = {f € BMO:  lim M;(8) = 0}

with norm || f|lymo = lflzmo-

3. On Approximation in Terms of the
Characteristics w¢(xg; 8)

Theorem 3.1. Let K € L(R™) be kernel,

k(x) = esssup{[K): |yl = |x[},
ko(lx]) = k(x),

f € Li,.(R™), x, € R™ is [-point of function f. If right hand
side integrals are convergent, then the following inequality
holds:

k € L(R™),

|st(x0)

<ce [0t () wp (o 4t)de, £>0,  (3.1)

- Sf(x0)| <

where ¢ is a positive constant depending only on the
dimension n.
Proof. We have

|K€f(x0) - Sf(x0)| =

| Koo = 0l © = sl <

A
<em f |K<x0 — t)| IF(6) = 5 Geo)|dt <
< e fko ( Fo 1 ) IF(6) = 5,(xo) dt =

[oe]

=) e f ko (|-

2Me<|xg—t|s2Mt1e

)iro -

—s;(x)|dt =1 Tne—co Tm- (3.2)
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We estimate each of the terms t,,m=0, +1, +2,....
Considering that, k,(t) monotone decreasing function on

interval (0, +o0), we get

=g

lxo — ]
ko (220 [70) — 5 Gl <

2Me<|xy—t|<2M*1e

1
< ko(2™) e |f () = sp(xo)|dt =

B(xg, 2M*1¢)

@m™H" - [B(0,1)]
|B(0,1)] - (2m+1e)n

= ko(@™)

x f IF(0) — 5, (xo)|dt <

B(xg, 2M*1g)
=ko(2™) - 2™ )™ - |B(0,1)] - wr (x5 2™*e).

Thus, by (3.2)
|Kef (x0) = 5¢(x0)| < 1B(0,1)] X

X =2 ko (2™) - wp (x; 2™ e). (3.3)

On the other hand, we have
r t
e‘"f t" 1k, (E) ws(xo; 4t)dt =
0
[e9) 2Me
t
= Z e f tn_lkg (_) (L)f(x(); 4t)dt =
m=—oo Zm_1€ €

o) 2m

> Z e ko(Q™ws (x5 4 - 2™ e)

m=—oo

&
f t"1dt =
2m-1g

2n—1
n-4mn

L= koMM ) wy (x0; 2™ ). (3.4)

Combining inequalities (3.3) and (3.4) we get inequality
(3.1) with constant ¢ = |B(0,1)| ;"4—1

Corollary 3.1. Let kernel K(x) satisfies the conditions of
Theorem 3.1, f € Lj,c(R™), xq € R™ is Lebesgue point of
function f'and

I, ko (D)t Ly (xg; 4t)dt < +o0 (3.5)

Then lim,_,o K. f (x0) = Lr(x0).
Proof. Let 0 < &€ < 1. Then we have

[ee]

t
s‘"f t" 1k, (;) wr(xo; 4t)dt =

0

- s-“_f £m1 - ym1 ko (y) oy (o3 4ey)edy =
0

Y ko (¥) - wp(xo; 4ey)dy =

Y ko (y) - wp(xo; 4ey)dy +

+ | Y koY) - wp (s 4ey)dy <

ml—g gl s

< wf(xo}‘l'\/g) : f yn_lko(Y)dy +
0

+[ ; Y o (V) wp (xg; 4y)dy. (3.6)

If to consider, that

[ee]

+o00 > fk(x)dx=ft”_1 f ko(Itédog dt =

0 sn-1
= |S”‘1|-f ko ()t 1dt,
0

where |S™7!| is surface area of unit sphere S™7', doy is
Lebesgue’s measure on the sphere S™ !, then from the

inequalities (3.1), (3.6) and by condition (3.5) we receive the
demanded statement.

Corollary 3.2 [16]. Let kernel K(x) satisfies the
conditions of Theorem 3.1 and f € LP(R™), 1 <p < oo,
Xy € R™ is Lebesgue point of f. Then

E_{% K f(xo) = lf(xo)-

By theorem 3.1 the following statement for Poisson
integral is obtained.

Corollary 3.3. Let P(x) be Poisson kernel, P.(x) :=
e"p (g), e€>0, x€R", fE€L,(R™), x,€ER" is
Lebesgue point of the function f and

[oe]

f ws(xo; 1)

7 dt < +oo.

1

Then the following inequality is satisfied:

[oe]

we(xg; t)
B o) = heo)| < eve [ 22, e >0,
&
where ¢ >0 is only depended on n, and hence

limg_,o(P * f)(xo) = lf(xo)-

It is easy to see that for the Poisson kernel P(x) the
conditions of Corollary 3.2 are satisfied. Therefore, if
fEeLP(R"), 1<p <o and x, is Lebesgue point of the
function f, we have the equality lim,_ o(P. * f)(x,) =
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lf(xo)-

Theorem 3.2. Let x, € R™ and

1) K(x) is nonnegative kernel such, that K(x) =
ko(lx]), x € R™, where ky(t) is monotone decreases on
[0,420);

2) w(6) is positive monotone increasing function on
(0,400) and satisfying limg_,o w(8) = 0, for which there
is a number ¢y >0 such that w(268) <cy-w(9),
6 € (0, +0).

Then there is a function f, € L;,.(R™)
wg, (xo; 6) = w(8), 6 € (0,+)!, and

|st0(x0)

[oe]

>c-¢ f t" 1ko( )wfo(x0,4t)dt £>0.

0

Proof. Let fu(x) = w(]x — x4]), x € R™. Then

such that,

-5, (x0)| >

| -

lim ———
r=+0 IB(xo,r)I
B(xo,7)

f (|t = xo)dt = 0,

= lim ——
r=+0 |B (xo,7)|
B(xo,r)

i.e. sp(xg) = 0. Therefore

[ 15 = s (ool =

B(xq,7)

ws (xg; 6) = sup ————
o ¥o o<r‘35|B(x0,r)|

1
= sup ———— w(|t — x,)dt =
0<r<6|B(x0.7”)| f 0
B(xq,1)

1
= SUPo<r<s m fB(O,r) w(ltl)dt (37)

From here we get that, wg, (xo; 8) < w(8), & € (0, +o0).
By (3.7) also obtained that,

1
we (Xg; 6) = ——— f w(|thdt =

2o [ el
~|B(0,8)] -
B(o,s)\B(og)

5 1 s\
zw (E) "Bonon BODI (5 - <(§)) ) =
s\ 2" —1
@ (E) =
zcl-wm)-nz—;: ¢ w(), §>0.

0

Further we have

e 3cy,0, >0 V8 € (0,+00): ¢1 7wy, (xo; ) < w(8) < ¢ - wp, (x5 6).
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|sto(xo) - Sfo(xo)l =& fko (l 0

RN

g fko <|x0€— tl)w(lt — xo)dt =

Rn

—e [k (' |>w(|tl)dt -

Rn

[ |¢£]|
=g | "1 k, ( >w(|t€|)da§ dt =

sn-1

>f0(t)dt =

— n-1|. -n E . 4n-1
[S™ 1] - ¢ ko p t" tw(t)dt =
0
1 n-1 -n t n—1
215 e fk(,(E)-t w(4t)dt >
Co
0

[ee]

1 n-1 -n t n—1
2 oI5 [ (5) £ g (s 400,
o ) €

e> 0.

This theorem shows unimprovability of estimations (3.1)
in a certain class of kernels.

4. Approximation in Terms of the Mean
Oscillation

Theorem 4.1. Let the kernel K(x) satisfies conditions of
the theorem B, f € L;,.(R™), x, is Lebesgue point of f
and let satisfies the following conditions also:

D [t ko (0)my (xo; 48)dt < +oo,

2) [ (% fotx"_lko(x)dx) my (xg; 4t)dt < +o0,
3) floo (% ft°° xn—lko(x)dx) mg(xg; 4t)dt < +oo,

Then lim,_, o K, f (xo) = L (xo).

Proof. Since x, € R™ is Lebesgue point of function f,
then by the Theorem A the equality lims_,,oms(xg; §) =0
is satisfied and the finite limit sp(xo) = limg_, 1o fp(xye) =
lr(xo) exists.

Let’s show that, if the conditions 1), 2) and 3) are satisfied,
then all terms on the right hand side of inequality (2.1)
approaches to zero as & — +0. We can assume that
0 < & £ 1. Then we get

[ee]

f t" ko ()my (xo; 4et)dt =

0
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t" Ve (E)my (xo; 4et)dt +

+ | " ko (B)my(xo; 4et)dt <

Il
I— =g

Ve
< my(xp; 4\/E)f t" ko (D) dt +
0

+ [ ko (Omy (s 40dE; (4.1)
NE

t
fmf(xo,t) f4s =1k (o) dx | dt =
0

1
1
my (xo; 4€y) f ne1 _
f Zey ( ; ko(x)dx | 4edy =
0

y
f <;f0 x"‘lko(x)dx> my (xo; 4y)dy +
0

(4.2)

1
+mg(xo; €) f;l (i foy x"‘lko(x)dx) dy,

7 (xo; €)

where & is positive number such that 0 < e <1 and
1
mg(xo; €) < 7;

[ ([

4e

;4 ®
M (f x" 1k, (x)dx) 4edy =
y

x" 1k, (x)dx) dt =

4ey

I
NN TS S— 8

1 [ee]
(;f x"‘lko(x)dx> me(xo; 4ey)dy <
y

Il
B — g

1 (o]
(;fy x”_lko(x)dx> dyl -my(xg; 4Ve) +

AN
——
Bl &l

+ f x" 1k, (x)dx> mg(xo; 4y)dy <

y

G

mf(xo;éh/g) oo<1foo ) >
<————— 2| (= x™ky,(x)dx | ms(x,; 4y)dy +
mf(xo;l) J y ; 0 ) f A0 .V) y

%

oo (1 poo _
+f% (;fy x" 1k0(x)dx) m(xo; 4y)dy.

%l"‘\ 8

4.3)

By considering that in the case of satisfying conditions of
the theorem the following integral

[oe]

f X" ko (x)dx

0

converges, from inequality (4.1), (4.2) and (4.3) the
required assertion is obtained.

Corollary 4.1. Let the kernel K(x) satisfies conditions of
the theorem B, f € BMO, x, is Lebesgue point of function

f, the condition 2) is satisfied and

(o) 1 (o)
f ?f x" ko (x)dx | dt < +oo.
1 t

Then lim,_, . K. f (x0) = Lr(x0).
Corollary 4.2. Let f € L;,.(R™), x, is Lebesgue point of
function f and let the following condition is satisfied:

3y > 0 sup{(1 + |[tD™Y|K()|: t ER"} < +o0, (4.4)

ST my(xg; Dt < oo, (4.5)

Then lim,_, o K, f (xo) = L (xo).
Proof. By the condition (4.4) follows that,
1

aC >0 vt > 0: .
1+ nty

ko)< C

Now let’s show that conditions of theorem 4.1 are satisfied.
We have that

[oe]

f t" ko (O)my (x; 4t)dt <

f (1 n t)”+V “my(xp; 4t)dt <
1

(o)
mg(xo; t)

= Cl ' tit+y

dt < 4o, C; = const;
1
t

1
1

f ?fx"‘lko(x)dx ms(xo; 4t)dt <

0

0
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1 t
1 x" ldx
<C f ?f T mg(xp; 4t)dt <
0 0

1 t
1
<cC f ?fx"_ldx mg(xo; 4t)dt =
0 0
1
_C. £ mp(xg; 4t)dt < 4oo;
= mg(xo; ;
0

(1
f ?fx"‘lko(x)dx my(xo; 4t)dt <
1

t

<c:
1

fx"ﬂ’ dx |ms(xo; 4t)dt =

t

(o] 1 [ee)
=C f ?f x Y ldx mg(xo; 4t)dt <
1 t
mf( o0; L
<C,- Py dt < 4o, C(, = const.

Thus, all conditions of the theorem 4.1 are satisfied and
because of this lim,_,, o K, f (xo) = I (xo).

Note that, particularly, any function f € BMO satisfy
condition (4.5) for all points x, € R™. The kernel K(x),
which satisfies conditions (4.4) is called kernel of Fejer type.

Theorem 4.2. Let kernel K(x) satisfies conditions of
theorem B and f € L;,.(R™). Then for a finite value of right
hand side we have the following inequality

If = Kefllamo <

[ee]

< C-| Mg(e) +f X" ko ()M (dex)dx +

0

x

£ 4¢g
M (t
+f ft() fxn—lko(x)dx dt +
0 0
oo M (t) © -
N

where the constant € > 0 depends only on n and k.
Proof. From inequality (2.1) we have

”K“—'f _fB('iS)”BMO S 2||Kgf _fB('FS)”L‘X’(Rn) S

< C| Mp(e) +f X" ko (x) My (dex)dx +

0
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T %

t

+ffT fx”_lko(x)dx de +
0 0

+f€°0 Mft(t) (ff x"‘lko(x)dx) dt), €>0. 4.7
4e
It is known that (see [6])
If = fac:ollyye <C-Mpe), >0, (438)

where C > 0 is independent of f and &. From inequalities
(4.7) and (4.8) the inequality (4.6) turns out.

Corollary 4.3. Let kernel K(x) satisfies conditions of
theorem B, f € VMO and also satisfies the following
conditions:

1 f (% [ 2 kg (x)dx) M;(4t)dt < +oo,
2) f1°° (% ftw xn_lko(x)dx> dt < +oo.

Then lim,_ o llKef = fllgmo = 0.

Proof. It is enough to check up that under our assumptions
all terms on the right hand side of the inequality (4.6)
approaches to zero, with ¢ - +0. If f € VMO, then
lim,_, o M¢(e) = 0. In addition, if 0 <& <1, then

[oe]

f x" ey (X) My (4ex)dx < Mf(4\/§)f x" o (x)dx +

[ee]

Flfllmo f o () dac

/%
\0

1
;f x" ko (x)dx | My (4ey)dy <
0

Mf(t

x" ko (x)dx |dt =

Mie) , y
< f %fx”_lko(x)dx M (4y)dy +
0 0
1
2 y
+M;(g) X" ky(x)dx |dy,
Mp(e) \” 0

where € is positive number such that ¢ <1 and Mf(s) <
1

4

’
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fMAﬂ

: fx”‘lko(x)dx dt =
t

2e

&

1
<y x" ko (x)dx | My (4ey)dy <

»PIH\_ g

1 (o)
<;fx"‘1k0(x)dx dy |- Mp(4Ve) +

y

IA
[ — <

[ee]

1
;f x" Thko(x)dx | My (4y)dy <
y

+

&d"‘% 8

[oe]

1 rlir
Sm-Mf(4\/§)-lf ;fx Yko(x)dx | Mg (4y)dy +

y
[oe] 1 [ee]

+f —fx"‘lko(x)dx M, (4y)dy.
L yy
Ve

It is easy to check that if conditions 1°) and 2°) are satisfied,
then the integral fgc x" 1ky(x)dx converges. Therefore the
obtained relations show the validity of the required statement
by virtue of inequality (4.6).

Note that, if K(x) is Poisson kernel and f € BMO, then
the conditions 1°) and 2°) are satisfied. Thus, if f € VMO and
K is Poisson kernel, then limg_o||K.f — fllgmo = 0. It is
known that, if f € BMO(R), K is Poisson kernel (for n = 1)
and lim,_ ,o||Kef — fllzgmo = 0, then f € VMO (see [4]).

Corollary 4.4. Let kernel K(x) satisfies condition (4.4),
f € Lioc(R™) and

[2ED dt < +oo. (4.9)
Then the following inequality is true
If = Kefllamo <

e [P de, >0, (4.10)

where the constant C > 0 is independent of f and ¢.
Proof. Estimate terms on the right hand side of inequality
(4.6). We have

[ee]

f x" ko ()M (dex)dx =

0

[oe]

x" ko (X) My (4ex)dx +f x" o (X) My (4ex)dx <
1

Il
O%-{al»—x

%

1
7

<c- f X" My (4ex)dx +
0

+c, - fx" 1. “ M (4ex)dx <
1
1

XY
[ M) [ Mp©
f f
SC3' Mf(5)+£yfwd SC4'£yft1—+ydt;
€ €

t

4¢& &

M(t M:(t) rt\"
f f() f =1k (x)dx |dt§ﬁ's'f ft()<g) dt =
0 0 0

&
1 n-1
=cs M)t dt <
0
[ My (t)
f .
<cg- Mf(é‘) <cy- gyf Ty dt;
£
f ft() fx”_lko(x)dx dt <
€ t
4&
< 8'[ f() fxn—l n+ydx dt <
€ t
4&
[ M)
f
< ¢ syf PEve” dt,
&
where ¢; (i=1,2,..,9) are positive constants, not

depending on f and &. By obtained inequalities from
inequality (4.6) we get estimation (4.10).

Corollary 4.5. Let kernel K(x) satisfies condition (4.4),
f € BMO,,

[oe]

f o dt = 0(p(), e>0.
&
Then the following relation is true
lf = Kefllgmo = 0((P(5)), > 0.
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