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1. Introduction and Preliminaries

The theory of modular spaces was initiated by Nakano
[11] in 1950 in connection with the theory of order spaces
and reddened and generalized by Musielak and Orlicz [13]
in 1959.In 2008, Chistyakov[5] introduced the notion of
modular metric spaces generatedby F-modular and
developed the theory of this spaces, on the same idea he
definedthe notion of a modular on an arbitrary set and
developed the theory of metric spacesgenerated by modular
such that called the modular metric spaces in 2010 [6].

Ordered normed spaces and cones have applications in
applied mathematics and optimization theory [7]. Replacing
the real numbers, as the codomain of metrics, by ordered
Banach spaces one may obtain a generalization of metric
spaces. Such generalized spaces called cone metric spaces,
were introduced by Rzepecki [12]. ]. Recently, some authors
have studied cone metric spaces over solid topological
vector spaces and fixed point theorems in such spaces. ( see
(1], [8]).

In this paper, which is split into two parts, our aim is to
develop the theory of cone metric spaces called modular
cone metric spaces. In the first part, the notion of modular
cone metric space is introduced and some properties of such
spaces are investigated. Also we define convex modular
cone metric which takes values in Cr(Y) where Y is a
compact Hausdorff space. Then a fixed point theorem is
proved for contractions in these spaces. In the second part of
this paper, we make a remark on paper [10] and it will be
proved that their fixed point resultin modular metric spaces
is not true.

Let E be atopological vector space (TVS, for short) with
its zero vectord. A nonempty subset P of E is called a
convex cone if P+ P CE and AP C P for allA >0. A
convex cone P is said to be pointed ifP N (—P) = {0}. For
a given convex cone PinE, a partial ordering < on E with
respect to P is defined by x < y if and only ify — x € P.
We shall write x <y if x < yand x #y, while x Ly
will stand for y —x € intP, where intP denotes the
topological interior of P.

In the sequel, we will need the following useful lemmas:

Lemma 1.1.

[9] Let P be a cone in E. Then:

(1) If 8 < a,, — 6, then for each c € intP, there exists
N € N such that foreveryn > N, a, < c.

(i1) For every cy,c, € intP, there exists ¢ € intP such
that ¢ < c;and ¢ < c,.

(iii) For every a € Pand c € intP, there exists ng € N
such that a < nyc.

The nonlinear scalarization function &,:E — R is
defined as follows:

¢ (y)=inf{r e Riy ere — P},
forally € E.
Lemma 1.2.

[2] Let r € Rand y € E, then

(DSe(y) srere—y€P,

(i) & (y) <r e re—yE€intP,

(iii) &.(.) is positively homogeneous and continuous on
E,
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(iv) Ify; € y, + P, then & (y2) < & (V1),
V(1 +y2) <&e(v1) +E(2).

Definition 1.3.

[8] Let X be a nonempty set and d: X X X - FE be a
mapping that satisfies:

(CM1) For allx,y € X, d(x,y) # 6 and d(x,y) =0 if
and only ifx = y,

(CM2) d(x,y) =d(y,x) forall x,y € X,

(CM3) d(x,y) < d(x,z) +d(z,y) forall x,y,z € X.

Then d is called a topological vector space cone metric
(TVS cone metric, for short) on X and (X,d) issaidtobea
topological vector space cone metric space.

Definition 1.4.

[6] Let X be a nonempty set. A function w: (0, 00) X X X
X — [0, 0] is said to be a modular metric on X, if it satisfies
the following three axioms:

(1) for given x,y € X, wy(x,y) =0 forall A > 0 if and
only if x =y,

(i1) wy(x,y) = wy(y,x)forall x,y € X and 1 > 0,

(i) Wiy, (x,y) < wi(x, 2) + w,(z,y)for all x,y,z € X
and 4, u € (0,0).

If, instead of (i), the function w satisfies only

(i"Ywy(x,x) =0forall A >0 and x € X,

then w is said to be a pseudo modular on X, and if

wsatisfies (i') and

(i")for given x,y € X, if there exists A > 0 such that
wy(x,y) =0, then x = y.

The function w is called a strict modular on X.

A modular (pseudomodular, strict modular) w on X is
said to be convex if, instead of (iii), for all A,u > 0 and
x,y,z € X it satisfies the inequality

4 U
Wi (6, y) < mw,l(x, z) + qu(Z' ¥).

Note that the conditions (i) to (iii) imply that for all
y,z€Xand 2 >0, wy(y,z) =0. If wy(x,y) does not
depend on x,y € X, then by (i) w = 0. Now if wy(x,y) =
w(x,y) is independent of A > 0, then axioms (i)-(iii) mean
that w is a metric on X.

The essential property of a pseudo modular w on X (cf.
[6], Section 2.3) is that, for any given x,y € X, the function
0 < A wy(x,y) is decreasing on (0, o).

Definition 1.5.
[6] Let w be pseudo modular on X, the sets
Xy = Xyp(x9) = {x € X:wy(x,xy) = 0as A — oo}

and

Xy = Xp(x) = {x € X:31 = A(x) > 0, such that w,(x, x,) < oo}

are said to be modular spaces (around x).

If w is a convex modular on X, then according to [6],
Section 3.5 and Theorem 3.6, the two modular spaces
coincide, X, = X,,.

Definition 1.6.

[10] Let w be a modular metric on X, x € X,, and {x,}
be a sequence in X,,. Then

(1) {x,}is said to be modular convergent to x if for every
A>0, wy(x,,x) > 0 as n — oo,

(2) {x,}is said to be a modular Cauchy sequence if 4 > 0,
wi(xp, X)) > 0 as n,m — oo

(3) X,,is called a complete modular metric space if every
modular Cauchy sequence is modular convergent.

Theorem 1.7.

[3] Let w be a convex modular metric on X and X, be
a complete modular metric space. Suppose that T: X, — X,
is a mapping which satisfies the following condition:

wia(Tx, Ty) < wy(x,y) forall 0 < A < A,

where g > 0 and 0 < k < 1 are constant. Then T has a
fixed point. If in addition, the modular w assumes only
finite values on X, , then the fixed point of T is unique.

2. Convergence in Modular Cone
Metric Spaces

In the following, unless otherwise specified, we always
suppose that E is a locally convex Hausdorff TVS with its
zero vector 6, P a proper closed and convex pointed cone
in E with intP # @, e € intP and < the partial ordering
with respect to P.

Throughout this paper functions w:intP X X X X - E
will be written as w(c,x,y) = w.(x,y) for all c € intP
andx,y € X.

Definition 2.1.

Let X be a nonempty set. A function w:intP X X X X —
E is said to be a modular cone metric on X, if it satisfies the
following three axioms:

(1) For given x,y € X, w.(x,y) = 6 for all c € intP if
and only if x =y,

(i) w.(x,y) = w.(y,x), forall x,y € X and c € intP,

(i) We e, (0, y) S W (x,2) +w,,(2,y) for all
x,y,Z € X and ¢y, ¢, € intP.

(X, E, P,w)is called a modular cone metric space.

Note that the conditions (i) to (iii) imply that for all
y,z€Xand c € intP, 8 < w.(y,z). Indeed, by setting
x =y and ¢; = ¢, = c in (iii), for all y,z € X one gets

0 =woc(¥,y) < 2w (¥, 2).
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If w.(x,y) does not depend on x,y € X, then by (i)
w=0. Now if w.(x,y) =w(x,y) is independent of
¢ € intP, then axioms (i)-(iii) mean that w is a cone metric
on X.

For given x,y € X, the function 6 < ¢ = w.(x,y) is
decreasing on intP. In fact, if 8 < ¢; < ¢y, then

Wcz(xﬁy) < Wcz—cl(x' x) + Wcl(xﬁy) = Wcl(xﬁy)-

By the following example, we may construct a class of
examples of modular cone metric spaces using a cone

metric.
Example 2.2.

Let (X,d) be a cone metric space and ¢: intP — (0, o)
be a decreasing function. Define w.(x,y) = @(c)d(x,y).
It is easy to see that w is a modular cone metric on X.
Indeed, by the properties of a cone metric d axioms (i)-(ii)
of Definition 2.1 are satisfied. On the other hand, for all
x,¥,z € X andcy, ¢, € intP, we have:

Weyte, (6Y) = @(e1 + 62)d(x,y) < @(eq + e2)d(x,2) + ¢(er +¢2)d(2,y) < ¢(e)d(x,2) + ¢(c2)d(2,y) = w, (x,2) + W, (2,Y)

Now we define some convergence concepts in this space.
It will be proved that these definitions are compatible with
some topology on X constructed by a modular cone metric.

Definition 2.3.

Let (X, E, P,w) be a modular cone metric space, x € X
and {x,} be a sequence inX. Then
(1) {x,}is said to be modular cone convergent to x and

we denote it by x, 5 xif for every ¢ > 6 there exists a
positive integer N such that for all n > N, w.(x,, x) < c.

(2) {x,}is said to be a modular cone Cauchy sequence if
for every ¢ > 0 there exists a positive integer N such that
forall m,n > N, w.(x,, xn) < c.

(3) (X, w)is called a complete modular cone metric space
if every modular cone Cauchy sequence is convergent.

Let E be a Banach space and P be a cone in E. Pis
called normal if there exists a constant K > 0 such that for
all a,b € P, a < b implies that | a IS K Il b . The least
positive number satisfying the above inequality is called the
normal constant of P.

In the next theorem some equivalent condition for
convergence is proved.

Theorem 2.4.

Let E be a Banach space and P be a normal cone with
normal constant K. Suppose that (X, E, P,w) is a modular
cone metric space and {x,} is a sequence inX. Then,

(i) x, 5 xif and only if for each ¢ € intP, || w.(x,, x) |l
— 0 as n — oo.

(i1) {x,}is modular cone Cauchy if and only if for each
c € intP, | w.(x,, %) II= 0 as n,m — oo.

Proof. Let x,, 5 x. Fix ¢ € intP. Then for every 0 < € <
1, there exists a positive integer N such that for alln > N,
W (X, x) < &c. On the other hand, so for each n we have
W (%, X) < wee(x,y), since ec K c. Hence, w,(x,, x) <
ec, for each n > N. Therefore, normality of P implies that
Il we(x,,x) IS Ke ll ¢ ll, for each n > N. For proving its

converse, let for eachc € intP, |l w.(x,, x) Il 0as n — oo.

For ma given c¢ € intP , by assumption we have
W.(x,,x) = Bas n — oo, Applying Lemma 1.1 there is a
positive integer N such that for all n > N, w,(x,,x) < c.
Thus the proof of (i) is complete.

For proving (ii) let {x,} be a modular cone Cauchy

sequence and fix ¢ € intP. Similar to (i) one can show that
Il we(xp, %) = 0 as n,m - oo, for each c € intP .
Conversely, let w,(x,,x,,) = 6as n,m — oo, for each
¢ € intP. For given c € intP, there exists € > 0 such that
c —y € intP foreach y € B.(0). For this € > 0, there is a
positive integer N such that for all nm >N, |
We (%, Xm) II< €. Therefore, for all n,m > N,

¢ —w.(xp, Xpy) € IntP,

that means w,.(x,,x;,) < c for all n,m > N. Thus the
proofis complete.o

Now we are going to construct a topology on X, where
(X, E, P,w) is a modular cone metric space. Forany x € X,
c € intP,setB, (x,c) = {y € X: W,.(x,y) < c}.

Theorem 2.5.
Let (X, E, P,w) be a modular cone metric space. Then
T, ={UcX:Vx € U3c €intPs.tB,(x,c) c U}

forms a Hausdorff topology on X.

Proof Trivially @,X € 1,,,.

Also for any U,V € t,and x e U NV, then x € U and
x€V , one may find c;,c, € intP such that x €
B,(x,c;) cU and x € B, (x,c;) V. By Lemma 1.1,
there exists ¢ € intPsuch that ¢ < ¢;and ¢ < ¢,. Now
suppose that y € B, (x,c), so we have w (x,y) <
w.(x,y) K ¢ L ¢y, hence, y € B, (x,c;). Similarly we
havey € B,,(x, c;). Thus

B, (x,c) € B, (x,¢c;) N B, (x,c;) cUNV.

ThereforeU NV € t,,.

Let U, € t,, for each a € A, and let x € Ugep Uy, then
Ja, € A such that x € U, . Hence, x € B(x,c) C Uy, for
some c € intP. That is UgeaU, €7. Thus 7, is a
topology on X.

Now we prove that this topology is a Hausdorff topology.
Suppose that x,y € Xand x # y. So by the property (i) of
Definition 2.1 there exists ¢ € intP such that w, (x,y) #
6. In contrary, we assume that for each ¢ € intP,

B, (x,¢) N B, (y,c) = 0.

Hence, for each n € N, there is a z,, € X such that
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Co Co
Zn € Bw(xrﬁ) n BW(Y'Z)'

C
Weo (%, ¥) S weo(x,y) < weo (X, 2,) + weo (X, 2,) K 24
n 2n 2n

Therefore for each n > 1, Cn—o — W, (x,y) €P. But P is
closed, so

. Co
Bim (2 =, (30) = e (0) € .

This is a contradiction since P N (—P) = {6}. So the
proof is complete. O

One can easily see that the collection {B, (x,c):x €
X, c € intP} forms a basis for 7,, under which the above
definitions of convergent and Cauchy sequences are fully
justified.

Theorem 2.6.

Let (X, E, P,w) be a modular cone metric space. Then

(1) (X,E, P,w)is first countable.

(i) A self-mapf:X — X is continuous at x € X if and
only if whenever x, - x, we have f(x;)— f(x), as
n — oo.

ProoflLet x € X. Fix ¢ € intP. We show that B, =
{B,, (x, %): n € N} isalocal base at x. Let U be an open set
such that x € U. Therefore, there is a ¢; € intP such that
B, (x,c;) € U. On the other hand there exists a positive
integer n, such that% « ¢;. Now suppose that y € B, (x, %),

Thus for each n > 1, we have

Co
2n 2n n
so we have w, (x,y) < we(x,y) <<§<< ¢, , hence,
n

y € B, (x,c1). Thus Bw(x,i) c B,(x,c) cU.

The second part is trivial using (i).0

The following useful theorem shows that we may
construct a family of modular metrics using a modular cone
metric and the mapping &,.

Theorem 2.7.

Let (X,E,P,w) be a modular cone metric space
ande € intP. Then W¢: (0,0) X X X X = [0, o) which is
defined by W;(x,y) = & (Wy.(x,y)) is a modular metric
on X.

ProofLetx,y €X. Ifx =y, then wy.(x,¥) =6 for
each1>0, so Wf(x,y)=¢& (wy(x,y)) =0 for each
A>0. Now, let for each 1 >0, Wi(x,y)=0. So
Wie(x,y) = 6 for each 4 > 0. On the other hand for each
c € intP there exists a A > 0 such that Ae « ¢, hence
we(%,y) < Wye(x,y) = 6. Therefore, w.(x,y) =86, for
each c¢ € intP. That means x = y. So we prove that x = y
if and only if Wy (x,y) = 0, for each 1 > 0.

It is easy to see that Wy (x,y) = Wi (y,x), forall 1 > 0
and x,y € X.

Also if x,y,z € Xand A, 4, > 0, then

Wlel+/12 (x,y) = fe(Wlle+Aze(x' ¥)) <& (Wlle(x' z)) + fe(W/lze(Z' y) = Wlel (x,2) + W/lez (,¥).

Theorem 2.8.

Let (X,E,P,w) be a modular cone metric space,
e € intP, x € X and {x,} be a sequence in X. Then

(i) x, = xif and only if for every 1 > 0, Wy (x,,x) —
0 as n — oo.

(i1) {x,}is a w-cauchy sequence if and only if for every
A>0, Wy (xp, X) 7> 0 as n,m — oo,

Proof. (i) Let x, » x. Fix A > 0. For a given € > 0if
A > €, then for ¢ = ee, there is a positive integer N such
that for each n > N, w,.(x,,x) < €. On the other hand,
SOW;. (Xp, X) < Wee (X, X) K €e, since €e K Ae. Hence by
the property (iv) of Lemma 1.2, for each n > N we have

Wy (s X) < We (o, X) = §e(Wee (Xn, X)) < $e(4) = €.

Now suppose that 4 < €. For ¢ = Ae, there is a positive
integer N such that for each n > N, wy,(x,, x) < Ze.
Hence, for each n > N we have

Wi (n, %) = Ee(Wpe (Xy, X)) < §(le) = A <ee.

For its converse, let for each A > 0, Wy (x,,, x) — 0. Fix
¢ € intP, By Lemma 1.1, there exists a positive real number
Ao such that Age < c. So, there is a positive integer N

such that for each n > N,
$e(Wage (Xn, X)) = Wiy (X, x) < Ay.

Thus by property (ii) of Lemma 1.2 and the fact that the
function 6 < ¢ = w,(x,y) is decreasing on intP, we have

We (X, X) S Wy e(Xp, X) K Age K¢,

for each n > N.The proof of (ii) is similar to (i). o

3. A Fixed Point Theorem for
Contractions in Convexmodular
Cone Metric Spaces

In this section we suppose that E = Cr(Y) where Y is a
compact Hausdorff space. E withthesup-norm is a real

Banach space. Put P = {f € Cr(Y): f(x) = 0 forany x €

Y}.Itis clear that P is aconein E. Thus the partial order on

E with respect to P is of the form

f<gef)<gx)Vrey.

Note that intP # @. Indeed, 1 € intP.
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Lemma 3.1.

If f € intP, then f is invertible.
ProofLet f € intP. Then there exists € > 0 such that

B.(f)={geCr(Y):llg—fllo<e}cP.

If, in contrary, there is a t, € Y such that f(t,) =0,
then by defining g(t) = f(t) — g, itis clear that g € B.(f)

and hence g € P. But g(t,) < 0 and this is a contradiction.

Thus 0 € rang(f) and so f is invertible. O

Now we introducethe concept of convex modular cone
metric spaces.

Definition 3.2.

Let X be a nonempty set. A function w:intP X X X X —
E 1is said to be a convex modular cone metric on X, if it
satisfies the following three axioms:

(1) For givenx,y € X, w.(x,y) = 0, for all ¢ € intP, if
and only if x =y,

(i) w.(x,y) = w.(y,x), forall x,y € X and c € intP,

(iii) We,4c,(x,Y) < C:Tlczwcl(x, 7) + —2 W, (z,y), for
all x,y,z€ X and c;,c, € intP.

(X, w)is called a convex modular cone metric space.

c1+c;

Example 3.3.

d(xl}e)t (X,d) be a cone metric space. Define w,(x,y) =
T’. It is easy to see that w is a convex modular cone
metric on X.

Note that every convex modular cone metric space is a
modular cone metric space.

If instead of (i), the function w satisfies in (i") and (i"),
then it is called strict convex modular cone metric.

(i)Y w.(x,x) =@ forall c € intP and x € X,

(i'") Given x,y € X, if there exists ¢ € intP such
that w.(x,y) = 0, thenx = y.

Remark 3.4.

Let (X,w) be a convex modular cone metric space and
1 € E = Cr(Y) be the unit constant function. It is easy to
see that Wi (x,y) = & (wy(x,y)) is a convex modular
metric on X and Wi (x,y) < o0 so X, = X.

Theorem 3.5.

Let (X,w) be a complete convex modular cone metric
space. Suppose that there exists a constant number
k € (0,1) and ¢,y € intP such that a mapping T: X = X
satisfies the following condition:

Wi (Tx, Ty) < we(x,y), forall 6 < ¢ < c,.

Then T has a unique fixed point.
Proof.Take Ay =ll ¢y ll, . For all 0 <A< A, by the
above inequality for convex modular metric Wy (x,y) =

& (wa1(x,¥)) we have
Wi (6 ¥) = & (Wi (6, 3)) < & (Wi (x, ) = Wi (x,9).

(X, W) is complete since Xy, =X and (X,w) is
complete. Hence, the proof is complete by Theorem 1.7. ©

4. A Note on the Paper [10]

Recently, in the paper "Ch. Mongkolkeha, W.
Sintunavarat, P. Kumam, Fixed point theorems for
contraction mapping in modular metric spaces, Fixed Point
Theory and Applications, (2011)", the authors have studied
and introduced some fixed-point theorems in the framework
of a modular metric space. We will first state the main result
that the authors have proved in that paper and then by
constructing an example we will show that the result is not
true.

Definition 4.1.

(Definition 3.1.[10]) Let w be a modular metric on X
and X,, be a modular metric space induced by w and
T:X,, = X,, be an arbitrary mapping. A mapping T is
called a contraction if for each x,y € X, and forall A >0
there exists 0 < k < 1 such that

wy(Tx, Ty) < kwy(x,y).
Theorem4.2.

(Theorem 3.2.[10]) Let w be a modular metric on X
and X,, be a modular metric space induced by w. If X, is
a complete modular metric space and T:X,, = X,, is a
contraction mapping, then T has a unique fixed pointin X,,,.
Moreover, for any x € X,, , iterative sequence {T,x}
converges to the fixed point.

Now by the following example we show that the above
theorem is not valid.

Example 4.3.

Let X ={(a0)€R*><a<1}U{(0b)€R%: <
b < 1}. Defined the mapping w: (0,0) X X X X — [0, )
by

_ 4a; — a|
wi((@1,0), (az, 0)) = ——=

|by — by |
w2 ((0,b1), (0, b)) = ———,

and

4a b
wy((a, 0),(0,b)) = YR w((0, b), (a, 0)).

We note that if we take A — oo, then we see that X = X,
and also it is easy to see that if {x,,} is a Cauchy sequence in
X,, then we just have one of the following assertions:

(1) There exists a positive integer N such that for each
n>N, x, € {(a,0) € Rz:%s a<1}

(2) There exists a positive integer N such that for each
n>N, x, € {(0,b) ER%:><b <1}
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Indeed, it follows from the fact that for (a,0), (0,b) € X,

4a b 7 1 1
wa((a,0,(0,b)) = 55+ = 32 = wi((5,0), (0,5)).

Thus X,, is a complete modular metric space. Now we
define a mapping T: X,, = X,, by

T((a,0)) = (0,a)
and
b
T((0.0)) = (5,0
Simple computations show that
3
wa(T((ay, b1)), T((az b)) < ZWA((av by), (az, by)),

for all (aq,by),(ay by) € X,,. But T does not have any
fixed point in X,,.
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