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1. Introduction

The classical Almansi representation [1] for a
polyharmonic function Q(x) has the form

O(x) = Hy(x)+| x[** Hy(x)+-+|x[* H (x), (1)

where H,(x) are harmonic functions. This representation

is successfully used to construct solutions to model
boundary value problems for the biharmonic and
polyharmonic equations. In numerous studies the Almansi
representation is generalized to partial differential operators
other than the Laplace operator (see, for example, [2-4]. In
this paper, the Almansi representation (1) is first used to
construct a solution of the homogeneous Dirichlet boundary
value problem for the inhomogeneous 3-harmonic equation

A3u(x) =((x) (Section 2) and then to construct a solution

of the full Dirichlet boundary value problem for the
inhomogeneous 3-harmonic equation in the unit ball:

Nu(x)=0(x),x0Q;

ou _ . 0
”\0Q:f0,_a N, T
Vioo oV~ a0

:f25

where Q={xOR":| x|<1} and V - is outside normal to
0Q (Section 3).

To construct polynomial solution to a particular Dirichlet
boundary value problem for the 3-harmonic equation by the
traditional method (see, for example, [5; p.200]) with
polynomial boundary data ( f,, f; and f, - are the traces
of polynomials of degree £ ) the following scheme is used.
Let G (x) ,

J=Lo ok , where

i+n-3
h; :(1+2i/(n—2))[
n-3

from [6]) be a full system of orthonormal on the unit sphere
0Q 0 R" homogeneous harmonic polynomials of degree

j (for example, the system

i <k . Taking 3-harmonic polynomials of the form G;- (x),

\x|2 Gj-(x) and \xl4 Gj-(x) a solution of the Dirichlet

boundary value problem is represented in the form

k_h
ux)=Y Y (C+ D} |« +E) | x )G ()

i=0 j=1

Unknown coefficients Cj- , Dj. ,
j=L..,h , and 0<i<k are easily defined from the
algebraic system

and E; for each

C'+Di+E = LQ G (5) fo(s)ds,
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iCy+(+2)D) +(+9)E) = [ _G)(5)fi(s)ds
ii— l)C; +(@+2)(i+ I)D; +(+4)(i+ 3)E}

o AGYABES @

because a determinant of this system is the Vandermound
determinant  W[i,i+2,i+4] with factorial powers

M =t =1)- -k +1)  [7].
polynomial's degree & are large then this procedure is quite

If dimension 7 and

hard work even for the simple polynomials f,, f; and f,

because /i, ~2k"%/(n=2)!, k -~ o and we have to

calculate a lot of surface integrals from (2). In this paper we
offer a different method for constructing polynomial
solutions to the Dirichlet boundary value problem, which is
used a calculation of powers of the Laplace operator on
some auxiliary polynomials. Construction of solutions of the
Dirichlet boundary value problem in closed form is the
prime object of the paper.

In paper [8] with the help of Almansi representation (1)
polynomial solutions of the Poisson's equation

Au(x) = Q0(x) and  the equation

A"u(x) = Q(x), where Q(x) is an arbitrary polynomial are

polyharmonic

constructed. On this base in [9] polynomial solution of the
Dirichlet boundary value problem and a generalized third
boundary value problem for the Poisson's equation are
constructed. In [10] the Dirichlet boundary value problem
for the biharmonic equation in the unit ball Q is
considered. In [16] solvability conditions of the Neumann
boundary value problem for the biharmonic equation in the
unit ball are given and its polynomial solution is constructed.
The present paper is a continuation of those investigations

for the 3 -harmonic equation A*u(x)=Q(x) in the unit

ball Q . It hopefully allows to solve the Dirichlet problem
for the polyharmonic equation in Q . It is necessary to
mention the papers [12-13] devoted to this research area.

In Section 2 of the present paper basing on the properties
of the Almansi representation described in Lemmas 1-3, in
Lemma 5 the solution of the homogeneous Dirichlet
boundary value problem for nonhomogeneous 3-harmonic
equation with a simple right-hand side is constructed. Then
in Theorem 1 the solution of the same boundary value
problem with arbitrary right-hand side is given. In Theorem
2 this solution is simplified. In Theorems 2 and 3 formulas
(16) and (18) are derived to simplify calculates of the
polynomial solution of the homogeneous Dirichlet boundary
value problem for the nonhomogeneous 3-harmonic
equation. In Section 3, in Theorem 6, on the base of
Theorems 3, 4 and 5 the formula (34) for representation of
polynomial solution to the full Dirichlet boundary value
problem for the 3-harmonic equation with polynomial data
is derived. Solutions to all considered boundary value
problems are illustrated by Examples 2-4. To represent the
obtained polynomial solutions in the usual form we need to

Construction of Polynomial Solutions

compute powers of the Laplace operator on some special
polynomials, defined by the polynomial data of the
considered boundary value problem. This procedure can be
easily eliminated by applying symbol calculations with the
software package “Mathematica” (see Examples 1 and 5).

2. Polynomial Solution of the
Homogeneous Dirichlet Boundary
Value Problem for the
Inhomogeneous 3-Harmonic
Equation

Consider the following boundary value problem for the
inhomogeneous 3-harmonic equation in the unit ball

Q={x0OR":|x|<1}

Nu(x)=0(x), x0Q; 3)
ou 0%u

Uy =0, — =0, — =0 4

Eo) v o0 v o0 4)

with polynomial right-hand side Q(x) and for n>2. It
was proved in [8, Theorem 3] that some polynomial solution
of the 3-harmonic equation (3) can be written in the form

_Ixl < Els

0=, ,Z; QN 2k +6)!1
xa""* 7 (=N O(ax)da.

! k+2

Let us assume that Q(x) =0, (x) be a homogeneous

polynomial of degree 7 . It was shown in [8, Theorem 4]
that solution (5) can then be written as

(6)

N (DD [ x PO AQ, (x)
”(x)';( V) mm 2t

where (a,b), =a(a+b)---(a+(k-1)b) is the generalized
Pochhammer symbol with (a,b), =1 .
(2,2); =(2k)!!'. Note that the denominator of the fraction in
the sum 2m—=2s+n,2) s =(2m—2s+n)--
(2m+n+4), which does not vanish since 2s<m. In [8,

Theorem 1] it was shown that polynomial solution of the
Poisson's equation Av = Q(x) has the form

For example,

involves

|x|2k

_xf e
= ;(2k)!!(2k+2)!!
x> (=AY O(ax) da.

Besides, it was shown in [8, Theorem 2] that for
0O(x)=0,,(x) the solution (7) can be written in the
different form
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|x[**? A°Q, (x)

v(x) = ;(_l) (2’ 2)S+1 (2m -2s+ n, 2)s+l ’

®)

Consider the following operator

2k
| x|

_xP
o 2(2m—2)!!;(2k)!!(2k+2m)!!

1
xj (1 _a)k+m—la,k+n/2—1 (_A)kq a,x) da,
0

It was proved in [8,Theorem 3] that the polynomial
u(x) =A_,0(x) is a solution to the polyharmonic equation
A*u=Q(x),ie. A*A_,O(x)=Q(x). Thus the solution (5)
can be written in the short form u(x) =A_;0(x).

Lemma 1. Let O;(x) be a homogeneous polynomial of
degree [/, then the following equality holds

= k -1
(B_)" Q)= x P Z(—l)k[ o j

= m—1

| x[** A, (x)
(2,2) e (n+21=2k,2),,,

In [10, Lemma 1] it was proved that Lemma 1 holds true
for m =2 and in [8, Theorem 2] is obtained that it is true
for m=1 also.

Proof. It is
A—m = A—(m—I)A—l

that

induction

proved in [10, Theorem 3]

and  therefore by

A_,, =(A_))" . Besides in [10, Theorem 4] is obtained that
" k+m-1

L@&Hﬂzzew[ ]

= m-1

| x [ A, (x)
(25 2)k+m (I’l +20- Zk’ 2)k+m

Therefore
B0 =b,0,00 = xS !
-1) Y -m¥ - m—1

| x P A0, (x)
(2,2) 4 (M +21=2K,2);,,,

Lemma is proved.
Consider the polyharmonic equation with a particular
right-hand side
Au =/ x"P x), xOD, )

)

where P,(x) is a homogeneous harmonic polynomial of

degree s,and p [JR" isa star-shaped domain centered at
the origin. From the results of the paper [9, Theorem 3] it
follows that solution of the equation Av=|x |2m‘7PS X),
written in the form (8) can be also written as

|x |2m+2(R x)

v(x) = 10
) Cm+2)2m+2s+n) (10)
or
2Wl+2?})
A_l (| X |2M:R x)) = | x| S x) .
’ (2m+2)2m+2s+n)
More general statement is true.
Lemma 2. The following equality holds
2Wl+2k?P
A-k(|-x|2m?Pg x)): ( |x| N x) (11)

2m+2,2),(2m+2s+n,2),
Proof. As was mentioned above (see Lemma 1)
By =D -yDy
and therefore
a(1xPmp x ) e, ¢(3 1R x2)

= (A_I)HA_I(\ x PP (1)

@) (1P w)
- Cm+2)2m+2s+n)

o lxpmtmx ()
2m+2,2),2m+2s+n,2),

Lemma is proved.
Let us decompose a homogeneous polynomial O, (x) by
means of Almansi formula (1) into the terms of the form

|x[* R, (x)

0, (x) =R, (x)*+|x " R, (x)+--

+|x* R, (x), m=2520,

(12)

where R, (x) are homogeneous harmonic polynomials. If
we apply to both sides of this equality the operator A_;
then, by Lemma 2, the solution of the equation
Akv(x) =0, (x) given by formula (6) has the form

[m/2]

- m=2s (x)
V) = ZO: (25+2,2),2m-25+1,2),

|x |2S+2k R

(13)

where [a] is the integer part of @ and the homogeneous

harmonic polynomials R (x) are determined by the
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Almansi formula (12). From the explicit form of
polynomials R (x), obtained in [11], similarly to formula
(12) the following assertion is true.

Lemma 3 [9] The harmonic polynomials R,,_,;(x) in
the Almansi representation (1) of the homogeneous

polynomial O,,(x) have the form

2m—4k+n-2

Rm—2k ()C) = (2 2)
s <)k

Sy wAE: N ONE)
(2,2),2m =4k =25 +n=2,2) 1s41

s=0

Let us investigate the Dirichlet boundary value problem

(3)-(4) with O(x) = x|** R,,_,.(x). Consider the operator

m=2s

n

Nu(x) = Zxkuxk (x),

k=1

which is defined on functions from C'(Q). It has the
following easy to verify properties: if # is a harmonic
function in Q , then function Awu is also a harmonic
function in Q ; the equality A(uv) =vAu+u/\v holds; if
P,(x) is a homogeneous polynomial of degree M, then
AP, (x)=mP,(x) . We formulate one more important
property of the operator A .

Lemma 4. On the unit sphere 0Q the following equality
holds

where factorial power is
M =4t =1t =k +1) [7].

defined by the equality

k
Let Pk(t):chtS be a polynomial. We define a
s=0

factorial polynomial, associated to the polynomial £ () by

k
the equality F,,(t) = cht[s] [14].
5s=0
Corollary 1. The following equality holds

0
By (E)”m =By (Mg

To prove this statement we apply Lemma 4 to the each
. 0
term of the polynomial £, (a—)um .
14

It is not hard to prove the following statement.
Lemma 5. The solution v,(x) of the homogeneous
Dirichlet boundary value problem (3)-(4) with

Construction of Polynomial Solutions

O(x) = x[* R,_,,(x) has the form

_ 2546 _ (S TD(s+2)
Vs (X) - Cm,s (| X | 2
+(s +1)(s +3)] x —%2(“3) xR, ,.(x) (14)

where 1/C, ( =(2s+2,2);(2m =25 +n,2);

We transform the obtained solution u(x).
Theorem 1. Let A=m+n/2 and

Ag=(s—a+)(s—a+2)(4-2s+2a-1)(4-2s+a-3)
X(A-2s+a-2)+2(s—a+2)a(4A-2s+2a-3)
X(A-2s+a-3)(A-2s+2a-3)(A-2s+a-3)

X(A-s+a+2)+a(a-1)(4-2s+2a-5)
X(A-s+a+2)(A-s+a+1)
then the following equality holds

(=17 A4 o | x 7

o305 o
0 20 g\ s—a+3)(A-25+a-3) 6

s=0

where is the Pochhammer

symbol.
From the obtained formula (15) we cannot see that the

polynomial u,(x) obtained from (15) satisfies to the
homogeneous conditions (4)

(a), =a(a+l)---(a+s-1)

Q) ) Pu(x)  _
L B [7a

ug (x)‘x‘zl =0

Theorem 2. The solution u#y(x) of the problem (3)-(4)
with O(x) =0,,(x) can be written as

22°7 s+

Uy (x) = (| x 2 =1)° Z (s+D(s+2)A°0, (x)
=0

xi(—l)k L 16
R VI (Ve rrrs W

where we used 4 =m+n/2 for short as in Theorem 1.

Proof of this Theorem is similar to proof of Theorem 2
from [10].
Lemma 6. Let the function v(x) , defined in Q be

written in the form vo(x):(|x|2 -1)'S(x) , where

S(x)0C = (Q) and /ON. Then it satisfies the condition

L (aa—v)v(x)\ag =0,
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where F_;(f) is an arbitrary polynomial of degree /-1
and hence Vv(x)
conditions on 0Q

satisfies the homogeneous Dirichlet's

-1
e =0, ¥ =00 =
Vo0 oV’ jaq

Proof. Indeed because of equality A(uv)=vAu+ul\v
we can write

Av(x) =A( x| =)' S(x)
=IS()( x P =D TA(x P =D+ ( x P =1 AS(x)
=(|x =D"" @IS (x) [ x
+( x [P =DAS(x) = (| x [P =17, (x)

where S;(x)0C"2(Q) and therefore Av(x)q =0 If we
continue N (x) =

where

obtain
=AT (x-S = (x-S () ,
S,_;(x)0C(Q) and then /\l_lv(x)lag =0 . Therefore if

B_,(t) -is an arbitrary polynomial of degree /—1 then by
Corollary 1 we have

similarly then we

d
£ (E)V(X)\ag = Ry (MNv(x)eq =0.

Lemma is proved.
On the base of Lemma 6 the polynomial uy(x) from
Theorem 2 satisfies the homogeneous Dirichlet's conditions

4.
Remark 1. Formulas defined solution of the
homogeneous Dirichlet problem for the harmonic equation

u;(x) [9], biharmonic equation u,(x) [10] and 3
-harmonic equation u;(x) (16) very similar each other and
can be written for / =1,2,3 in the one form

_aop N[ ST A, (x)
(@ =(x7 =D ZO:( -1 ]4‘”’(”1)!

|x|2k

"i(—l)"m .
= k)m-2s+k+n/2),y,

Example 1. The solution of the Dirichlet problem (3)-(4)
with Qg (x) = xl3 x2x§ , written in the form (16) can be easily

calculated with the help of symbolic package “Mathematica”
and has the form

_xlxz(xl2 +x22 +x32 —1)3
4655851200

u(-xlax29x3) =

x(—1292 +903x; —252x7 —4921x; +3213x3 +

+7x} (=133 +93x7 —2272x3) +7x3 (152 + 423x32)).

We again slightly transform polynomial u#y(x) - the
solution of the Dirichlet problem (3)-(4) with
0(x)=0,,(x) in such a way that then to have a possibility
to obtain a formula for the arbitrary polynomial O(x).

Lemma 7. It is true that

)= (xP -1’

g (x T

w 1(1_t|x|2)s(l—t)s+2 ) o
x;_[o 2s)N1(2s +6)!! N Q, (L™= dt - (17)

Proof is similar to proof of formula (21) from [9].

Let us solve the Dirichlet problem (3)-(4) with an
inhomogeneous polynomial Q(x).

Theorem 2. The solution of the Dirichlet problem (3)-(4)
can be written as

)= (x -1’

u(x
( 16

I (-al|xP)ya-a)y*? .
XIOZO: @2s)(2s +6)! NQax)a"* " da  (18)

Proof. Let Q(x) be an arbitrary polynomial. It can be

represented as the sum of homogeneous terms

Q(x):ZQm(x) . Denote by u,(x) the polynomial

solution of the Dirichlet problem (3)-(4) with the right-hand
side O(x)=0,,(x). Then obviously the desired solution

has the form u(x) = Zum (x) . It follows from (17) that
(xP -1’

2
u(x) = Dty () =T

o a-alx P A-a)? o
Z(;L 2onas el o A;Q’"(m)da

_(xf -1’
16

y Ili(l—mxﬁ)s =™ s ana da
0 (25)!1(2s +6)!!

Theorem is proved.
Remark 2. The Green’s function (operator) of the
Dirichlet problem (3)-(4) in the unit ball in the case of
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polynomial functions Q(x) can be written as

(xP -1’

GO ) ——— T

alx)a-a)*?

oz O @@

0=

s=0

and then the solution from (18) has the form

1
u(x) = [ GlOx.apa

Example 2. Let us check the formulas (18) and (15). Let
Q(x)=x; in the Dirichlet problem (3)-(4) and, hence,
m =1. Then the sum in (18) has the only term indexed by
s =0. We obtain

2 1\ el 1= )2
uo(x) - (| xl 1) IO (12‘?0') (a,xi)a,n/Z—lda

N (£ e
"48(n+2)(n+4)(n+6)

Is this the solution of our problem? According to Lemma
6 the homogeneous conditions (4) are fulfilled. Using
equality (see [11])

A(\ x| P(x)) =25 | x 572

(2 +2s+n=2) P(x)+| x [ AP(x) (19)

with P(x)=x;, s=3 and the properties of the operator
/\ we obtain

x| x |6
48(n+2)(n+4)(n+6)

Duy(x) = 0°

oz OG+O) | x !

48(n+2)(n +4)(n +6)
AntAy | x[P _ 20+ 2w |2
8(n+2)(n+4)  2m+2) "

Note that formula (18) by its way of representation of the
solution is similar to representation of a solution of Cauchy
problem for ODEs with constant coefficients obtained in
[15].

3. Polynomial Solution of the
Inhomogeneous Dirichlet Boundary
Value Problem for the Homogeneous
3-Harmonic Equation

Construction of Polynomial Solutions

Now consider the following Dirichlet problem for the 3

-harmonic equation in the unit ball Q = {xOR" ;| x|<1}

Nu(x)=0, xOQ; (20)

Ou 0*u
U = P(x , — = —_— = 0, 21
oa = P(x) 2V o0 2% (21)

where V is outside normal to 0dQ, with a polynomial
boundary value P(x) and for n>2.

Together with the polynomial P(x) consider two
associated with it polynomials
P = P+ Apy
N
+%(A2 +2A)P(x) 22)
P = (AN +20)-22- T n2A
O]
2s+4
1-
D Y )
25 +2)2546) "

where @ U[0,1] and sON, =N0O{0}. The result below

complements Theorem 3.
Theorem 4. The solution of the problem (20)-(21) can be
written in the form

= x )
V(@) = By (1) +%

IASP(?)S)(ax)a"/z'l da (24)

lei(l—awm—m
04 (29)N2s+2)!!

Example 3. Let P(x):sz- in the problem (20)-(21).
Then the sum in (24) has the only term indexed by s=0.
Since /\xf = 2x§ and Axf =2, then

- |x| —8| ) (N2 +20)P(x)

Foy(¥) = p(x)+—=AP(x) +

=1+ (=] x )+ (=] x ")),

Py = (Bt +2n0) 2122 A2/\+(1 ”) A3)P()

=16.

By formula (24) we find
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2 2 4 (1‘|x|2)3J'11 n/2-1
v(x)=x;G3=-3|x|" +|x[)+———| =26« da
(=2} @=3)xf # x| 2

1
=x7(3=3|x [ +[x[)++=(1-|x[)’
n
:3xf—3xf\x\2 +x§|x|4
1 6 4 2
-;(IXI S3[x [P H3[x " =D (25)

Let us check that the obtained polynomial v(x) is really
the solution of the problem (20)-(21) with P(x) = sz- . Using
(19) we obtain

Av(x) = 6=6(n+4)x; =6| x> +4(n+6)x7 | x[* +2|x[*
—(6(n+4)|x|' =12(n+2)| x|* +6n)/n
Then
A*v(x) = =12(n+4) =12n+8(n +6)(n +4)x
+8(n+6)| x> +8(n+2)|x

—(24(n+4)(n+2)| x> —24(n+2)n)/n

and therefore polynomial V(x) is a 3-harmonic
polynomial:
Av(x) =16(n+4)(n +6)+
4 +2)n+4
16n(n +2)+16n(n +6) _Bn(n+2)(n+4)
n

=16(n+4)x (n+6) +32n(n+4)—48(n +2)(n +4)
=16(n+4)(n+6+2n-3n—-6)=0 (26)

In addition, from (25) it follows that v(x) satisfies the

. — (.2
conditions V=1 = (X})y=1

6 4 2
2 20 a2 ot X 2 x| +\x|) -
6(x2 — 247 [x P +x2 | x[* - : v =0,

9%y

— A2 -
OV =1 =N e =
e

6|x° =8| x|* +2|x|?
6(2x5—8x/2-|x\2 +6x12-|x\4— x| [x] | ‘)M:lz

Thus the polynomial constructed in (25) is the solution of

the considered Dirichlet problem.
Now consider another Dirichlet problem for the 3
-harmonic equation in the unit ball Q

Nu(x)=0, x0OQ; 27)
U =0 u = R(x) & =S(x) (29)
o ’ ov 10Q ’ ov 10Q

with polynomial boundary values R(x) and S(x) for

n>2. In addition to the polynomials R(x) and S(x)
consider associated polynomials

Ry ()= '2 < px )+%(2A+1>R<x)

S0 =D 5 29)
R (x) = (A(Z/\+l) 2 AZ)R(x)
Say(x) =AS(x) (30)

where a0[0,1] u sON, =ND{0} .
Theorem 5. The solution of the problem (27)-(28) can be
written in the form

v(x) = =Ry (x) + 5 (x) +

L= |x|> (-al|xP)'(1-a)
IZO: 2s)N(2s +2)!!

x(—ASRg)S +A'S, Jaxya" da

€2))

Proof. Let a biharmonic polynomial #;(x) satisfies the
conditions

Ou,

u(X)aq = R(X)50, v,

1
= E(S(x) ~R(x))pq-
Then the following polynomial

1
V() =2 (1 xF D ()
is a 3-harmonic polynomial satisfying the conditions
Voq =0 and

ov | ‘2_

- :/\V = 2 X
g oo (IXI uy (x) +

1 Nuy (x))\BQ

=1 (X)pq = R(X)pq;
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9%y

v’ pa =\ =M
= (1P u@+21xP Awy(0))og
= (R +22) 10 = 5()
oy 1oQ

The polynomial #;(x) can be written in the form

2 _
1 (x) = R(x) —"”Tl<2AR(x> +R()-5()

(xP =) pIx(-a|xP)’1-a)
¥ 8 Ioz.; (2s)!12s +2)! .

n/2— lda,

and therefore

\X\

2 2
v =2 Ry - ('X'Tl)«z/\ FDR()

(|x| —1> (-a|xP)y1-a) ,,
-S(x)) + IZ‘; RIS

(a@A+1DR-AS - 2 AZR)(a ya' da

Taking into account definitions (29) and (30) we obtain
formula (31).

Example 4. Let R(x)=x; and S(x)=x, in the
problem (27)-(28). Then
) =1 % PY
R(O)(x): ‘ ‘ x]§+5( ‘8‘ ) x]f’
=15 )2 |
Si0)(¥) :%xm; R% (x)=10,54,(x) =0

The sum in (31) has the only term indexed by s=0.
Then we write

-1 x| -1
()_‘ ‘ 2+(‘ ‘ ) (m_sxlg)
8
2 _1\3 el
+5(|x| 3] J’an/z—lda,
16 0
_ _ 2 _1\3
B e DS VP SO F
8 8n

Let us verify that the obtained polynomial v(x) is really
the solution of the problem (27)-(28) with R(x) = x,% and

Construction of Polynomial Solutions

S(x)=x,, . Using formula (26) from Example 3 we can
conclude that the polynomial Ww(x) is a 3-harmonic
polynomial

Xt |x|) 0.

In addition to this, the polynomial v(x) satisfies the

v == 2w (2|

conditions (28) with R(x) =x; and S(x)=x,, . Indeed
V=1 =0,
v _ v =
av‘x‘:l
(13 o -+ LD sy

(xP -1 (xP-D*|xPy  _
+%(xm ﬂox;%ﬁ”%)\xm = (X a1

and by Lemma 4 we find

%

2
ov |x[=1

= (N =Ny =

2 2 2 .2 4 2 2
(42 [x P 42) 2P 2+ x [ (5 =537) Doms = (5D

= (X )=t -

Therefore the polynomial v(x) is the solution of the
considered Dirichlet problem.

On the base of Theorems 3, 4 and 5 we can get the
following general statement.

Theorem 6. The solution of the Dirichlet problem

Nu(x)=0(x), x0Q; (32)
a 2
Uag = P(x), a—“ =R(x), — =S(x) (33)
V9o o

in the unit ball Q with the polynomial data Q(x), P(x),
R(x) and S(x) has the form

u(x) = Fg)(x) = Rig) (x) + S (x)

L= |x|) (-a|xP)y1-a) ,,
IZO: (25)11(2s +2)!! .

R /2-1
(PG - RSy + S0, - 0% Jax)a"* da

(34)

Riy(x) and S(o)(x) are
Fi5*(x), RE(x) and

where polynomials Fo)(X) |

defined by (22), (29), polynomial
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Sy (X) are defined by (23), (30), and polynomial Q" (x)

has the form

(1-a)

(25 +2)2s +6) 2

Q(1) (x)=

Proof. It is not hard to see that the solution of the problem
(32)-(33) can be decomposed into the sum of solutions of
three problems: (3)-(4), (20)-(21) and (27)-(28). The sum of
these solutions obtained by formulas (18), (24) and (31),
correspondingly, give us the desired solution (34).

Example 5. With the help of the software package
“Mathematica” which make symbol calculations we find by
formula (34) the solution of the following Dirichlet problem

A3u(x) )c1 2x3 , xQ0Od ]R3;
(.42__ s Ou _( 6 4 2)
g _(xl Xy T XpX3 )\aQs_a =\ +2x5%5 )pg,

Voo
0%u ( )
=2 x2x3 3xl X2 )jo0
V- po

2 2

Defining for short |x|[*=x+x3+x; and omitting

intermediate calculations we have

_ 42 5
u(Xy,Xp,%3) = X X5 ~XX3

1( l)c2 +2x2x3 +6x2x3)
MT_D(I 3»x1 48x1 x2 + 3»x1 x2

+26x5x3 + 47x2x35)

(ET))

WXL 2D (71269 +870840x +210600x
665280

=592200x;x; +4715x3 — 48960x;
+1800x,x;(253 +1645x7 ) — 5x;7

(=57979 +458064x; +118440x,x; +57888x7)

+15:2(317 +74784x2) ) .
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