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Abstract: This paper will introduce you to some properties of normed function spaces with many groups variables field of
Analysis and it helps me appreciate how normed Lebesgue—Morrey space with many groups of variables that build and studied
new normed spaces nowadays. Many of the topics here are important to an Analysis class. By reading this paper, you will
discover the “embedding theory” of normed spaces type of Lebesgue—Morrey by introducing few of its “new functions with
groups with variables” and along the way you will see to some interesting and article elements of the branch called Analysis. A
lot of problems belonging to the characterization of various spaces of differentiability function spaces and relationships
between them have been solved using the theory embedding theorems. The purpose of this paper is to review several
embedding inequalities of normed spaces that will arise properties of these spaces and again throughout this material. We also
give “working definition, notations” of a functions and function spaces. We must note that, the analysis is based on such
function spaces to build new space type of Lizorkin—Triebel-Morrey. In addition, throughout this paper we will introduce a
working normed function spaces type of Lizorkin—Triebel-Morrey with standard mathematical definitions and terminology.
One aspect of this paper involves normed Lebesgue—Morey type spaces that can convert space from one to another.

Keywords: The Space Type of Lesgue—Triebel-Morrey, Function Space of Differentiability Function,
Many Groups of Variablesg

1. Introduction and Main Results Here the largest number [/ k - is less than [ k - for all l”‘ >0,

when lkk]. =0 then we assume that lk""]. = 0 for all k € e;.
Let G R™ and 1<s<mn;s,n be naturals, where " L i

= i1
ny + -+ ng = n. We consider the sufficient smooth function ~ Theremore, we consider D" f = Dll1 DS f,D)f f = D,i"l -
f(x), where the point x = (x4, ...,x;) € R™ has coordinates ik '
X = (Xp15 i Xim,) ER™  (k €eg={ 1,..s}). More 'Dk'_(nkf, Gee =G N Ipn(x), [ex(x) =1 £ (x1) X 1 £ (x2) x-
precisely, R™ = R”l ><.R”2 XX R™. Thus we consider the ..y It"s(xs) I e (x) = {Yki [Vie — x| <= tl%kl ke es} and
fixed, non—negative, integral vector 1=(ly, ..., ;) such that, it gt
. ] n L i _ n L Kk _ dtg,j
le = (legs i lom,) » (k Ceg) that is, L, >0, G= |Bl=3" k"‘], |B| = 27k B T = Mg 5l e
1,...,n;) for all k € e;. Here we consider by Q the set of i zk
. . . take 0< ,8 =1l — [

vectors i= (iy, ..., ig) where i,= 1,2,..., n, for every k € e. i iy
The number of set Q is equal to: |Q| = [[5;(1 +n). ;=0 then iy =0 ; t=(ty, .., ts) )
Therefore, to the vector i=0(y..I0)€Q we shall ¢ = (tis, s tk,nk)'w = (Wq, o, Wg), Wy =
correspond the vector I' = (I ...;L¢) of the set of  (wyy, .., wyn,)and we take w,; =1, when k€ ', or we
non—negative, integral vectors 1= (I, ...,ls), where 1° = give wy; =0, when k € e,/ el, el = suppl = suppli =
0,0,..,0), 1 = (Ix1,0,...,0), ., L = (0,0,.., iy, ) for all  suppw , 1<6<ow ; 1<p<o . Here
k € e;. Then to the vector e, we let correspond the vector ¢, = (to1s - tos) tox = (Eokas s tosen,) —is fixed vector

F=(T 17, ., 1), where B = (1,12, .., T, ) (k € ;). and € (0,00)", a€ [0,1],7 € [1,0], [t4); = min{1, ), k €

i <1, when ¥ >0, but when



60 Rena Eldar Kizi Kerbalayeva: Some Characterization
es. Here A®()f =AY (ty) - AYS(t)f, when 2w =
2,2,..,2) and

Wk n ’
“k(tk)f A“”“(tk 1) By (b ) (K € e5) ,
following Ak in (tk‘ jk) f are finite difference function, which
has the direction with variables ¢y ;, and with order wy j,, by

step ty, j, for j =1,..,m and for all and k € e, following

Gz (x2)

”f”p,(;ty(x) =

Gpan (xn) Gy (x1)

and dy=TT- d;.

It is said, that the subdomain U € G c R" calls domain
satisfying the condition “ ¢ — semi—horn”, if the vector
0 = (0y,..,05) is such that x + V(o) € G for all x c U. It is
said, that the domain G c R™ calls domain satisfying the
condition “o —semi—horn”, that is, G € A(T?), if we have
finite subdomains G, ..., Gy € G, satisfying the condition

o —semi—horn” and the surfacing the domain G, that is,

of the Function Space Type of Lizorkin—Triebel-Morrey

k]k(tk]k)f( Xk, jr™ ) f( xk}k+tk]k’")_

f(""xk.jk"" )' and kkjlik (tk]k)f( ' Xk, o' ) =
WE i, —1

Ak, Jk (tk.jk) {Ak,k;,ik (tk, J'k)f(""xk. k™ )}' but  when

i, j = 0, then AR j, (b j, )f (%, jo ) = F (00, g0

). Here

If () |P dyl)PZ/pldyz}P3/P2...]Pn/pn—ldyn}l/pn

G c UL 2].

;e into the condition “(1)” [1,

2. Definitions and Preliminaries

Definition 1. We denote by

<l>
F p.6,a%1

(G,s)(1 <8 < o)

normed Lizorkin—Triebel-Morrey space of function f on G,

Gc U?I:l G; (1) with many groups variables, with finite norm
But we suppose G € A, (T?), if we substitute the condition ||f||F<le> Gs) ZLEQ”/[” G5’ )
p.Y.ax i Bax‘r
where
. . 1/9
) b pths [s20went s
”f”L;l;a;{T(G' ) - {fo fO er .t |ﬁk| ] erel tk} ) (3)
€ p,axT:G
and
1 1
eOf@ = [ [18 6ol
-
—|”k| daty, 1/t
”f”pakr G — Supxe(;{f eres[tk] P X ”f”p th(x)] HkEes } . (4)
Here G c R", I,1p,a,n1.e' e,pB and [t], are derivatives S5y, F(G), when a=0, T = oo, then this space is

defined in chapter 1.

We must note that, when s=1, then the space Fyg7 .. (5, G)

is equivalent to the space Lizorkin-Triebel-Morrey
Fstaxc(G), when s=n, then this space is equivalent to the

space Lizorkin-Triebel-Morrey type with dominant mixed

equivalent to the space F g (s,G) Lizorkin-Triebel-Morrey
type with many groups variables, which were studied in [3,
10, 17].

Definition 2. We denote by

;lB?a,x,t(s’G) &)
Besov—-Morrey space type of loccaly summable f, on G, with finite norm (1 < 8 < o)
1l o0 = Zieall a0 (©)
If fio g [E2contal Moo} )
en —_— x ,
;l‘;a’ff(cls) 0 0 erel tIBkl keet 2%

and

paxt G
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[2tgela

. . - a1/
”f”p,a,u,‘r:G = SupxeG{fo fO [eres[tk]l Pox ”f”p Gtu(x)] eres k} P

where 1 < p < w,a € [0,1],# € (0,0)",1 < T < oo, [t,]; = min{1, t;}, t,-fixed, positive number.
When 8 = oo, then the space “(5)” is equivalent to the space type of Nickolski — Morrey:

229 (t;6)Dl' f
Il s> 56y = Bis(iy,...ipeq VT supte[ ] W ¥
kee' p.axnt:G
When s=1 then the space “(5)” is equivalent to the space Sobolev—Morrey space type of loccaly summable f, on G,
type of ByGayc (G), when 7= co then the space “(5)” is  with finite norm (1 < 6 < o)
equivalent to the space type Bplgla,,{ (G), when s=n, then the
space “(5)” is equivalent to the space type S;ffam,tB(G), If ”W;lg.a,u,t(src) - Z”f I ;l;aur(c )’
when a=0, 7 = oo, then the space “(5)” is equivalent to the reQ
space type B;l; (s,G), which was studied by A. Dj.  where
Djabrailov and in [4, 11, 13, 15, 17].
Definition 3. We denote by I£1 <> G = SUPxeG
pGaur( s)
Wy ga(s:G) ©)
el i v
e oo - dt
{fo fo eres ([tk]l X ”f”p,Gtu(x)> eres t_kk} . (10)
Here if T = oo, then we get
_lxgla
P
”f” ;l;a}”(c ) ”f” ;l‘;akw(c $) - Supr: [tk]1 X ”f”p,Gtx(x)>

keeg

which was studied in [6, 12, 19].

3. Proofs of Some Properties

Let us note some properties of the normed space Flf_é;_m(s, G):
1) For any #>0, 1 < t < oo,¢ > 0, we obtain

”f”F<l>(GS) = ”f”F<l> (GS) = C2 ”f”F<l> (G,S)'

<l>

2) The function space Fyg7, ,, . (s, G) is complete. The spaces Ly, q,.-(G) and F, 9 (s, G) are complete, that is why the space

K p< (la>a »(s, G) is complete.

3) For any real number c>0
1
Il o =TI ez ey

DIflps, o = Wl
5) If G limited domain and

—-a

-b
qu;TST 1ST1ST2SOO

then we have

Fc?,le?b,x, Tq (G; S) Cs F;,lG?a,n, T, (G; S)

and

”f”p,a,M,TZ:G < ”f”q,b,k,‘rl:G-



62 Rena Eldar Kizi Kerbalayeva: Some Characterization of the Function Space Type of Lizorkin—Triebel-Morrey

6) Observe that, 1 <8 <r <s <o <oandf <p < o, then we get
B<Saxt(G S) C> lril,u,T(G' S) s F;,lszl,n,t(Gr S) SN B;,?,a,u,t(c" S)-

If we shall be using some well-known facts in [2] about the about of normed spaces then we shall get following
embedding:

B}o(G) c5 Fb.(G) c5 BL(G) s B (G).
Ifle N, r =s = 2, then
B<le>ax1:(G S) C> FpZaxt(G' S) = Wp<,(£l§{,‘t(G' S) C> B]?,i)?a,}t,‘t(G' S)-

In this case when p= 6, then F557,, (G, s) = B55,, (G, s).
Here the space W35, (G, s) was defined and studied in [2, 8, 12, 13].
We proof first that properties 1, 2, 3, 4, 5 is sufficient for any for any normed ||f [ ,,q,,r: ¢ [7]. Because of

Wlasee = e [ = [ |[Tteds x| ] 2
0 0

k€eg k€eg

1/t

is given same.
Proof 6. Now we must assume that, 1 < <r < s <o < oand 8 < p < g, then we have to proof

1
;e>a wt(Gs) c5 F er,m (G,s) s F;,ls,>a,}t,‘t (Gs) cs B];lo?,a,x,‘t (G,9).

We know that, if m>n and a>0, then a'/™ < a'/™. Then taking 1 < 8 <r < s < ¢ < o and using fifth property of the

space Fy iy ,.-(G. s) then we have

Ifllpe.ane < Ufllprane < Wfllpsane < Ufllpoanr
Then it follows easy from it

l
F;?a MT(G' S) <> F;ls>a M‘E(G' S) s F;i?a M‘E(G' S) cs F;,S?a,x,‘t (G' S)

and

1
;e>a «t(Gs) 5 B lri,m (G,s) s B;,lsz,x,t (Gs) cs B;f,ifa,u,r (G s).

Taking Minkowski’s inequality we hold

18
A29(t6)DY f

l—[ dtk}l/a
1 ltlﬁkl keel .
kee

tk

] ) 1/6
tha. . (ths 829 &)l's to_.. (to
{fg f() |Bk| l_[kEel tk =< f() fg

erel p.axt: G

p.ax,T:G
It means that,
l l
BSO?HMT(G’ S) C> FSO?HM T(G’ S)l

;le>a A, ‘E(G S) C> F;le?a,u,t (G' S)'

It is clear that,

B;,ga,x,t(c" s) S F;,lc;a,x,t(c' s) S Fﬁéi,x,t (G,s) s F £‘>aK‘E(G s) Cs Fp 0, aMT(G‘ s).
In addition,

B5oaxt(G8) Cs Bygaut(G,s) 5 B5tz,:(G8) ©s Byaue(G,s) ©5 Faban (G, ).
We have proved that

”f”p,e,a,u,‘r < ”f”p,r,a,u,‘r-
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We must note that,

Woaz(G,s) s Wpa% (G s) o Wit (G, 9),

Bp<,all,>u,‘t(G' S) C> Bp<,211§1 (G' S) C> B1§1>(G' S),

Fane(G,s) Cs Ko,

paxt

and

(G,s) 5 F52 (G, 9),

Iflwse> s = Mfllwsiz o = clfllwst s

”f”Bl§l>(G,S) S ”f”BE,é:u(GvS) S C”f”BE}:u,T(GvS)'

||f||Fp<l>(G_S) < ||f||pp<’é’>u(c_s) <cllfllzse s

p.axt

were proved. Having this property for the space F;55 (G, s) using fact F;,é;,x,r(G' s) Cs F;é:l’x (G, s), one can easy proof it

[9].

To prove B} 4(G) C5 F},.(G) c5 B}5(G) C5 B}, 5(G) we shall use first part of the property 6.

Now let us proof

<l>
Bp,e,a,x,t

Taking first part of property 6, we get

<I>
Bp,e,a,m

Then we may replace 8 = oo, then the space “(5)” is
equivalent to the space type of Nickolski —-Morrey “(8):

Fpant(Gs) ©s W5is<(G,s)
and
_bala
ngﬁm@ﬂ=wm$<MLp xwmﬁwﬂ)

keeg

Then we see that a Lebesgue—Triebel-Morrey type space
is continuously embedded into a Sobolev—Morrey and there
exists a constant ¢ such as

Ilf ”WEEM’T(G‘S) <cllf ”Ff,,lz?a,u,T(G.s)
for all f. In addition we get
Wiiant(G,8) €5 F55,0:(G, ).
Then we hold
F35anc(G8) = Wit (G, s).
Taking
Iflleo < N2 < 2l f llos
Iflloo < lIfllz < Vnllfllcos

£l < MIf 1l < Vnlifll

Which was studied in [18, 19] we can proof property 6 for
any 6.

(Gv S) C> F];,lZ?a,K,‘t (G' S) = W]f,é\i{,t(Gl S) C> B]:f,ir?a,u,t(G' S)'

(G,8) & F35,2(G,s) = F55,1(G,8) 5 Bygas(G,5).

4. Conclusion

In this paper I have given and studied normed
Lizorkin—Triebel-Morrey type space with many groups of
variables. In addition, we can give some properties of these
type spaces and some of them were proved. Five of these
properties are similar to the already known vanishing
properties, but related to the behavior at Lebesgue—Triebel—
Morrey type spaces instead of that the origin. Another is
connected with the Lebesgue—Morrey type to the exterior
with many groups of variables. These five additional
properties, together with the vanishing property at the origin,
allow us that all elements in this new spaces denoted in the

<ii>
LP,G,a,H.T

sequel by (G;s), may be approximated by

B;g‘;,,{,,(a ; s),F;ll,Z,m(G ;s) function spaces in Morrey
norm. In this paper, we have done a quick review of some
topic that ate absolutely essential to being successful in an
Analysis class. We know, that generalized derivatives of the
space are dependent of the function, but using integral
representation one can see the function is dependent of its
generalized derivatives:

pi-lol=tioi gy x

ﬂ@=hd@+f
0 i=(i1,is)€Q
f 8% f(x+y)

5%

R™ t
feeG) =t719 [ f(x + ¥)po(v™) dy.

Present work by the author is devoted to generalizing to

p;(v™%y)dy,
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the concepts of several Lebesgue—Morrey type spaces with
many group variables to introduce if more refined results on
the well-known inequalities and method integral
representation of these type spaces can be obtained and we
one obtain relationship between and convert space from one
from to another. All spaces are in what we generally consider
Lebesgue—Morrey type spaces.
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