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Abstract: Approximation theory has very important applications of polynomial approximation in various areas of functional
analysis, Harmonic analysis, Fourier analysis, application mathematic, operator theory in the field generalized derivatives and
numerical solutions of differential and integral equations, etc. Integral operators is very important in Harmonic and Fourier
analysis. The study of approximation theory is a well-established area of research which deals with the problem of
approximating a function f* by means of a sequence L, of positive linear operators. Generalized derivatives (Riemann, Peano

and Taylor derivative) are more general than ordinary derivative. Approximation theory is very important for mathematical
world. Nowadays, many mathematicians are working in this field.
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1. Introduction

Integral operators with positive kernel can see in many
problems of theory functions and differential equations. For
example, some collection methods of the Fourier series are
expressed with such integrals. Furthermore, the solution of
the Dirichlet problem and the solution of the problem the
limit value is given through of positive kernel integrals.
Hence, using positive-core integral operators examination the
problem of approach to generalized derivatives in terms of
both theoretical and practical have great importance (see [1],
(2], [3], [4], [6], [7], [8], [9], [101, [11], [12], [13]).

Ly:f(t) - L,(f,x) integral operators families and

K, (t —x) is operator’s kernel.

b
Ly(f:0)= [ fOK=x)di (M

The main problems related to the convergence of such
integral operator families, it is as follows.
1. Convergence of L,(f,x)) - f(x,) examining for

A - A, ata certain x, point.

2. When X is a normative linear space and

fOX,L:X - X,
Jim L3 =11, =0

3. Finding the convergence speeds of problems 1 and 2,
that is, when A - A, and a,, B, are zero series

Ly (f>x0) = f(xo)| = o(@y)
Ly s = £, = 0By,
Ly (f%0) = f ()| = O(@,)
|Laf = 1] = 0By,

proof of such proposals,

4. Problem finding of asymptotic value of approach is
more than the problem finding of approach speed.
Asymptotic value approach to f function at a certain
X, point of family integral operators L, examined by
mathematicians. Convolute type such problems are
studied by Weierstrasse, Gauss, Perron, Landau, Picard,
Lebesgue, Faddeev, Romanovsky, Natanson, Korovkin,
Butzer.
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2. Auxillary Statements and Definitions

Theorem 2.1. [2], [13] If f(x) function there is left and
right derivative at a certain point x, then,

lim L2 (f3%0) = £ (%)

lim = f ) = ) @)
F, ( sin — ;0]
2
equality is hold.
Proof. Let, |im S+ x0) = f(x) = f1(x,) and
t-0" t
i L)1) _
t-0" t
ot = LSOO i and )= L)

From here,
@) +pt) = f(t+x5) = f(x)

is obtained. Now,

im0 = £ )= £x) 3)
- Sln*
2
For t — 0_.
fm B0 O S Gy)
=0 sina t_'o_—siniit_'o_ ! —sini
L SR = ()
2[—»0 —t .t
Sin—
=) (2% ) = £ 00) = 1)
is hold. For ¢ —» 0"
n sm( )
E(f33) - f(x())—ij { £ +0=f (i)} —— 2
nit t
2sin? ( )
r sin?(M sin (")
e [ e 7200 dt
nrEC asin2lly M 2sin?()

is obtained. This last integral is equal to zero. Therefore,

4 s1n( )
[ an—2-ai - F@0)

Fy(f130) - f(x0) = %T
- 2sin? (%)
2

is obtained. From here,

lim F,(f3x0) = f (%)) lim F,(¢0) lim @A)
" F, sin - ;0 " F, sin - ;0] Olsin | T
2 2
f;(xo)_f—’(xo)
is obtained. Hence,
hm Fn(fax())_f(xo) hm Fn(ﬂo) llm ﬂt)
" Fn[sint ;0] - Fn(sint ;0] = in L
2 2

ﬂ(xo)_f-’(xo)

is obtained. This proof is completed.
Theorem 2.2. If sequence linear positive operators L,

satisfies the following conditions in [a,b] . This symbol -

is meaning of aproximation, for example, 1 : 1, ¢ : X,
£ : x2)
L(x) 1 @)
Ly o« )
L) o (6)

In this case, when n goes infinitely for any f function in
space C(a,b),

L,(f;x) f(x),asx<bh

condition is satisfied (see [2], [13])
Theorem 2.3. Let f(x) function differentiable from the

(n—1) th order neighbourhood at a certain point x, and let
f(x) function has left and right derivative from n th order
at a certain point x, f+(")(x0), f_(")(xo). 1<@x) <o for
x0(=00,m), |f(x)|<@x) inequality is provide. K, (1) is

non-negative and even function. At the same time

T K, (t)dt =1

—00

Let for 00 >0,

_ @Ax+y)
uy= sup L <o
—00< x <00 ﬂx)

Iyf<e



Mathematics and Computer Science 2018; 3(1): 7-12 9

while A - o if'the following equality is satisfied
[ua vk, @ = o))
o

then,

b aU50) () _ fC) 11 ()
R, 2D, n!

A - +oo

equality is provided (see [3], [4], [13]).

Definition 2.4. f is defined in some neighbourhood of the
point x, and if the (»—1)th ordinary derivative f ol (x9)
exists, then we call

A ] =y
7000 = lim 2 S+ 1)~ 3 )

the » th Taylor derivative of f at x, if the limit exists (see

[5D.

Lemma 2.5. If the first-order ordinary derivative f'(x)
exists, so does the first-order Taylor derivative f (1) (x), and

we have f'(x)=f (1 (x). At the same time, the opposite of
this lemma is true (see [5]).
Proof. If f(x) function there is a first-order derivative at

point X,

S (xg +h)= f(x)
h

"(xy) = lim
1) = lim
this derivative is also the first-order Taylor derivative

S(xg +h) = f(x)
h

(1) =i
SV () = lim
Therefore,

; 1
700y = 1U0x)
Lemma 2.6. If the second-order ordinary derivative f"(x)
exists, so does the second-order Taylor derivative f (2)(x),

and we have f"(x)=f (2) (x). f(x) has second-order Taylor
derivative at x=x, , but there exists no second-order
ordinary derivative x =Xx, (see [5]).

Proof. Taylor expansion at x, point of f(x) function is
below

1= £(x) +@(x ~30)

If x is replaced by x, +h

+ _f";‘o) (x—x, )2 +......

S(xg+h) = f(xp)+

f'(xo)h_'_ (f"(xp)+a) Poho0
1! ! ’

2
a -0

is obtained. From here,

o + )= £ (x9) = " (xg ) = W}ﬂ

LG+ =)= G)I]= im(7x0) )
since,

A0 = 1)

is obtained ( f(x) has second-order Taylor derivative at
X =X, , but there exists no second-order ordinary derivative
X =X, , for example see [5]

Theorem 2.7. [13] Let f(x) function differentiable from
the (n—1) th order neighbourhood at a certain point x,. And
let f(x) function has derivative from n th order at a certain
point x, meaning of Taylor.

And let integral operator families,

Li(fi%0) = [ fx +0K, @t

A, =J't2KA(t)dt 20, (Ao w)
0

For K, (¢) kernel function,
i. K;®)>0, A=20
ii. K;(=1)=K,(1)

. j K,(0)dt =1

—00

]3 K, (t)dt = 2]3 K, (t)dt

—o0 0

lim L/1 (f7x0)_f(x0)

Ao A

= 1P )

equality is provide.
Proof. Let

Ly(f,x0) = /(xo)
= [[r e +0 =27 ) K0t =
0
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= [ +0)= 1) =" (o) *of () K )
0
~[ reoyka@dr = L1 +0= 1 () =of "G Ky (0 +
0 0

[reox @ =[ repkod @)
0

0

Now, define a function as follows
@, () =[f (5 +0)= f(x) =1 (x) =2 P (o) ®)
From here, a,(¢) —» 0 while t - 0
[/ o+~ £(x0) =1 ) ]= @y (0 +£2 £ ()

is obtained. If f(x,+1)= f(x,)—t"(x,) is replaced by
a,0)+2 P (x,) above (7)

Ly(f3%) = () = [ @y 0K, 0 + 1 (xp) [ PRy @)+
0 0

' 00) [ 1Kyt = (i) [ Ky )
0 0

is obtained. Thus the proof is completed.
Definition 2.8. [5] f function is

neighbourhood of the point X, , then we call

defined in a

n — 1 1 - n
S x0) = ,ElinOh—,,LZ:(;(-l)k (k) (3o + —k)h)}

the n th Riemann derivative of f at x, if the limit exists
and finite.

Lemma 2.9. [5] If the first-order ordinary derivative f'(x)
exists, so does the first-order Riemann derivative f° g (%),

and we have f'(x)=f m(x). At the same time, the opposite
of this lemma is true.
Proof. If f(x) function there is a first-order derivative at

point X,

S (xg +h)= f(x)

h

1) = lim

this derivative is also the first-order Riemann derivative

S+ )= /(%)
h

W)= 1
J7 (%) = lim

Taylor expansion at x, point of f(x) function is below

f( o) f"( o)

Jx) =1 () +—=(x=xp) +

If x is respectively replaced by x, +§ and x, —g

(f"(xp) + ﬁ1) h

h

f(xo"'a):f(xo) T B -0
h h

Fro =y = - L) ("01),”32)2 B0

is obtained. From here,
Fo 450~ F 0 =2 =1 )+ (B + Aol

is obtained. For B+, =
, 1 h h
+06=— +—)— -
f(x)+ B i [f(xo 2) S (x 2)}
is obtained. From limit definitionand # - 0, § - 0,

lim(/"(xp) + ) = lim —- [f(x() =S - } 7 (xy)

is obtained.
Lemma 2.10. [5] If the second-order ordinary derivative
f"(x) exists, so does the second-order Riemann derivative

f1(x) and we have f"(x)=f"!(x). f(x) has second-order
Riemann derivative at x = x, but there exists no second-order
ordinary derivative x = x, .(for example see [5])

Proof. Taylor expansion at x, point of f(x) function is
below

(x—x0)2 +o

Jx) =1 (x)+

(x=xp)+

S (%) S"(x0)
in 21

If x is respectively replaced by x, +4 and x, — A

P +h) = f(x)+f(xO)h+(f (xo)+,31 w2, (f - 0)and

f( 0) (f"(xo)"'ﬁz)hz

2!

S =h) = f(x0) = (B - 0)

is obtained. From here

SO )+ f (g =h) =2/ (x0) + (" (x0) +

A2lop o)

B +ﬁ2)h2,
2

h%[f(Xo +h) =21 (%) + f (xg =] = (/" (x0) + B)
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is obtained. From limit definitionand # - 0, £ - 0,

lim [y +1) =2 i)+ 3y =] = (1) + )

is hold.

From here f1(x,) = f"(x,) is hold. ( f(x) has second-
order Riemann derivative at x =X, , but there exists no
second-order ordinary derivative x =x, ).
xsin(x?) x#0
0 x=0

f(x) has second-order Riemann derivative at x =0, but

Example 2.11. [5] For f(x) ={

there exists no second-order ordinary derivative x =0.

3. Main Result

Theorem 3.1. Let f(x) function differentiable from the

second-order ordinary derivative neighbourhood at a certain
point x,. and let integral operator families,

Ly(f3%) = [ £ +0K, (0t

A, =J‘t2KA(t)dt 20, (A o)
0

For K, (¢) kernel function,
i. K;(0)>0, 120
ii. K;(-t)=K,(?)

ii. T Ky(Hdt=1, T K, (t)dt = 2?19 (t)dt

—00 —00 0
lim L/1 (faxO) _f(xo) — f[2] (x())
Ao A
equality is hold.
Proof. Let

Ly(f %) = () = [1 (g +1) =2 () + (g = 0)]K (1)t (9)
0

Now, let define a function as follows for A, (¢) — 0 while
t -0

MO =[x+ =21 (x) + £ (5o ~0) =221 ()

From here,

(£ +0 =21 o)+ F(x =] = Ay )+ 221 ()

is obtained.

If [ fxg+0)=2f(x)+ f(xg=0)] s
A, 0+ (x,) above (9)

replaced by

L) = £ = [ Ao+ P | & 0
0

= [MoK, @+ P [ex, 0d
0 0

is obtained. Thus the proof is completed.

4. Conclusion

According to research approximation to Riemann
derivative with integral operator families, Riemann
derivative is more general than ordinary derivative.

Example 4.1. For f(x) = |x|, This function has Riemann
derivative at the point x = 0. But this function has not
ordinary derivative at the point x = 0.
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