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Abstract: Approximation theory has very important applications of polynomial approximation in various areas of functional 

analysis, Harmonic analysis, Fourier analysis, application mathematic, operator theory in the field generalized derivatives and 

numerical solutions of differential and integral equations, etc. Integral operators is very important in Harmonic and Fourier 

analysis. The study of approximation theory is a well-established area of research which deals with the problem of 

approximating a function f  by means of a sequence nL  of positive linear operators. Generalized derivatives (Riemann, Peano 

and Taylor derivative) are more general than ordinary derivative. Approximation theory is very important for mathematical 

world. Nowadays, many mathematicians are working in this field. 
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1. Introduction 

Integral operators with positive kernel can see in many 

problems of theory functions and differential equations. For 

example, some collection methods of the Fourier series are 

expressed with such integrals. Furthermore, the solution of 

the Dirichlet problem and the solution of the problem the 

limit value is given through of positive kernel integrals. 

Hence, using positive-core integral operators examination the 

problem of approach to generalized derivatives in terms of 

both theoretical and practical have great importance (see [1], 

[2], [3], [4], [6], [7], [8], [9], [10], [11], [12], [13]). 

: ( ) ( , )L f t L f xλ λ→  integral operators families and 

( )K t xλ − is operator’s kernel. 

( , ) ( ) ( )

b

a

L f x f t K t x dtλ λ= −∫                       (1) 

The main problems related to the convergence of such 

integral operator families, it is as follows. 

1. Convergence of
 0 0( , ) ( )L f x f xλ →

 
examining for 

0λ λ→  at a certain 0x  point. 

2. When X  is a normative linear space and 

, :f X L X Xλ∈ → , 

0

lim 0
X

L f fλλ λ→
− =  

3. Finding the convergence speeds of problems 1 and 2, 

that is, when 0λ λ→  and ,λ λα β  are zero series 

0 0( , ) ( ) ( )L f x f x oλ λα− = , 

( ),
X

L f f oλ λβ− =  

0 0( , ) ( ) ( )L f x f x Oλ λα− = , 

( ),
X

L f f Oλ λβ− =  

proof of such proposals, 

4. Problem finding of asymptotic value of approach is 

more than the problem finding of approach speed. 

Asymptotic value approach to f  function at a certain 

0x  point of family integral operators Lλ  examined by 

mathematicians. Convolute type such problems are 

studied by Weierstrasse, Gauss, Perron, Landau, Picard, 

Lebesgue, Faddeev, Romanovsky, Natanson, Korovkin, 

Butzer. 
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2. Auxillary Statements and Definitions 

Theorem 2.1. [2], [13] If ( )f x
 
function there is left and 

right derivative at a certain point 0x  then, 

0 0( ; ) ( )
lim

sin ;0
2

n

n

n

F f x f x

t
F

→∞

−
 
 
 

= 0 0( ) ( )f x f x+ −′ ′−              (2) 

equality is hold. 

Proof. Let, 0 0
0

0

( ) ( )
lim ( )

t

f t x f x
f x

t+ +
→

+ − ′=  and 

0 0
0

0

( ) ( )
lim ( )

t

f t x f x
f x

t− −
→

+ − ′=  

0 0
0

( ) ( )
( ) ( )

2

f t x f x t
t f xφ + − −

= −  and 0 0( ) ( )
( )

2

f t x f x t
tψ + + −

=  

From here, 

0 0( ) ( ) ( ) ( )t t f t x f xφ ψ+ = + −  

is obtained. Now, 

0 0
0

( )
lim ( ) ( )

sin
2

t

t
f x f x

t

φ
+ −→
′ ′= −                   (3) 

For 0t −→ . 

0

( )
lim

sin
2

t

t

t

φ
−→

=
0

( )
lim

sin
2

t

t

t

φ
−→ −

=
0 0

0

( ) ( )
lim .

sin
2

t

f t x f x t

tt−→

+ −
+

−
 

+ 0 0

0

( ) ( )1
lim .

2
sin

2

t

f t x f x t

tt−→

+ −
−

 

= { }0 0

1
( ).( 2) ( ).2

2
f x f x− +′ ′− + = 0 0( ) ( )f x f x+ −′ ′−  

is hold. For 0t +→  

{ }
2

0 0 0 0
2

sin ( )
1 2( ; ) ( ) ( ) ( )

2sin ( )
2

n

nt

F f x f x f x t f x dt
tn

π

π
π

−

− = + −∫  

=

2

2

sin ( )
1 2( )

2sin ( )
2

nt

t dt
tn

π

π

φ
π

−
∫  + 

2

2

sin ( )
1 2( )

2sin ( )
2

nt

t dt
tn

π

π

ψ
π

−
∫  

is obtained. This last integral is equal to zero. Therefore, 

2

0 0
2

sin ( )
1 2( ; ) ( ) ( )

2sin ( )
2

n

nt

F f x f x t dt
tn

π

π

φ
π

−

− = ∫  = ( ;0)nF φ  

is obtained. From here, 

0 0( ; ) ( )
lim

sin ;0
2

n

n

n

F f x f x

t
F

→∞

−
 
 
 

 = 

( ;0)
lim

sin ;0
2

n

n

n

F

t
F

φ
→∞  

 
 

 = 0

( )
lim

sin
2

t

t

t

φ
→  = 

0 0( ) ( )f x f x+ −′ ′−  

is obtained. Hence, 

0 0( ; ) ( )
lim

sin ;0
2

n

n

n

F f x f x

t
F

→∞

−
 
 
 

 = 

( ;0)
lim

sin ;0
2

n

n

n

F

t
F

φ
→∞  

 
 

 = 0

( )
lim

sin
2

t

t

t

φ
→  = 

0 0( ) ( )f x f x+ −′ ′−  

is obtained. This proof is completed. 

Theorem 2.2. If sequence linear positive operators nL  

satisfies the following conditions in [ ],a b . This symbol

 

→
→

 

is meaning of aproximation, for example, 1 
→
→

 1, t  
→
→

x , 

2t
→
→

 2x ) 

(1; )nL x  
→
→

 1                                  (4) 

( ; )nL t x  
→
→

 x                                   (5) 

2
( ; )nL t x  

→
→

 2x                               (6) 

In this case, when n goes infinitely for any f
 
function in 

space ( , )C a b , 

( ; )nL f x  
→
→

 ( )f x , a x b≤ ≤  

condition is satisfied (see [2], [13]) 

Theorem 2.3. Let ( )f x  function differentiable from the 

( 1)n −  th order neighbourhood at a certain point 0x  and let 

( )f x  function has left and right derivative from n  th order 

at a certain point 0x , 
( )

0( )
n

f x+ , 
( )

0( ).
n

f x−  1 ( )xφ≤ < ∞  for 

( , ),x ∈ −∞ ∞
 

( ) ( )f x xφ≤  inequality is provide. ( )K tλ  is 

non-negative and even function. At the same time 

( ) 1K t dtλ

∞

−∞

=∫  

Let for 0δ∀ > , 

( )
( ) sup

( )x
y t

x y
t

x

φµ
φ−∞< <∞

<

+= < ∞  
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while λ → ∞  if the following equality is satisfied 

*( ) ( ) ( )t t K t dtλ
δ

µ α
∞

Φ =∫ ( )o λ∆  

then, 

0 0 0 0

,

( ; ) ( ) ( ) ( )
lim

. !

n n

n

L f x f x f x f x

R n

λ
λ λ λ

+ −
→+∞

− ±
=

∆
 

equality is provided (see [3], [4], [13]). 

Definition 2.4. f  is defined in some neighbourhood of the 

point 0x  and if the ( 1)r − th ordinary derivative 1
0( )

r
f x

−  

exists, then we call 

( )
1

0 0 0
0

0

!
( ) lim ( ) ( )

!

r k
r k

rh
k

r h
f x f x h f x

kh

−

→
=

 
= + − 

  
∑  

the r  th Taylor derivative of f  at 0x  if the limit exists (see 

[5]). 

Lemma 2.5. If the first-order ordinary derivative ( )f x′  

exists, so does the first-order Taylor derivative 
( )1

( )f x , and 

we have ( )f x′ =
( )1

( )f x . At the same time, the opposite of 

this lemma is true (see [5]). 

Proof. If ( )f x  function there is a first-order derivative at 

point 0x , 

0 0
0

0

( ) ( )
( ) lim

h

f x h f x
f x

h→

+ −′ =  

this derivative is also the first-order Taylor derivative 

( )1 0 0
0

0

( ) ( )
( ) lim

h

f x h f x
f x

h→

+ −
=  

Therefore, 

0( )f x′ = ( )1
0( )f x  

Lemma 2.6. If the second-order ordinary derivative ( )f x′′
 

exists, so does the second-order Taylor derivative 
( )2

( )f x , 

and we have ( )f x′′ =
( )2

( )f x . ( )f x  has second-order Taylor 

derivative at 0x x= , but there exists no second-order 

ordinary derivative 0x x=  (see [5]). 

Proof. Taylor expansion at 0x  point of ( )f x  function is 

below 

20 0
0 0 0

( ) ( )
( ) ( ) ( ) ( ) ......

1! 2!

f x f x
f x f x x x x x

′ ′′
= + − + − +  

If x  is replaced by 0x h+   

20 0
0 0

( ) ( ( ) )
( ) ( )

1! 2!

f x f x
f x h f x h h

α′ ′′ +
+ = + +  0h → , 

0α →  

is obtained. From here, 

20
0 0 0

( ( ) )
( ) ( ) ( )

2!

f x
f x h f x f x h h

α′′ +′+ − − =  

( )0 0 0 02 0

2
( ) ( ) ( ) lim ( )

h
f x h f x f x h f x

h
α

→
′ ′′+ − − = +    

since,  

( )2
0 0( ) ( )f x f x′′=  

is obtained ( ( )f x  has second-order Taylor derivative at 

0x x= , but there exists no second-order ordinary derivative 

0x x= , for example see [5] 

Theorem 2.7. [13] Let ( )f x  function differentiable from 

the ( 1)n −  th order neighbourhood at a certain point 0 .x
 
And 

let ( )f x  function has derivative from n  th order at a certain 

point 0x meaning of Taylor.  

And let integral operator families,  

0 0( ; ) ( ) ( )L f x f x t K t dtλ λ

∞

−∞

= +∫ . 

2

0

( ) 0t K t dtλ λ

∞

∆ = →∫    ,   ( λ → ∞ ) 

For ( )K tλ  kernel function, 

i. ( ) 0K tλ > ,   0λ ≥  

ii. ( ) ( )K t K tλ λ− =  

iii. ( ) 1K t dtλ

∞

−∞

=∫  

0

( ) 2 ( )K t dt K t dtλ λ

∞ ∞

−∞

=∫ ∫  

( )20 0
0

( , ) ( )
lim ( )

L f x f x
f xλ

λ λ→∞

−
=

∆
 

equality is provide. 

Proof. Let  

0 0

0 0

0

( , ) ( )

( ) 2 ( ) ( )

L f x f x

f x t f x K t dt

λ

λ

∞

−

= + − =  ∫
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0 0 0 0

0

( ) ( ) ( ) ( ) ( )f x t f x tf x tf x K t dtλ

∞

′ ′= + − − +  ∫

0

0

( ) ( )f x K t dtλ

∞

−∫  = 0 0 0

0

( ) ( ) ( ) ( )f x t f x tf x K t dtλ

∞

′+ − − +  ∫

0

0

( ) ( )tf x K t dtλ

∞

′∫ 0

0

( ) ( )f x K t dtλ

∞

−∫            (7) 

Now, define a function as follows  

( )22
0 0 0 0( ) [ ( ) ( ) ( )] ( )t f x t f x tf x t f xλα ′= + − − −   (8) 

From here, ( ) 0tλα →  while 0t →    

( )22
0 0 0 0( ) ( ) ( ) ( ) ( )f x t f x tf x t t f xλα′+ − − = +    

is obtained. If 0 0 0( ) ( ) ( )f x t f x tf x′+ − −  is replaced by 

( )22
0( ) ( )t t f xλα +  above (7) 

( )2 2
0 0 0

0 0

( , ) ( ) ( ) ( ) ( ) ( )L f x f x t K t dt f x t K t dtλ λ λ λα
∞ ∞

− = + +∫ ∫  

+ 0 0

0 0

( ) ( ) ( ) ( )f x tK t dt f x K t dtλ λ

∞ ∞

′ −∫ ∫  

is obtained. Thus the proof is completed. 

Definition 2.8. [5] f  function is defined in a 

neighbourhood of the point 0x , then we call 

[ ]
0 0

0
0

1
( ) lim ( 1) ( , ) ( ( ) )

2

n
n k

nh
k

n
f x n k f x k h

h→
=

 
= − + − 

  
∑  

the �  th Riemann derivative of f  at 0x  if the limit exists 

and finite. 

Lemma 2.9. [5] If the first-order ordinary derivative ( )f x′  

exists, so does the first-order Riemann derivative [1]
( )f x , 

and we have ( )f x′ = [1]
( )f x . At the same time, the opposite 

of this lemma is true. 

Proof. If ( )f x  function there is a first-order derivative at 

point 0x , 

0 0
0

0

( ) ( )
( ) lim

h

f x h f x
f x

h→

+ −′ =  

this derivative is also the first-order Riemann derivative 

[1] 0 0
0

0

( ) ( )
( ) lim

h

f x h f x
f x

h→

+ −
=  

Taylor expansion at 0x  point of ( )f x  function is below 

20 0
0 0 0

( ) ( )
( ) ( ) ( ) ( ) ......

1! 2!

f x f x
f x f x x x x x

′ ′′
= + − + − +  

If x  is respectively replaced by 0
2

h
x +  and 0

2

h
x −  

0 1
0 0

( ( ) )
( ) ( )

2 1! 2

f xh h
f x f x

β′ +
+ = + , 1 0β →  

0 2
0 0

( ( ) )
( ) ( )

2 1! 2

f xh h
f x f x

β′ +
− = − , 2 0β →  

is obtained. From here, 

0 0 0 1 2( ) ( ) [ ( ) ( )]
2 2

h h
f x f x f x hβ β′+ − − = + +  

is obtained. For 1 2β β β+ =  

0 0 0

1
( ) ( ) ( )

2 2

h h
f x f x f x

h
β  ′ + = + − − 

 
 

is obtained. From limit definition and 0h → , 0β → , 

[ ]1
0 0 0 0

0 0

1
lim( ( ) ) lim ( ) ( ) ( )

2 2h h

h h
f x f x f x f x

h
β

→ →

 ′ + = + − − = 
 

 

is obtained. 

Lemma 2.10. [5] If the second-order ordinary derivative 

( )f x′′  exists, so does the second-order Riemann derivative 

[2]
( )f x  and we have ( )f x′′ = [2]

( )f x . ( )f x  has second-order 

Riemann derivative at 0x x=  but there exists no second-order 

ordinary derivative 0x x= .(for example see [5]) 

Proof. Taylor expansion at 0x  point of ( )f x  function is 

below 

20 0
0 0 0

( ) ( )
( ) ( ) ( ) ( ) ......

1! 2!

f x f x
f x f x x x x x

′ ′′
= + − + − +  

If x  is respectively replaced by 0x h+  and 0x h−  

20 0 1
0 0

( ) ( ( ) )
( ) ( )

1! 2!

f x f x
f x h f x h h

β′ ′′ +
+ = + + , ( 1 0β → ) and 

20 0 2
0 0

( ) ( ( ) )
( ) ( )

1! 2!

f x f x
f x h f x h h

β′ ′′ +
− = − + , ( 2 0β → ) 

is obtained. From here 

21 2
0 0 0 0( ) ( ) 2 ( ) ( ( ) )

2
f x h f x h f x f x h

β β+′′+ + − = + + , 

( 1 2 0
2

β β β+
= → ) 

0 0 0 02

1
[ ( ) 2 ( ) ( )] ( ( ) )f x h f x f x h f x

h
β′′+ − + − = +  
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is obtained. From limit definition and 0h → , 0β → , 

0 0 0 020 0

1
lim [ ( ) 2 ( ) ( )] lim( ( ) )
h h

f x h f x f x h f x
h

β
→ →

′′+ − + − = +  

is hold. 

From here [2]
0 0( ) ( )f x f x′′=  is hold. ( ( )f x  has second-

order Riemann derivative at 0x x= , but there exists no 

second-order ordinary derivative 0x x= ). 

Example 2.11. [5] For 
2sin( )

( )
0

x x
f x

−= 


 
0

0

x

x

≠
=

 

( )f x  has second-order Riemann derivative at 0x = , but 

there exists no second-order ordinary derivative 0x = . 

3. Main Result 

Theorem 3.1. Let ( )f x  function differentiable from the 

second-order ordinary derivative neighbourhood at a certain 

point 0 .x  and let integral operator families, 

0 0( ; ) ( ) ( )L f x f x t K t dtλ λ

∞

−∞

= +∫  

2

0

( ) 0t K t dtλ λ

∞

∆ = →∫ , ( λ → ∞ ) 

For ( )K tλ  kernel function, 

i. ( ) 0K tλ > , 0λ ≥  

ii. ( ) ( )K t K tλ λ− =  

iii. ( ) 1K t dtλ

∞

−∞

=∫ , 

0

( ) 2 ( )K t dt K t dtλ λ

∞ ∞

−∞

=∫ ∫  

[2]0 0
0

( , ) ( )
lim ( )

L f x f x
f xλ

λ λ→∞

−
=

∆
 

equality is hold. 

Proof. Let 

0 0 0 0 0

0

( , ) ( ) [ ( ) 2 ( ) ( )] ( )L f x f x f x t f x f x t K t dtλ λ

∞

− = + − + −∫  (9) 

Now, let define a function as follows for ( ) 0tλΛ →  while 

0t →  

[ ]22
0 0 0 0( ) ( ) 2 ( ) ( ) ( )t f x t f x f x t t f xλΛ = + − + − −    

From here, 

[ ]22
0 0 0 0( ) 2 ( ) ( ) ( ) ( )f x t f x f x t t t f xλ+ − + − = Λ +    

is obtained. 

If 0 0 0( ) 2 ( ) ( )f x t f x f x t+ − + −    is replaced by 

[ ]22
0( ) ( )t t f xλΛ +  above (9) 

[ ]2 2
0 0 0

0

( , ) ( ) ( ) ( ) . ( )L f x f x t f x t K t dtλ λ λ

∞
 − = Λ +  ∫  

[ ]2 2
0

0 0

( ) ( ) ( ) ( )t K t dt f x t K t dtλ λ λ

∞ ∞

= Λ +∫ ∫  

is obtained. Thus the proof is completed. 

4. Conclusion 

According to research approximation to Riemann 

derivative with integral operator families, Riemann 

derivative is more general than ordinary derivative. 

Example 4.1. For ���� = |�|, This function has Riemann 

derivative at the point � = 0 . But this function has not 

ordinary derivative at the point � = 0. 
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