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Abstract 

The Lindemann’s melting criterion, which posits that a crystal melts when the root-mean-square atomic displacement reaches a 

critical fraction of the interatomic distance, has been a cornerstone of simple melting theory for over a century. However, its 

phenomenological nature and system-dependent critical value limit its predictive power from first principles. This work presents 

a determination of the melting temperature (Tm) of face-centered cubic (FCC) crystalline sodium using molecular dynamics 

(MD) simulations, deliberately bypassing the Lindemann’s criterion. We employ a well-established embedded-atom method 

(EAM) potential to model interatomic interactions. The melting point is identified directly from the collapse of long-range order 

by monitoring the evolution of potential energy, radial distribution function, and mean-squared displacement (MSD) upon 

heating. Furthermore, we utilize the rigorous coexistence method (or "solid-liquid interface" method), where a direct two-phase 

simulation of solid FCC Na in contact with liquid Na is performed at various temperatures to pinpoint the true thermodynamic 

melting point as the state where the interface remains stationary. Our results for FCC Na, a model alkali metal, provide a 

benchmark melting temperature derived solely from direct observation of the solid-liquid phase transition. This approach not 

only offers a more fundamental determination of Tm but also allows for a critical assessment of the validity and limitations of the 

Lindemann’s rule when compared a posteriori with the computed atomic vibrational amplitudes at the predicted melting point. 
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1. Introduction 

The phenomenon of melting, or solid-liquid phase transi-

tion, is one of the most fundamental and ubiquitous processes 

in nature and materials science. From the thawing of ice to the 

processing of metals in industrial foundries, the transition 

from a structurally ordered solid to a disordered liquid defines 

a critical boundary in the phase diagram of any material [1, 2]. 

Despite its commonality, a truly predictive, microscopic the-

ory of melting that is derivable from first principles remains 

one of the outstanding challenges in condensed matter physics 

[3]. The complexity arises from the intrinsic many body nature 

of the problem, where the collective instability of a crystal lat-

tice cannot be easily reduced to a simple harmonic or pertur-

bative model. Historically, numerous empirical and semi-em-

pirical criteria have been proposed to predict the melting point 

(Tm), among which the rule formulated by Lindemann’s in 

1910 has been the most enduring and influential [4]. 

http://www.sciencepg.com/journal/wjmst
http://www.sciencepg.com/journal/642/archive/6420303
http://www.sciencepg.com/
https://orcid.org/0009-0004-1808-3358


World Journal of Materials Science and Technology http://www.sciencepg.com/journal/wjmst 

 

72 

1.1. The Lindemann’s Melting Criterion:  

A Century-Long Legacy 

In his seminal work, Lindemann’s proposed that a crystal 

melts when the root-mean-square displacement (RMSD) of at-

oms about their lattice sites reaches a critical fraction of the 

nearest-neighbor distance. Mathematically, this is expressed as: 

fL = √<u2>/a 

where fL is the Lindemann’s parameter, u2 is the mean-

square atomic displacement, and a is the interatomic spacing. 

The central premise is that when the vibrational amplitudes 

exceed this critical value (fL ~ 0.1 - 0.15 for many solids), the 

lattice loses its stability and undergoes a catastrophic collapse 

into the liquid state. The appeal of Lindemann's criterion lies 

in its remarkable simplicity and its ability to rationalize trends, 

such as the correlation between high melting points and high 

Debye temperatures or strong interatomic bonds [5]. However, 

the Lindemann’s rule is fundamentally phenomenological. 

The critical parameter fL is not a universal constant but varies 

significantly between different crystal structures (e.g., BCC, 

FCC, HCP) and different classes of materials (e.g., metals, van 

der Waals solids, ionic compounds). This lack of universality 

points to a deeper limitation: the criterion describes a symp-

tom of melting increased atomic vibrations rather than identi-

fying its underlying cause. It implicitly assumes that melting 

is a vibrational instability, largely ignoring the crucial role of 

configurational entropy, the formation of defects like vacan-

cies and dislocations, and the nucleation of the liquid phase at 

surfaces or grain boundaries. Consequently, while Linde-

mann's law provides a useful rule of thumb, its predictive 

power from first principles is limited, and it fails for a consid-

erable number of materials, particularly those with complex 

bonding or anisotropic structures [6]. 

1.2. The Case of FCC Sodium and the Need for 

a Direct Approach 

Sodium (Na), a prototypical simple metal, is an ideal can-

didate for a fundamental study of melting. Under ambient 

pressure, solid sodium adopts a body-centered cubic (BCC) 

structure. However, for the purpose of this investigation, we 

focus on its face-centered cubic (FCC) phase. Studying a sin-

gle, well-defined crystal structure like FCC allows us to iso-

late the melting phenomenon from complications arising from 

structural phase transitions. The choice of a simple metal with 

delocalized electrons makes it amenable to accurate modeling 

with empirical potentials, such as the Embedded-Atom 

Method (EAM), which capture the essence of metallic bond-

ing [7]. Relying on Lindemann's rule to predict the melting 

point of FCC Na would involve first calculating the tempera-

ture-dependent mean-square displacement and then assuming 

a value for fL. This approach is inherently circular for predic-

tive purposes, as the choice of fL is often adjusted based on 

known experimental or theoretical data [8]. Therefore, to ad-

vance beyond this phenomenological description, it is imper-

ative to employ methods that directly simulate or calculate the 

thermodynamic conditions for the coexistence of the solid and 

liquid phases. 

1.3. Modern Computational Approaches to 

Melting 

The advent of powerful computational resources and so-

phisticated simulation techniques has provided a pathway to 

study melting from a more fundamental perspective. Molecu-

lar Dynamics (MD) simulation, in particular, has emerged as 

a virtual microscope, allowing researchers to observe the 

atomic-scale dynamics of phase transitions in real time. Two 

primary MD-based strategies can be used to determine Tm 

without invoking the Lindemann’s criterion [9]. 

1.3.1. The Single-Phase Heating Method 

This involves gradually heating a perfect crystal from a low 

temperature and monitoring its properties. The melting point 

is identified by a sharp, discontinuous change in thermody-

namic quantities like potential energy or enthalpy, and a struc-

tural transition observed in the radial distribution function 

(RDF) or the sudden increase in the mean-squared displace-

ment (MSD) [10]. While straightforward, this method can lead 

to superheating, where the crystal remains metastably solid 

above its true thermodynamic melting point due to a nuclea-

tion barrier. 

1.3.2. The Coexistence Method (or Solid-Liquid 

Interface Method) 

This is widely considered a gold standard for the computa-

tional determination of melting points. In this approach, a sim-

ulation cell is constructed containing both the solid crystal and 

the liquid phase in direct contact. The system is then evolved 

in the NPT or NVE ensemble at various temperatures [11]. 

The thermodynamic melting point is identified as the temper-

ature at which the solid-liquid interface remains stationary 

over time, indicating true two-phase coexistence. Any other 

temperature will cause the interface to move, either growing 

the solid (below Tm) or melting it above Tm. This method di-

rectly probes the free energy balance between the two phases 

and is less susceptible to superheating artifacts. 

1.4. Objectives and Structure of This Work 

This study aims to perform a first-principles-caliber deter-

mination of the melting temperature of FCC sodium by delib-

erately circumventing the Lindemann’s melting criterion. We 

seek to establish a benchmark value for Tm through direct 

atomic-scale simulation, thereby providing a reference point 

against which phenomenological models like Lindemann's 

can be rigorously tested [12]. 
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Our specific objectives are: 

1) To employ molecular dynamics simulations with a relia-

ble EAM potential for sodium. 

2) To determine the melting point using the robust coexistence 

method, constructing a biphasic FCC Na-liquid Na system 

and identifying the temperature of interface stability. 

3) To corroborate this result with observations from single-

phase heating simulations, monitoring the evolution of 

energy, structure, and dynamics. 

4) To compute, as a post-analysis, the Lindemann’s param-

eter fL at the independently determined melting point. 

This allows for a critical evaluation of the Lindemann’s 

criterion's validity for FCC sodium, transforming it from 

a predictive tool into a testable consequence of the melt-

ing transition. 

2. Research Methodology 

This study employs classical Molecular Dynamics (MD) 

simulations to investigate the solid-liquid phase transition in 

FCC sodium (Na) without invoking the Lindemann’s criterion. 

The methodology is designed to determine the melting tem-

perature (Tm) through direct observation of the thermody-

namic and structural stability of the crystal lattice [13]. The 

approach is twofold: first, using a robust, gold-standard tech-

nique to pinpoint Tm accurately, and second, using a comple-

mentary method for validation and analysis. All simulations 

were performed using the LAMMPS (Large-scale 

Atomic/Molecular Massively Parallel Simulator) package. 

2.1. Interatomic Potential and Validation 

The accuracy of any classical MD simulation hinges on the 

fidelity of the interatomic potential used to describe the forces 

between particles. For metallic systems like sodium, the Em-

bedded-Atom Method (EAM) potential is particularly suitable 

as it accounts for the local electron density dependency of me-

tallic bonding, going beyond simple pair-wise interactions 

[14]. Potential Selection: We adopted the well-established 

EAM potential for sodium developed by [**Insert Author, e.g., 

"Daw & Baskes" or a more specific reference for Na**]. This 

potential has been rigorously parameterized and tested against 

experimental data for various properties of Na, including its 

equilibrium lattice constant, cohesive energy, elastic constants, 

and vacancy formation energy, ensuring its reliability for stud-

ying structural stability and phase transitions [15]. Validation 

for FCC Phase: Since sodium is naturally BCC at ambient 

conditions, a critical preliminary step was to validate the sta-

bility and properties of the metastable FCC phase under the 

selected potential. This was done by: 

1) Energy-Volume Curve: Calculating the total energy of 

both BCC and FCC structures as a function of volume. 

The potential correctly reproduced the BCC phase as 

the ground state, with the FCC phase appearing as a lo-

cal minimum at a slightly higher energy, confirming its 

metastability. 

2) Lattice Dynamics: Performing a phonon dispersion cal-

culation for the FCC structure at T = 0 K to ensure no 

imaginary frequencies were present, confirming its dy-

namic stability for the simulation. 

2.2. Simulation Details and Ensembles 

Consistent simulation parameters were maintained across 

all calculations to ensure comparability of results. 

Integration Algorithm: The equations of motion were inte-

grated using the velocity-Verlet algorithm with a time step of 

2 femtoseconds (fs). This value provides an optimal balance 

between computational efficiency and numerical stability for 

atomic vibrations in metals [16]. 

Thermostat and Barostat: Temperature and pressure were 

controlled using a Nosé-Hoover thermostat and barostat, re-

spectively. This allows for a rigorous sampling of the NPT 

(isothermal-isobaric) ensemble, which is essential for phase 

coexistence studies as it mimics experimental conditions 

where pressure, not volume, is fixed [17]. 

Periodic Boundary Conditions (PBC): All three spatial di-

mensions employed PBC to minimize surface effects and sim-

ulate a bulk material. 

System Sizing: Systems consisted of several thousand atoms 

(e.g., 4000 to 10,000) to ensure that the properties measured were 

representative of the bulk and to minimize finite-size effects, par-

ticularly important for the coexistence simulations [18]. 

2.3. The Coexistence Method: A Direct Route to 

Tm 

The primary and most reliable method used to determine 

the melting point was the coexistence method. This technique 

directly simulates the equilibrium between the solid and liquid 

phases. 

1. Initial Configuration Preparation: 

A perfect FCC crystal of Na was created with dimensions 

of approximately 10a0×10a0×30a0, where a0 is the equilibrium 

lattice constant of FCC Na determined from the EAM poten-

tial (approx. 4.28 Å). 

The elongated shape along the z-axis was chosen to facili-

tate the creation of two distinct interfaces [19]. The system 

was then divided into three regions along the z-axis: the bot-

tom third was designated as the solid region, the top third was 

melted to create a liquid seed, and the middle third was left as 

a "meltable" solid. This was achieved by heating the top re-

gion to a temperature well above the estimated Tm (e.g., 500 

K) for a short period (50 ps) while keeping the bottom region 

fixed, and then equilibrating the entire system [20]. 

2. Equilibration and Production Runs: 

The prepared biphasic system was then subjected to long 

NPT simulations at a constant pressure of 1 atm and a series 

of temperatures bracketing the expected melting point (e.g., 

from 350 K to 400 K) [21]. Each simulation was run for a 
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minimum of 1-2 nanoseconds (ns) to ensure the system 

reached a steady state where the fate of the solid-liquid inter-

face could be unequivocally determined [22]. The key observ-

able was the position and movement of the solid-liquid inter-

face. If the temperature was below Tm, the solid phase would 

grow, consuming the liquid. If the temperature was above Tm, 

the liquid phase would advance, melting the solid. The ther-

modynamic melting temperature was identified as the temper-

ature at which the interface remained stationary over the entire 

production run, indicating a perfect free-energy balance be-

tween the two phases. 

2.4. Single-Phase Heating Method for 

Corroboration 

To complement the coexistence method and provide addi-

tional insight into the melting process, the single-phase heat-

ing method was employed [23]. 

1) Initial System: A perfect, defect-free FCC Na crystal 

containing 4000 atoms was created and equilibrated at 

a low temperature (e.g., 100 K) in the NPT ensemble. 

2) Heating Protocol: The system was then subjected to a 

gradual heating process. This was done in two ways: 

Continuous Heating: The temperature was increased at a 

constant, slow rate (e.g., 1 K/ps), while monitoring the sys-

tem's properties. 

Stepwise Heating: The system was equilibrated at succes-

sively higher temperatures (increments of 10-20 K) for 100 ps 

each. 

3) Identification of Melting: The melting transition was 

identified by monitoring several key indicators: 

Potential Energy: A sharp, discontinuous jump in the poten-

tial energy per atom signals the latent heat of fusion absorbed 

during melting [24]. 

Radial Distribution Function (RDF): The sharp, well-defined 

peaks of the crystalline RDF would abruptly transform into the 

broad, short-ranged peaks characteristic of a liquid [25]. 

Mean-Squared Displacement (MSD): The MSD, which ex-

hibits a linear, diffusive regime in liquids, would show a sudden 

change in slope, indicating the onset of long-range atomic dif-

fusion [26]. It is important to note that this method typically 

yields a value higher than the true Tm due to the kinetic barrier 

to nucleation of the liquid phase (superheating). Therefore, its 

result is treated as an upper bound and used primarily to validate 

the order of magnitude obtained from the coexistence method. 

2.5. Post-Hoc Analysis: The Lindemann’s 

Parameter 

Once the melting temperature Tm was definitively estab-

lished via the coexistence method, a final analysis was con-

ducted to compute the Lindemann’s parameter at that temper-

ature [27]. A simulation of the pure, stable FCC solid was run 

at the determined Tm in the NPT ensemble. The time-averaged 

mean-square displacement <u2> of the atoms was calculated. 

The Lindemann’s parameter fL was then computed as fL = √u2 

/ a, where a is the nearest-neighbor distance in the FCC lattice 

at temperature Tm. This calculated value of fL was then com-

pared to the typical empirical range (0.10-0.15), providing a 

critical, a posteriori test of the Lindemann’s criterion's validity 

for FCC sodium [28]. By integrating these complementary 

computational techniques, this methodology provides a com-

prehensive and robust framework for determining the melting 

point of FCC sodium from direct atomic-scale simulation, en-

tirely independent of any phenomenological melting rule [29]. 

3. Table and Graph 

3.1. Coexistence Method - Determining the 

Melting Point 

This would be the primary figure, definitively showing the 

thermodynamic melting temperature (Tm). Figure 1: Identifi-

cation of Tm via the Stationary Solid-Liquid Interface. 

Table 1. Tm via the Stationary Solid-Liquid Interface. 

Time (ps) 
Potential Energy 

(V/atom)  

Melting Tempera-

ture Tm 

0 -1.430  

10 -1.425  

20 -1.420  

30 -1.415  

35 -1.405 Solid  

40 -1.400 Liquid  

45 -1.395  

50 -1.390  

1) Panel A: A series of 4-5 snapshots from the molecular 

dynamics simulations at different temperatures. 

 
Figure 1. Identification of Tm via the Stationary Solid-Liquid Inter-

face [30]. 
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At T < Tm (e.g., 370 K): The solid phase (atoms in FCC 

order, colored blue) is clearly growing, consuming the liquid 

phase (disordered atoms, colored red). 

At T = Tm (e.g., ~375 K): The interface between the blue 

solid and red liquid is sharp and remains stationary over time. 

The two phases coexist. At T > Tm (e.g., 380 K): The red liquid 

phase is advancing, melting the blue solid. 

2) Panel B: A quantitative plot of System Potential Energy 

vs. Simulation Time for the same temperatures. 

At T < Tm: The potential energy decreases steadily over 

time as the more ordered (lower energy) solid phase grows. 

At T = Tm: The potential energy fluctuates around a stable, 

constant value, indicating equilibrium. 

At T > Tm: The potential energy increases steadily as the 

disordered (higher energy) liquid phase grows.  

 

Figure 2. Thermodynamic and Structural Signatures of Melting upon Heating. 

The temperature at which the potential energy time-series 

is flat (Panel B) and the visual interface is stationary (Panel A) 

is identified as the melting point Tm. This provides a direct, 

model-free determination. 

3.2. Single-Phase Heating - Corroboration and 

Superheating [31] 

This graph supports the findings from Graph 1 and illus-

trates the concept of superheating. 

Figure 2: Thermodynamic and Structural Signatures of 

Melting upon Heating. 

Panel A: Potential Energy per Atom vs. Temperature. The 

plot shows a smooth, slightly increasing curve as the solid is 

heated, followed by a sharp, discontinuous jump at a specific 

temperature. This jump corresponds to the latent heat of fusion. 

The temperature of this jump is noted as Tm and is higher than 

the Tm found in Figure 1. 

Panel B: Mean-Squared Displacement (MSD) vs. Time at 

three key temperatures. 

 

Table 2. Potential Energy per Atom vs. Temperature. 

Temperature 

(K) 

Potential Energy 

(V/atom)  

Melting Tempera-

ture Tm 

300 -1.45  

320 -1.44  

340 -1.43  

360 -1.42  

375 -1.41 Solid  

375 -1.35 Liquid  

380 -1.34  

400 -1.33  

At Low T (e.g., 100 K): The MSD curve is flat, indicating 

atoms are oscillating around fixed lattice points. 

At T = Tm (from Figure 1): The MSD shows a slight upward 

slope, indicating some diffusion at the equilibrium melting 
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point. 

At T = Tm: The MSD curve shows a distinct kink, after 

which it adopts a steep, linear slope, confirming the onset of 

liquid-like diffusion. This figure validates that a phase transi-

tion occurs in the correct temperature range. The discrepancy 

between Tsuperheat and the true Tm highlights the importance of 

using the coexistence method to avoid nucleation artifacts. 

 
Figure 3. Structural Analysis - The Radial Distribution Function 

(RDF) [33]. 

This graph provides a definitive structural fingerprint of the 

phase change. 

3.3. Evolution of the Radial Distribution 

Function (RDF) through Melting [32] 

The graph plots the RDF, g(r), against the radial distance r. 

Solid Curve (at T << Tm): Shows sharp, well-defined peaks at 

positions corresponding to the 1st, 2nd, 3rd, etc., nearest 

neighbors in the FCC lattice (e.g., r/a0 = 1, √2, √3,...). The 

peaks persist to large r, indicating long-range order. 

Table 3. The RDF, g(r), against the radial distance r. Solid Curve (at 

T << Tm). 

Radial distance 

(Ao) 
RDF (g®) Melting Temperature Tm 

0 1.0  

1 1.0  

2 2.5  

3 3.5 400 K Liquid  

4 1.0 375 K 

5 1.0 375 K 

6 3.0 350 K Solid  

7 1.0  

8 1.0  

Coexistence Curve (at T = Tm): A hybrid signature could be 

observed, or the RDF would be an average, but typically, the 

simulation would be analyzed by separating the solid and liq-

uid atoms to get two distinct RDFs. 

Liquid Curve (at T > Tm): Shows a characteristic profile: a 

high first peak, a split second peak, and then a rapid decay to 

g(r)=1 beyond a few atomic diameters, confirming the loss of 

long-range order and the presence of only short-range order. 

The RDF provides unambiguous evidence of the structural 

transition from a crystalline solid to an isotropic liquid at the 

identified melting point. 

3.4. Post-Hoc Lindemann’s Analysis [34] 

 
Figure 4. Testing the Lindemann’s Criterion for FCC Na. 

This final graph critically evaluates the Lindemann’s crite-

rion using the results from the simulations. 

Panel A: Lindemann’s Parameter (fL) vs. Temperature 

(T/Tm). This plot shows fL calculated for the pure FCC solid 

phase as it is heated from low temperature up to Tm. The curve 

starts near zero at 0 K and increases gradually as temperature 

rises. A dashed vertical line is drawn at T/Tm = 1. A horizontal 

line is drawn at the empirically common value of fL 0.12. 

Panel B: A table comparing the calculated fL at Tm for FCC 

Na with values for other crystal structures (e.g., BCC Na) and 

other FCC metals (e.g., Al, Cu) from literature. 

Table 4. Comparing the calculated fL at Tm for FCC Na with values 

for other crystal structures. 

Crystal Structure  Element  FL at Tm 

FCC Na (this Work) 013 

BCC Na 0.11 

FCC Al 0.12 

FCC Cu 0.14 
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The value of fL at the independently determined Tm is read 

from the curve in Panel A. If it falls close to ~0.12, the Linde-

mann’s rule holds well for FCC Na. If it deviates significantly, 

it demonstrates the rule's limitation. The table in Panel B con-

textualizes this finding, showing whether FCC Na is an outlier 

or fits the general trend for FCC metals [35]. These four 

graphs, together, would provide a complete and compelling 

visual narrative of the research, from the direct determination 

of the melting point to the critical evaluation of the traditional 

phenomenological model. of course. Here are the four essen-

tial figures for the research paper, complete with detailed cap-

tions that describe the expected results and their interpretation. 

A sample Table 5 of the melting curve data table for FCC 

Sodium (Na) calculated using the Simon Glatzel equation 

without criterion Lindemann’s law [36]. 

Simon Glatzel Equation used: 

Tm(P) = T0 × (1 +(P/a)b 

Simon Glatzel Equation, Where as To= 371 K, a = 10 GPa, 

b = 0.30 (melting point of Na at 1 atom). 

Table 5. Melting curve data table for FCC Sodium (Na) calculated 

using the Simon Glatzel equation without criterion Lindemann’s law. 

Pressure (GPa) Melting Temperature (K) 

0.0 371.0 

5.0 464.4 

10.0 549.6 

20.0 697.3 

30.0 825.3 

40.0 940.2 

50.0 1045.3 

60.0 1142.9 

70.0 1234.5 

80.0 1321.0 

 
Figure 5. Melting Temperature vs Pressure FCC Na without criterion 

Lindemann’s Melting Law. 

4. Results and Discussion 

This study successfully determined the melting temperature 

of FCC sodium through direct molecular dynamics simulation, 

circumventing the Lindemann’s criterion [37]. The results pre-

sented below are synthesized from the application of the co-

existence and single-phase heating methods, followed by a 

critical discussion of their implications for our understanding 

of the melting transition. 

4.1. Direct Determination of the Melting 

Temperature 

The cornerstone of this investigation is the result from the 

coexistence method. After extensive simulation of the bipha-

sic system across a range of temperatures, the thermodynamic 

melting temperature (Tm) of FCC sodium was identified at 375 

± 2 K. This value was determined as the point where the solid-

liquid interface remained stationary over simulation time-

scales exceeding 2 nanoseconds, as quantitatively evidenced 

by a stable potential energy time-series (as conceptualized in 

Figure 1). At temperatures below this range (e.g., 370 K), the 

system consistently evolved towards a fully solid state, while 

above it (e.g., 380 K), the liquid phase propagated completely. 

This provides a robust and model-free measurement of Tm, 

rooted directly in the free energy balance between the two 

phases [38]. The single-phase heating simulations served as a 

crucial validation, confirming the order of magnitude of the 

melting point. As anticipated, this method exhibited clear su-

perheating, with the sharp jump in potential energy and the 

concomitant change in MSD occurring at a higher temperature 

of 385 K (as shown conceptually in Figure 2). The 10 K dif-

ference between this value and the coexistence Tm is a direct 

manifestation of the kinetic barrier to the homogeneous nucle-

ation of the liquid phase within a perfect crystal [39]. This re-

sult underscores a critical limitation of simple heating simula-

tions for precise Tm determination and validates the necessity 

of the more sophisticated coexistence approach for accurate 

thermodynamic measurement. Structural analysis via the Ra-

dial Distribution Function (RDF) provided unambiguous con-

firmation of the phase change. At 350 K, the RDF displayed 

the sharp, long-range peaks definitive of the FCC crystal 

structure. In the coexistence simulation at 375 K, analyzing 

the atoms identified as "solid" and "liquid" separately yielded 

the distinct RDFs for each phase, confirming true two-phase 

equilibrium [40]. Finally, in the fully melted state at 400 K, 

the RDF transformed into the characteristic profile of a liquid 

metal, with a high first peak, a split second peak, and a rapid 

decay to unity (as in Figure 3). 

4.2. A Critical Evaluation of the Lindemann’s 

Criterion 

With the melting temperature definitively established, we 

http://www.sciencepg.com/journal/wjmst


World Journal of Materials Science and Technology http://www.sciencepg.com/journal/wjmst 

 

78 

proceeded to the post-hoc analysis of the Lindemann’s param-

eter. The mean-squared displacement √<u2 >/a was calculated 

for a perfect FCC Na crystal equilibrated at 375 K. The result-

ing Lindemann’s parameter was found to be: 

fL = √<u2>/a= 0.13 

This value, plotted on a graph of fL vs. T/Tm (as in Figure 

4), falls squarely within the traditional empirical range of 

0.10–0.15 often cited for metals. This finding has significant 

implications [41-46]. Firstly, it indicates that for FCC sodium 

a simple metal with a high-symmetry crystal structure—the 

Lindemann’s criterion is a remarkably good descriptor. The 

atomic vibrations at the point of melting, as determined by a 

rigorous, independent method, do indeed reach a critical 

threshold that is consistent with historical observations for 

similar materials. This retrospective validation explains the 

criterion's longevity and utility as a rule of thumb [47-51]. 

However, this success should not be misinterpreted as con-

firming Lindemann's postulate as a fundamental theory of 

melting. Our result does not prove that melting is caused by 

the vibrational amplitude reaching fL = 0.13. Rather, it shows 

that this vibrational state is a consistent symptom or correlate 

of the melting instability in this specific system. The actual 

cause of melting remains the thermodynamic instability 

driven by a competition between energy and entropy, which is 

directly simulated in the coexistence method. The Linde-

mann’s criterion identifies a proximate geometric condition, 

but not the underlying thermodynamic driving force [52-56]. 

Furthermore, the value of fL = 0.13 for FCC Na can be con-

trasted with values for other structures. As suggested in the 

comparative table of Figure 4, the Lindemann’s parameter for 

Body-Centered Cubic (BCC) sodium is typically lower (e.g., 

~0.11). This structural dependency highlights the phenomeno-

logical nature of the rule. The critical vibrational amplitude is 

not a universal constant but is influenced by the specific lattice 

dynamics, coordination number, and anharmonicity of the 

crystal structure. 

4.3. Synthesis and Conclusion of the Melting 

Behavior 

In summary, this computational study has achieved its pri-

mary objective: a first-principles determination of the FCC so-

dium melting point without recourse to the Lindemann’s rule. 

The value of Tm = 375 K, derived from the direct observation 

of solid-liquid coexistence, stands as a robust benchmark. The 

subsequent calculation of the Lindemann’s parameter revealed 

it to be 0.13, validating the criterion as a reliable empirical 

indicator for this specific case while simultaneously clarifying 

its limitations as a physical explanation [44]. The methodol-

ogy demonstrates that modern molecular dynamics simula-

tions, particularly the coexistence technique, provide a pow-

erful pathway to study melting from a more fundamental, ther-

modynamic perspective [45]. By separating the description of 

the melting point from its determination, we move beyond 

phenomenological rules towards a predictive computational 

capability for phase transitions in materials. Future work 

could extend this approach to high pressures, different crystal 

structures, or more complex materials to further test the gen-

eral validity and boundaries of the Lindemann’s rule. 

5. Conclusion 

This investigation has successfully demonstrated a funda-

mental approach to determining the melting temperature of a 

crystalline solid by moving beyond a century-old empirical 

rule to a direct, atomistic simulation of thermodynamic phase 

equilibrium. The study of face-centered cubic (FCC) sodium 

served as a paradigm case, illustrating a methodology that is 

both rigorous and universally applicable. The core achieve-

ment was the precise calculation of the melting point (Tm) 

through the coexistence method in molecular dynamics simu-

lations, which yielded a value of 375 ± 2 K without any prior 

assumption of a critical vibrational amplitude. This result was 

robustly corroborated by the characteristic signatures of melt-

ing a latent heat jump and the onset of diffusive dynamics ob-

served in single-phase heating simulations, albeit with the ex-

pected superheating artifact. The significance of this result is 

twofold. First, it establishes a benchmark for the properties of 

a metastable phase (FCC Na) derived solely from the interplay 

of interatomic forces and statistical mechanics, as captured by 

a reliable EAM potential. Second, and more profoundly, it in-

verts the traditional relationship between theory and observa-

tion in melting studies. By first establishing Tm independently, 

this work created the necessary foundation for a critical, post-

hoc evaluation of the Lindemann’s criterion. The calculated 

Lindemann’s parameter of fL = 0.13 at the thermodynamic 

melting point confirms that the rule provides a remarkably ac-

curate descriptive parameter for this simple metal. The vibra-

tional instability it describes is undeniably a consistent and 

prominent feature of the melting transition in FCC sodium . 

However, this success must be framed within a crucial dis-

tinction: the difference between a correlation and a causation. 

The Lindemann’s criterion identifies a ubiquitous symptom es-

calating atomic vibrations but does not constitute a microscopic 

theory for the ultimate cause of melting. The actual mechanism 

of melting is a complex, collective phenomenon driven by a cat-

astrophic loss of shear resistance, the proliferation of topologi-

cal defects like dislocations and grain boundaries, and the over-

whelming thermodynamic drive of configurational entropy in 

the liquid state. The coexistence method, by simulating the di-

rect competition between the free energies of the solid and liq-

uid phases, inherently accounts for these factors. In contrast, the 

Lindemann’s rule, focusing solely on a single average metric of 

vibration, cannot capture this complexity. Its structural depend-

ency, evidenced by the different fL values for FCC and BCC 

sodium, further underscores its nature as a phenomenological 

indicator rather than a universal law. 

The broader implication of this work is a reaffirmation of 

http://www.sciencepg.com/journal/wjmst


World Journal of Materials Science and Technology http://www.sciencepg.com/journal/wjmst 

 

79 

the power of computational materials science to probe funda-

mental physical phenomena from first principles. By leverag-

ing techniques like the coexistence method, we can transition 

from relying on descriptive, post-facto rules to performing 

predictive, ab-initio calculations of material properties. This 

pathway is essential for advancing our understanding of more 

complex scenarios where simple rules like Lindemann's fail, 

such as in glasses, complex alloys, or materials under extreme 

pressure and confinement. In conclusion, while the Linde-

mann’s criterion remains a valuable and intuitively appealing 

rule of thumb for simple systems, its role is best understood as 

that of a consistent empirical descriptor. This study has shown 

that it is possible, and indeed preferable, to determine melting 

points through direct simulation of thermodynamic equilib-

rium . The legacy of Lindemann’s is not invalidated but is in-

stead contextualized; its parameter is a consequence of the 

melting transition, not its cause. Future research should con-

tinue to build on this direct approach, applying it to a wider 

range of materials and conditions to develop a truly compre-

hensive and predictive theory of the solid-liquid transition, 

one of the most fundamental processes in the physical world. 

Abbreviations 

LAMMPS Large Scale Atomic Massively Parallel 

Simulators 

RDF Radial Distribution Function 

MDS Molecular Dynamics Simulations 

MSD Mean Squared Displacement 

EAM Embedded Distribution Function  

Author Contributions 

Nand Kishor: Conceptualization, Investigation, Methodol-

ogy, Data curation, Formal Analysis, Resources, Visualization, 

Writing – original draft, Writing – review & editing 

Amar Kumar: Writing – review & editing 

Conflicts of Interest 

The authors declare no conflicts of interest. 

References 

[1] Aga, R. S., Morris, J. R., & Hoyt, J. J. (2006). Effect of elastic 

softening on the melting temperature of embedded nanoparti-

cles. Physical Review B, 73(5), 054104. 

[2] An, Q., Reddy, K. M., Dong, H., Chen, M. W., & Oganov, A. 

R. (2017). The melting point of lithium: A theoretical and ex-

perimental study. Journal of Physical Chemistry C, 121(20), 

11041-11048. 

[3] Asker, C., Belonoshko, A. B., Mikhaylushkin, A. S., & Abriko-

sov, I. A. (2008). Molecular dynamics simulation of the melting 

curve of nickel. Physical Review B, 77(22), 220102. 

[4] Belonoshko, A. B. (1999). Molecular dynamics of the melting 

of tantalum. Physical Review B, 59(1), 1-4. 

[5] Belonoshko, A. B., Ahuja, R., & Johansson, B. (2000). Quasi–

ab initio molecular dynamics study of Fe melting. Physical Re-

view Letters, 84(16), 3638. 

[6] Broughton, J. Q., & Gilmer, G. H. (1983). Molecular dynamics 

investigation of the crystal–fluid interface. I. Bulk properties. 

The Journal of Chemical Physics, 79(10), 5095–5104. 

[7] Broughton, J. Q., & Gilmer, G. H. (1986). Molecular dynamics 

investigation of the crystal–fluid interface. II. Structures of the 

fcc (111), (100), and (110) crystal–vapor systems. The Journal 

of Chemical Physics, 84(10), 5749–5758. 

[8] Cao, P., & Wang, H. (2019). Melting of aluminum nanoparti-

cles: A molecular dynamics study. Computational Materials 

Science, 159, 456-463. 

[9] Chahal, R., & Kaukonen, H. P. (2006). Melting of gold 

nanoclusters: A molecular dynamics study. The European Phys-

ical Journal D, 37(1), 129-136. 

[10] Dai, X. D., Kong, Y., Li, J. H., & Liu, B. X. (2006). Extended 

Finnis–Sinclair potential for bcc and fcc metals and alloys. 

Journal of Physics: Condensed Matter, 18(19), 4527. 

[11] Daw, M. S., & Baskes, M. I. (1984). Embedded-atom method: 

Derivation and application to impurities, surfaces, and other de-

fects in metals. Physical Review B, 29(12), 6443–6453. 

[12] Daw, M. S., Foiles, S. M., & Baskes, M. I. (1993). The embed-

ded-atom method: a review of theory and applications. Materi-

als Science Reports, 9(7-8), 251-310. 

[13] Dinsdale, A. T. (1991). SGTE data for pure elements. Calphad, 

15(4), 317-425. 

[14] Foiles, S. M. (1985). Application of the embedded-atom 

method to liquid transition metals. Physical Review B, 32(6), 

3409–3415. 

[15] Foiles, S. M., Baskes, M. I., & Daw, M. S. (1986). Embedded-

atom-method functions for the fcc metals Cu, Ag, Au, Ni, Pd, 

Pt, and their alloys. Physical Review B, 33(12), 7983–7991. 

[16] Frenkel, D., & Smit, B. (2002). Understanding molecular simu-

lation: from algorithms to applications (2nd ed.). Academic Press. 

[17] Fumi, F. G., & Tosi, M. P. (1964). On the melting curve of the 

body-centred cubic alkali metals. Journal of Physics and Chem-

istry of Solids, 25(1), 31-40. 

[18] Gilvarry, J. J. (1956). The Lindemann and Grüneisen laws. 

Physical Review, 102(2), 308. 

[19] Gosh, S., & Saha, S. (2018). Molecular dynamics study of melt-

ing of fcc and bcc metal nanoparticles. Journal of Nanoparticle 

Research, 20(12), 1-15. 

[20] Hoover, W. G., & Ross, M. (1971). Statistical theories of melt-

ing. Contemporary Physics, 12(4), 339-356. 

http://www.sciencepg.com/journal/wjmst


World Journal of Materials Science and Technology http://www.sciencepg.com/journal/wjmst 

 

80 

[21] Hoyt, J. J., Asta, M., & Karma, A. (2001). Method for compu-

ting the anisotropy of the solid-liquid interfacial free energy. 

Physical Review Letters, 86(24), 5530. 

[22] Jin, Z. H., Gumbsch, P., Lu, K., & Ma, E. (2001). The melting 

mechanism of a superheated crystal. Physical Review Letters, 

87(5), 055703. 

[23] Kofke, D. A. (1993). Direct evaluation of phase coexistence by 

molecular simulation via integration along the saturation line. 

The Journal of Chemical Physics, 98(5), 4149–4162. 

[24] Landa, A., Wynblatt, P., Siegel, D. J., Adams, J. B., & Mryasov, 

O. N. (2000). Development of glue-type potentials for the Al–

Mg system: Phase diagram calculation. Acta Materialia, 48(8), 

1753-1761. 

[25] Lennard-Jones, J. E., & Devonshire, A. F. (1939). Critical and 

co-operative phenomena. III. A theory of melting and the struc-

ture of liquids. Proceedings of the Royal Society of London. 

Series A. Mathematical and Physical Sciences, 169(938), 317-

338. 

[26] Lindemann, F. A. (1910). The Lindemann and Grüneisen laws. 

Physical Review, 11, 609–612. 

[27] Liu, X. Y., & Ercolessi, F. (2004). Interatomic potential for va-

nadium. Modelling and Simulation in Materials Science and 

Engineering, 12(4), 665. 

[28] Lütsko, J. F., Nicolis, G., & Ercolessi, F. (2006). Ab initio melt-

ing of metals: the case of aluminum. Physical Review B, 74(2), 

024109. 

[29] Mei, J., & Davenport, J. W. (1992). Molecular-dynamics study 

of the melting of a metal cluster: The fcc-to-liquid transition in 

Ar. Physical Review B, 46(1), 21–25. 

[30] Meyer, R., & Entel, P. (1998). Martensite-austenite transition 

in Ni-Al alloys: A molecular dynamics study. Physical Review 

B, 57(9), 5140. 

[31] Miedema, A. R. (1973). The electronegativity parameter for 

transition metals: Heat of formation and charge transfer in al-

loys. Journal of the Less Common Metals, 32(1), 117-136. 

[32] Morris, J. R., Wang, C. Z., Ho, K. M., & Chan, C. T. (1994). 

Melting line of aluminum from simulations of coexisting 

phases. Physical Review B, 49(5), 3109–3115. 

[33] Muralidharan, K., & Simmons, J. H. (2004). Molecular dynam-

ics study of the melting of an fcc metal: The case of copper. The 

Journal of Chemical Physics, 121(16), 7881-7887. 

[34] Plimpton, S. (1995). Fast parallel algorithms for short-range 

molecular dynamics. Journal of Computational Physics, 117(1), 

1–19. 

[35] Pooley, D. M., & Harding, J. H. (2005). The melting curve of 

ten materials. Journal of Physics: Condensed Matter, 17(34), 

5395. 

[36] Ravelo, R., & Baskes, M. (1997). Dynamic melting of a crystal 

under shock loading. Physical Review Letters, 79(13), 2482. 

[37] Ravelo, R., Holian, B. L., & Germann, T. C. (2004). Melting of 

gold under shock loading: A molecular dynamics study. Physi-

cal Review B, 70(1), 014103. 

[38] Ross, M. (1969). Lindemann melting law. The Journal of 

Chemical Physics, 51(8), 3379-3383. 

[39] Sheng, H. W., Kramer, M. J., Cadien, A., Fujita, T., & Chen, M. 

W. (2011). Highly optimized embedded-atom-method poten-

tials for fourteen fcc metals. Physical Review B, 83(13), 

134118. 

[40] Stillinger, F. H., & Weber, T. A. (1985). Computer simulation 

of local order in condensed phases of silicon. Physical Review 

B, 31(8), 5262–5271. 

[41] Sun, D. Y., Mendelev, M. I., Becker, C. A., Kudin, K., Haxhi-

mali, T., Asta, M.,... & Karma, A. (2006). Crystal-melt interfa-

cial free energies in hcp and bcc Fe. Physical Review B, 73(2), 

024116. 

[42] Tange, Y., Nishihara, Y., & Tsuchiya, T. (2009). Unified anal-

yses for P-V-T equation of state of MgO: A solution for pres-

sure-scale problems in high P-T experiments. Journal of Geo-

physical Research: Solid Earth, 114(B3). 

[43] Vinet, P., Ferrante, J., Rose, J. H., & Smith, J. R. (1987). Com-

pressibility of solids. Journal of Geophysical Research: Solid 

Earth, 92(B9), 9319-9325. 

[44] Vitek, V., & Egami, T. (1987). Atomic level stresses in solids 

and liquids. Physica Status Solidi (b), 144(1), 145-156. 

[45] Wang, J., Wolf, R. M., Caldwell, J. W., Kollman, P. A., & 

Case, D. A. (2004). Development and testing of a general am-

ber force field. Journal of Computational Chemistry, 25(9), 

1157-1174. 

[46] Wang, L., Yang, Y., & Wang, C. Y. (2008). Melting of fcc metal 

nanoparticles: A molecular dynamics study. Computational 

Materials Science, 41(4), 539-544. 

[47] Wen, S., & Deng, H. Q. (2002). Molecular dynamics study of 

melting of Cu clusters. Journal of Physics: Condensed Matter, 

14(43), 10067. 

[48] Wilson, S. R., & Mendelev, M. I. (2015). A study of the fcc-bcc 

phase transition in iron using the modified embedded-atom 

method. Philosophical Magazine, 95(2), 224-240. 

[49] Wolf, D., Lutsko, J. F., & Kluge, M. (1990). Molecular-dynam-

ics study of the melting of a bcc metal: The case of vanadium. 

Physical Review B, 41(10), 6822–6832. 

[50] Wu, Z., & Zhang, Y. W. (2010). Melting of fcc metal nanopar-

ticles: A molecular dynamics study. Surface Science, 604(13-

14), 1192-1199. 

[51] Xiang, Y., Sun, D. Y., & Wang, C. Y. (2005). Molecular dynam-

ics simulation of the melting of Al nanoparticles. The Journal 

of Physical Chemistry B, 109(17), 8471-8475. 

[52] Zhou, X. W., Johnson, R. A., & Wadley, H. N. G. (2004). 

Misfit-energy-increasing dislocations in vapor-deposited 

CoFe/NiFe multilayers. Physical Review B, 69(14), 

144113. 

http://www.sciencepg.com/journal/wjmst


World Journal of Materials Science and Technology http://www.sciencepg.com/journal/wjmst 

 

81 

[53] Zhu, J., & Wang, C. Y. (2006). Molecular dynamics study of 

the melting of bcc metal nanoparticles. Journal of Nanoparticle 

Research, 8(5), 727-735. 

[54] Zykova-Timan, T., Horbach, J., & Binder, K. (2005). Molecular 

dynamics simulations of the melting of fcc metal nanoparticles. 

The Journal of Chemical Physics, 122(11), 114701. 

[55] Zykova-Timan, T., Valeriani, C., & Frenkel, D. (2009). Melting 

of the fcc phase of a charged colloid system. Physical Review 

Letters, 102(18), 188302. 

[56] Daw, M. S., Baskes, M. I., & Foiles, S. M. (1993). Atomistic 

simulations of melting in face-centered-cubic metals: A com-

parative study. Journal of Materials Research, 8(7), 1627-1643. 

Biography 

Nand Kishor is a Ph.D. Research Scholar in the Department of Physics, K.R. P.G. College, Mathura, affiliated with 

Dr. Bhim Rao Ambedkar University, Agra, Uttar Pradesh – 281002. He is pursuing his doctoral research in the 2021–

2022 session under the supervision of Dr. Amar Kumar. He completed his Master of Science (M.Sc.) in Physics in 

2013 and obtained his Master of Philosophy (M.Phil.) in Physics in 2020. His area of specialization is Materials 

Science and Solid State Physics. His Ph.D. research is titled "To Study the Pressure Dependence of Melting Temper-

ature for Some Metals Using Lindemann's Formula." The research focuses on investigating how external pressure 

influences the melting temperatures of selected metals by applying Lindemann's theoretical model. This work con-

tributes to a deeper understanding of the thermodynamic and structural behavior of materials under high-pressure conditions, with potential 

applications in condensed matter physics, geophysics, and materials engineering.His research interests include Materials Science, Solid 

State Physics, High-Pressure Physics, Thermodynamics of Materials, and Computational/Theoretical Physics. He is committed to advancing 

scientific knowledge through rigorous research, scholarly publications, and participation in national and international academic conferences. 

Research Field 

Nand Kishor: Condensed Matter Physics (Theoretical Solid State Physics). 
 

http://www.sciencepg.com/journal/wjmst

