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Abstract 

The transformation from 4D to 3D and 2D exemplified recently with Lie algebra and Hopf fibration on cis, trans-ee, trans-aa 

stereochemistry, now is demonstrated with hypersphere trigonometric equations for calculation dihedral angles θHnHn+1 [deg] 

from carbon chemical shift δCn [ppm], then the vicinal angle ϕ [deg] and the other five possible dihedral angles θHnHn+1 [deg] for 

one known vicinal coupling constant 3JHnHn+1 [Hz]. Cis, trans-ee and trans-aa stereochemistry placed on six sets angles on two 

units have trans-ee4, 1 stereochemistry under 2D dimension on unit S and trans-ee3, 2 stereochemistry particularized with algebraic 

equations on unit U under 4D. Both trans-ee stereochemistry representing a great example for continuum transformation for 

hypersphere to torus. B2 root system θ = 150 [deg] as alternative model for building unit under Hopf fibration, along A2 root 

system θ = 120 [deg] unit will be disclosed, the second one ensuring also relationships between dihedral θHnHn+1[deg] and vicinal 

angles ϕ[deg]. Three pair of sets angles representative for five membered rings simulated for a vicinal coupling constant, sets A, 

B - dihedral and vicinal angles, set C used to build unit U2 with set A and B calculated with 3α + 2β, and pair of sets A and B of 

unit S1 calculated with 3α + 3β. 
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1. Introduction 

Algebra of rotation in 3-space build into the Hopf map, set 

of unit length quaternions in R4 viewed as points, is 3-Sphere 

S3. The 4th dimension known as space - time, embedding 

three-dimensions (3D) geometry into four-dimensions (4D) 

space where the fourth dimension is time (t). [1] Six dihedral 

angles θHnHn+1 [deg] with cis, trans stereochemistry on three 

concentric cons under Hopf fibration can be visualized as two 

sets angles each with six cis, trans-ee, trans-aa stereochemis-

try having characteristics vicinal angles ϕ [deg] for every ste-

reochemistry. The vicinal angle with trans-ee3, 2 stereochem-

istry on unit U became first angle θSA1 [deg] on unit S, totally 

six sets angles on two units point out the transformation from 

hypersphere to torus from 4D to 2D [2]. 
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2. Results 

Dihedral angles θHnHn+1 [deg] can be calculated from carbon 

chemical shift δCn [deg] with hypersphere equations in 4D for cis, 

trans-ee3, 2, trans-aa stereochemistry (Table 1) and 2D for trans-

ee4, 1 stereochemistry (Table 1, entry 3, 4) as sine or tangent func-

tions generalized equations, and alternatively from 4D to 2D in 

function of the functional groups and stereochemistry.[3] Equa-

tions obtained in attempt to demonstrated the relationship be-

tween biological activity and trigonometrical equations [4] 

around the five membered ring iminocyclitols. Trifluoroacetate 

salt β-L-ribitol with decyl at C1 have all trigonometric equation 

in 2D as tangent function, di alkyl - α, D- and β, L-ribitol have 

4D trigonometric equations at C1 and C2, and 2D at C2, C3. Depro-

tection of the isopropylidene protective group change the trigo-

nometric equations from 4D to 2D as cosine function at C1, C2, 

C3 and tangent function at C4. [5] In Table 1 are calculated dihe-

dral angles corresponding to eq. 1 from carbon chemical shift, 

thus can be calculated the vicinal angle ϕ [deg] then the dihedral 

angles θHnHn+1 [deg] from eqs. 2-4. 

Trigonometric equations (Eq. 1-4), torus and invers of torus, 

for calculation dihedral angles θHnHn+1 [deg] with trans-ee ste-

reochemistry don’t differentiate between trans-ee3, 2 and 

trans-ee4, 1 in comparation with algebraic equations (Eq. 7-16), 

able to give different values for trans-ee4, 1 and trans-ee3, 2 ste-

reochemistry. 

 

2.1. Trigonometric Equations 

θHnHn+1 = f(ϕ[deg]) [deg] 

θHnHn+1 = sin-1cosϕ               (1) 

θHnHn+1 = tan-1sin(-ϕ)               (2) 

θHnHn+1 = sin-1tan(-ϕ)               (3) 

θHnHn+1 = sin-1cot(-ϕ)             (4) 

The vicinal angle ϕ [deg], angle calculated from vicinal 

coupling constant 3JHH [Hz] with eqs. 5 and 6 until now char-

acteristics for cis, trans-ee stereochemistry for values smaller 

as 6 [Hz] and trans-aa stereochemistry for values higher as 6 

[Hz], [6, 7] in case of isopropylidene protected L-ribitol with 

two alkyl chain at C1 [5] the rule is switch, higher as 6 [Hz] 

for trans-ee stereochemistry and smaller as 6 [Hz] for trans-

aa stereochemistry [5]. Four cis, trans possible combinations 

of vicinal angles simplified by the cis - trans relationship be-

tween dihedral angles θHnHn+1 [deg]. 

2.2. Vicinal Angle 

ϕ = f(3JHnHn+1[Hz]) 

ϕ = (2x3JHH)2                 (5) 

ϕ = (3JHH)2                  (6) 

 
Figure 1. Iminocyclitols with D- and L-ribitol stereochemistry bearing monoalkyl and di alkyl chain at C1. 

Table 1. Dihedral angles θHnHn+1 [deg] calculated for iminocyclitols 1 - 7 from carbon chemical shift δCn [deg] with hypersphere equations. 

Entry Comp 
3JHH

a 

[Hz] 

δCn
a 

[ppm] 

Rm 

[gauss] 

θHnHn+1 

[deg] 
Φ [deg] 

3JHH 

[Hz] 
θHnHn+1 [deg] Equations 

1. 1 

H1H2: 

4.1 

H2H3: 

5.4 

H3H4: 

(d H3) 

C1: 

55.8 
1.5630 22.995 

(3JHHx2)2: 

67.005 
4.092 

22.99, -42.63, -25.11, 

-22.99 

4D-cis6, 1: θHnHn+1 = 

tan-1sin[(cos-11/Rm)/2] 

C2: 

83.5 
2.3389 -28.143 

(3JHHx2)2: 

118.143 
5.43 

-28.14, -41.40, 

32.338, 28.14 

4D-cis6, 1: θHnHn+1 = -

tan-1sin[(cos-11/Rm)/2] 

C3: 

84.3 
2.3613 -28.230 

(3JHHx2)2: 

118.230 
5.43 

-28.23, -41.38, 32.47, 

28.23 

4D-cis6, 1: θHnHn+1 = -

tan-1sin[(cos-11/Rm)/2] 

C4: 

65.9 
1.8459 -87.620b 

(3JHHx2)2: 

2.379 
0.7779 

32.37, -2.37, -2.38, -

32.37 

4D- trans-ee3, 2:  

θHnHn+1 = -2x{tan-
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Entry Comp 
3JHH

a 

[Hz] 

δCn
a 

[ppm] 

Rm 

[gauss] 

θHnHn+1 

[deg] 
Φ [deg] 

3JHH 

[Hz] 
θHnHn+1 [deg] Equations 

87.62, -117.63, -

117.62, -87.62 

1cos[(sin-11/Rm)/2]}c 

2. 2 

H1H2: 

3.1 

H2H3: 

3.9 

H3H4: 

8.8 

C1: 

57.4 
1.6078 51.814 

(3JHHx2)2: 

38.185 
3.089 

51.814, -51.859, -

31.724, -51.813 

4D-cis5, 2: θHnHn+1 = 

2x{tan-1sin[(tan-

1Rm)/2]} 

C2: 

71.5 
2.0028 29.953 

(3JHHx2)2: 

60.046 
3.87 

29.861, -40.906, -

35.189, -29.953 

4D-cis6, 1: θHnHn+1 = 

tan-1sin[(cos-11/Rm)/2] 

C3: 

71.7 
2.0084 29.861 

(3JHHx2)2: 

60.138 
3.87 

29.861, -40.932, -

35.039, -29.861 

4D-cis6, 1: θHnHn+1 = 

tan-1sin[(cos-11/Rm)/2] 

C4: 

66.8 
1.8711 

12.878 

-167.121b 

(3JHH)2: 

77.121 
8.78 

12.91; -44.27; -

13.217; -12.91 

167.12, 107.12; -

135.73, -75.73; -

166.78, -106.78; -

167.12, -107.12 

4D-trans-aa6, 1:  

θHnHn+1 = -0.5x{tan-

1sin[cos-1(1/Rm)]/2}c 

3. 3 

H1H2: 

4.8 

H2H3: 

5.2 

H3H4: 

(t H3) 

C1: 

63.7 
1.7843 

-2.0493D 

-1.631 

-1.735 

(3JHHx2)2: 

92.049 

(3JHHx2)2: 

91.631 

(3JHHx2)2: 

91.735 

4.79 

4.82 

4.78 

2.049, -44.98, 2.050, 

-2.049 

1.631, -44.988, 1.631, 

-1.631 

1.734, -44.986, 1.736, 

-1.735 

3D-cis6, 1: θHnHn+1 = 

sin-1[-1/[(cos-11/Rm)/2] 

2D-cis6, 1: θ = 2xtan-

1[1/(Rm/2)] 

4D-cis6, 1: θHnHn+1 = 

0.25xsin-1cos{2xtan-

1[1/(Rm/2)]} 

2D-cis6, 1: θ = 2xsin-

1(1/Rm)1/2 

4D-cis6, 1: θHnHn+1 = 

0.25xsin-1cos[2xsin-

1(1/Rm)1/2] 

C2: 

72.5 
2.0308 -19.140 

(3JHHx2)2: 

109.14 
5.22 

-19.14, -43.371, 

20.307, 19.14 

4D-cis6, 1: θHnHn+1 = 

tan-1[2xsin{-cos-

1[1/(Rm/2)]}] 

C3: 

74.0 
2.0728 -15.230 

(3JHHx2)2: 

105.23 
5.12 

-15.23, -43.975, 

15.798, 15.23 

2D-cis6, 1: θHnHn+1 = -

cos-1[1/(Rm/2)] 

C4: 

69.3 
1.9411 

-87.876b 

-91.738b 

-91.712b 

(3JHHx2)2: 

2.1232 

(3JHHx2)2: 

1.7388 

(3JHHx2)2: 

1.7388 

0.7285 

0.6593 

0.6543 

32.12, -2.122, -2.125, 

-32.12 

87.87, -117.87, -

117.87, -32.12 

31.73, -1.73, -11.73, -

31.73 

88.26, -118.26, -

118.26, -88.26 

31.71, -1.711, -1,712, 

-31.71 

88.28, -118.28, -

118.28, -88.28 

4D- trans-ee3, 2: 

θHnHn+1 = -2x{tan-

1cos[(sin-11/Rm)/2]}c 

2D-trans-ee4, 1: θHnHn+1 

= -[2xsin-1(1/Rm)1/2]c 

2D-trans-ee4, 1: θHnHn+1 

= -2xtan-1[1/(Rm/2)]c 

4. 4 

H1H2: 

4.8 

H2H3: 

5.2 

H3H4: 

bs 

C1: 

68.4 
1.9159 

-1.9573D 

-2.4606 

-2.5158 

(3JHHx2)2: 

91.9579 

(3JHHx2)2: 

92.4606 

(3JHHx2)2: 

92.5158 

4.79 

4.80 

4.80 

-1.957, -44.983, 

1.959, 1.957 

-2.46, -44.973. 2.462, 

2.46 

-2.51, -44.972, 2.518, 

2.51 

3D-cis6, 1: θHnHn+1 = 

sin-1[-1/[(cos-11/Rm)/2] 

2D-cis6, 1: θ = 2xtan-

1[1/(Rm/2)] 

4D-cis6, 1: θHnHn+1 = 

0.25xsin-1cos{2xtan-
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Entry Comp 
3JHH

a 

[Hz] 

δCn
a 

[ppm] 

Rm 

[gauss] 

θHnHn+1 

[deg] 
Φ [deg] 

3JHH 

[Hz] 
θHnHn+1 [deg] Equations 

1[1/(Rm/2)]} 

2D-cis6, 1: θ = 2xsin-

1(1/Rm)1/2 

4D-cis6, 1: θHnHn+1 = 

0.25xsin-1cos[2xsin-

1(1/Rm)1/2] 

C2: 

71.1 
1.9915 -20.873 

(3JHHx2)2: 

110.873 
5.26 

20.87, -43.056, 

22.413, -20.87 

4D-cis6, 1: θHnHn+1 = 

2xtan-1[2xsin[-(cos-

1(Rm/2)] 

C3: 

72.7 
2.0364 -20.629 

(3JHHx2)2: 

110.632 
5.259 

20.62, -43.102, 

22.114, -20.62 

4D-cis6, 1: θHnHn+1 = 

tan-1[2xsin{-cos-

1[1/(Rm/2)]}] 

C4: 

70.9 
1.9859 

-87.982 

-90.406 

-90.405 

(3JHHx2)2: 

2.0173 

(3JHHx2)2: 

0.4068 

(3JHHx2)2: 

0.4053 

0.7101 

0.3189 

0.3183 

32.01, -2.016, -2.019, 

-32.01 

87.98, -117.98, -

117.98, -32.01 

30.406, -0.405, -

0.406, -30.406 

89.59, -119.58, -

119.59, -89.59 

30.40, -0.404, -0.406, 

-30.405 

89.59, -199.59, -

119.59, -89.595 

4D- trans-ee3, 2: 

θHnHn+1 = -2x{tan-

1cos[-(sin-11/Rm)/2]}c 

2D-trans-ee4, 1: θHnHn+1 

= -[2xsin-1(1/Rm)1/2]c 

2D-trans-ee4, 1: θHnHn+1 

= -[2xtan-1[1/(Rm/2)]c 

5. 5 

H1H2: 

2.8 

H2H3: 

3.6 

H3H4: 

8.8 

C1: 

63.3 
1.7731 59.711 

(3JHHx2)2: 

30.288 
2.75 

59.71, -26.76, -

35.737, -59.71 

4D-cis5, 2: θHnHn+1 = 

cos-1{sin[(tan-1Rm)/2]} 

C2: 

72.1 
2.0196 37.315 

(3JHHx2)2: 

52.684 
3.62 

37.31, -38.49, -

49.661, -37.31 

4D-cis5, 2: θHnHn+1 = 

cos-1{sin[2xtan-

1(1/Rm)]} 

C3: 

73.4 
2.0560 38.125 

(3JHHx2)2: 

51.874 
3.601 

38.12, -38.19, -

51.705, -38.12 

4D-cis5, 2: θHnHn+1 = 

cos-1{sin[2xtan-

1(1/Rm)]} 

C4: 

63.9 
1.7899 

11.785 

168.215 

12.580 

167.419 

(3JHH)2: 

78.214 

(3JHH)2: 

77.419 

8.84 

8.79 

11.78, 44.389, -

12.043, -11.78 

168.21; -135.61,  

-75.61; -167.95,  

-107.95; -168.21,  

-108.22 

12.58, -44.303,  

-12.875, -12.58 

167.42, 107.42; 

-135.69, -75.69; 

-167.12, -107.12; 

-167.42, -107.42 

4D-trans-aa6, 1:  

θHnHn+1 = tan-1sin{[tan-

1[1/(Rm/2)]/4} 

4D-trans-aa6, 1:  

θHnHn+1 = 0.5x{tan-

1sin[cos-1(1/Rm)]/2} 

6. 6 

H2H3: 

7.3 

H3H4: 

4.5 

C1: 

66.7 
1.8683 - - - -  

C2: 

84.0 
2.3529 -56.512 

(3JHHx2)2: 

213.487 
7.30 

-56.51, 28.887, -

41.419, 56.51 

4D-cis5, 2: θHnHn+1 = -

sin-1{cos[(tan-1Rm)/2]} 
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Entry Comp 
3JHH

a 

[Hz] 

δCn
a 

[ppm] 

Rm 

[gauss] 

θHnHn+1 

[deg] 
Φ [deg] 

3JHH 

[Hz] 
θHnHn+1 [deg] Equations 

H5H5’: 

11.1 

H5H4: 

2.9 

37.004 
(3JHH)2: 

52.995 
7.27 

37.0, -38.610, -

48.909, -37.0  

4D-cis5, 2: ϕ = 2xsin-

1{2xtan[sin-

1(1/Rm)]/2]} 

C3: 

80.0 
2.2408 

-57.024 
(3JHHx2)2: 

212.975 
7.29 

-57.02, 28.557, -

40.451, 57.02 

4D-cis5, 2: θHnHn+1 = -

sin-1{cos[(tan-1Rm)/2]} 

- - - - - 

C4: 

67.8 
1.8991 

69.66 
(3JHHx2)2: 

20.34 
4.51 

-19.166, -21.759 

69.66, -160.83, -

158.24, -69.66 

ϕ = tan-1sin[tan-

1(Rm/2)/2] 

69.101 
(3JHHx2)2: 

20.899 
4.57 

-19.632, -22.447 

69.10, -160.36, -

157.55, -69.10 

4D-trans-ee3, 2: θHnHn+1 

= 2x{tan-1sin[tan-

1(Rm/2)]  

6.841 

173.159 

(3JHHx2)2: 

83.159 
4.55 

6.84, -44.795, -6.890, 

-6.84 

173.15, 113.16; -

135.20, -75.20; -

173.109, -113.11; -

173.15, -113.16 

4D-trans-aa6, 1: θHnHn+1 

= tan-1{sin[tan-

1(1/Rm)]/2}/2 

7. 7 

H2H3: 

3.9 

H3H4: 

9.1 

H5H5’: 

12.5 

H5H4: 

3.0 

C1: 

77.9 
2.1820 - - - - - 

C2: 

75.0 
2.1008 27.106 

(3JHHx2)2: 

62.893 
3.96 -41.674, -30.787 

4D-cis6, 1: θHnHn+1 = 

tan-1sin[(cos-11/Rm)/2] 

C3: 

68.8 
1.9271 

6.759 

173.24 

(3JHH)2: 

83.24 
9.12 

-44.80, -6.806 

-135.2, -173.194 

4D-trans-aa6, 1: θHnHn+1 

= tan-1{sin[tan-

1(1/Rm)]/2}/2 

C4: 

74.9 
2.0980 

6.293 

173.70 

(3JHH)2: 

83.70 
9.14 

6.29, -44.826, -6.331, 

-6.29 

173.78, -135.17, -

173.66, -173.78 

4D-trans-aa6, 1: θHnHn+1 

= tan-1{sin[tan-

1(1/Rm)]/2}/2 

 

δC [ppm], 1H 400 [MHz], 13C 75 [MHz]: 1-CDCl3, 2-D2O, 

3-CDCl3, 4-CDCl3, 5-CD3OD, 6-CDCl3, 7-CD3OD; b. D-

series - dihedral angle θH4H3[deg] must be negative; angles 

with trans stereochemistry calculated from δC4[ppm] are first 

angles from three possible calculated from dihedral angles 

characteristics equations 1 - 4; c. negative sign characteristic 

for D stereochemistry; vicinal angle higher as 90[deg] gives 

negative sign. 

Dihedral angles for iminocyclitols 1 - 7 (Figure 1) calcu-

lated from carbon chemical shift δCn[deg] with hypersphere 

equations 1 - 6 are presented in Table 1. Iminocyclitols 1 - 7 

are characterized with NMR analysis: 1H, 13C, COSY, 

HMQC, IR and MS. [5, 7] In Supporting information are 

given the NMR spectra of iminocyclitols 6 and 7 and IR spec-

tra of 7. 

Four cases result from combinations of eq. 5, 6 for calcula-

tion vicinal angle ϕ[deg] from vicinal coupling constant 3JHH 

[Hz] and eq. 1-4 for calculation dihedral angles θHnHn+1[deg] 

from vicinal angle ϕ[deg] (Table 2). In other word, two main 

cases A and B from the trans stereochemistry point of view, 

eq. 5, 6 for trans-aa and trans-ee stereochemistry with corre-

sponding cis stereochemistry. Under 3-Sphere trigonometric 

equations, Hopf Fibration theory: 180 rule for cis, trans-aa 

stereochemistry, and 120 - rule for trans-ee stereochemistry 

[8]. 
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Table 2. Four cis, trans cases result from vicinal coupling constant 3JHH[Hz]. 

cis: 3JHH < 6[Hz], trans: 3JHH > 6[Hz]  cis: 3JHH > 6[Hz], trans: 3JHH < 6[Hz] 

I. cis, trans-ee: ϕ = (2x3JHH)2, trans-aa: ϕ = (3JHH)2 II. trans-aa: ϕ = (2x3JHH)2, cis, trans-ee: ϕ = (3JHH)2 

IV. trans-ee: ϕ = (2x3JHH)2, cis, trans-aa: ϕ = (3JHH)2 III. cis, trans-aa: ϕ = (2x3JHH)2, trans-ee: ϕ = (3JHH)2 

A. B. 

trans-ee: ϕ = (2x3JHH)2 trans-aa: ϕ = (3JHH)2 trans-aa: ϕ = (2x3JHH)2 trans-ee: ϕ = (3JHH)2 

cis: 

ϕ = (2x3JHH)2, ϕ = (3JHH)2 

cis: 

ϕ = (2x3JHH)2, ϕ = (3JHH)2 

cis: 

ϕ = (2x3JHH)2, ϕ = (3JHH)2 

cis: 

ϕ = (2x3JHH)2, ϕ = (3JHH)2 

 

Java Script program for calculation dihedral angles from 

vicinal coupling constant reported in literature used only for 

cis, trans-ee stereochemistry eq. 5 and trans-aa stereochemis-

try eq. 6. [6] In the feature dihedral angles will be calculated 

from vicinal coupling constant with 3-Sphere approach using 

both equations for cis, trans-ee and cis, trans-aa stereochem-

istry, and in case of trans-ee stereochemistry the calculated 

angle will be transformed in dihedral angles under +/-90 [deg] 

for eq. 1 and +/-120 [deg] for eq. 2 - 4. In this light angle cal-

culated to date for trans-ee stereochemistry are for example -

118.44 [deg], -118.90 [deg] instead of -88.44 [deg], -88.99 

[deg] (Table 3, entry 4 and 12, reference 9 and Table 1 refer-

ence 10, Table 1 reference 11, comp. 1, 3, 4, 7) [9-11]. The 

phase angle of the pseudorotation P[deg] can be established 

more easy with VISION molecular models in case of 1-α-me-

thyl-1, 4-imino-1, 4-dideoxy-D-ribitol 2, envelope E3 -162 

[deg] with the following dihedral angles 51.54, -33.46, -

106.152 [deg], trans-ee H3H4 instead of trans-aa H3H4 stere-

ochemistry, and with endocyclic torsional angles 8.46, -26.54, 

13.848 [deg] and P -176.22 [deg], in first case the angle of 

deviation from planarity -35.18 and -26.597 [deg].[12] At this 

moment along the mentioned corrections the sign for D-ribitol 

trans-aa θH3H4 stereochemistry is negative also for trans-ee 

θH3H4 stereochemistry (Table 1, entry 3, reference 11) [13]. 

That must be mentioned again, Hopf fibration trigonomet-

ric equations ensure relationships between cis and trans-aa 

under 180[deg] and cis and trans-ee stereochemistry under 

120[deg], exocyclic angles, relative to relationships between 

endocyclic angles under 120[deg] but with sign in opposite for 

trans-ee stereochemistry.[2] Molecular models indicates for a 

vicinal coupling constant 8.8[Hz] with trans stereochemistry 

and E3 conformation[12] an angle of 107.1[deg] (Table 1, 

comp. 2), the rule used to date[8, 2] must be reconsidered. 

From calculated angles with cis stereochemistry results also 

angles with trans-aa6, 1 or 5, 2 stereochemistry under 180[deg], 

and also trans-ee4, 1 or 3, 2 stereochemistry under 120[deg]. In 

first case trigonometric relationships between angles: dihedral 

cis θHnHn+1 - dihedral trans θHnHn+1 - vicinal ϕ established the 

180[deg] rule, in contradiction with 120[deg] rule used on ste-

reochemistry. 

Algebraic equations (7-16) under Lie algebra theory for cis, 

trans stereochemistry for case A (7 - 11) and case B (12 - 16) 

are agreement with Hopf trigonometric equations, [2] except-

ing trans-ee stereochemistry. Only algebraic equations differ-

entiate between trans-ee3, 2 and trans-ee4, 1 stereochemistry, 

trigonometric equations giving same values with different 

sign. Algebraic equation with trans-ee3, 2 stereochemistry on 

unit U build unit S, thus an angle with trans-ee3, 2 stereochem-

istry on unit U in unit S is first angle of set A or ϕ1/2 of set B 

with uncertainly stereochemistry from the trigonometric point 

of view. 

2.3. Algebraic Equations 

3JHnHn+1 = f(ϕ1/2, ϕ2[deg])[Hz] 

case A: 

Cis/trans-aa6, 1: 3JHH
6, 1 = (60 + ϕ1

A/2)1/2/m      (7) 

Cis/trans-aa5, 2: 3JHH
5, 2 = (ϕ2

A + ϕ1
A/2)1/2/m     (8) 

Cis/trans-ee3, 2: 3JHH
3, 2 = (ϕ2

A - ϕ1
A/2)1/2/m     (9) 

Cis/trans-ee4, 1: 3JHH
4, 1 = (ϕ1

A)1/2/m        (10) 

m = 1 trans-aa, m = 2 cis-, trans-ee        (11) 

case B: 

Cis/trans-aa6, 1: 3JHH
6, 1 = [180 + (60 + ϕ1

A/2)]1/2/m   (12) 

Cis/trans-aa5, 2: 3JHH
5, 2 = [180 + (ϕ2

A + ϕ1
A/2)]1/2/m   (13) 

Cis/trans-ee3, 2: 3JHH
3, 2 = (ϕ2

A - ϕ1
A/2)1/2/m      (14) 

Cis/trans-ee4, 1: 3JHH
4, 1 = (ϕ1

A)1/2/m         (15) 

m = 2 trans-aa, m = 1 cis-, trans-ee         (16) 

The vicinal coupling constant 3JH2H3 7.3 [Hz] of iminocy-

clitol 6 with two alkyl chain at C1 and isopropylidene pro-

tected have values for vicinal angle ϕ[deg] and dihedral angle 

θHnHn+1[deg] very close. From eq. 17 results angle θ[deg] 
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56.512 then the vicinal angle ϕ[deg] 213.467, or directly dihe-

dral angle θHnHn+1[deg] -56.512 from which can be calculated 

the vicinal angle ϕ[deg]. 

4D-cis5, 2: θ = (+/-) sin-1cos[(tan-1Rm)/2      (17) 

As observation in Table 1, entry 5, with hypersphere equa-

tions in 4D are calculated dihedral angles for 2.8 and 3.6 [Hz], 

switching equation used for 2.8 [Hz] with equation used for 

3.6[Hz] can be calculated in both cases the vicinal angle ϕ 

[deg]. 

θHnHn+1 = tan-1cot(- ϕ)            (18) 

ϕ = sin-1cos(- ϕ)              (19) 

where θHnHn+1 - dihedral angles [deg], ϕ - vicinal angle [deg]. 

Dihedral angles with sign in opposite results from Hopf fi-

bration eqs. 1 and 18. Equation 18 ensuring a real relationship 

dihedral θHnHn+1[deg] - vicinal ϕ[deg] angles, since corre-

sponding equation 19 to 1 gives only vicinal angle ϕ [deg]. 

Until considering equation 18 cis dihedral angles θHnHn+1 

[deg] are transformed in trans-ee stereochemistry under 120 

[deg] rule, huge number of calculate trans-ee dihedral angles 

θHnHn+1 [deg] with positive and negative sign, sometimes from 

unexpected vicinal coupling constant created a debate on the 

method for choosing trans-ee dihedral angles θHnHn+1[deg]. 

Having in mind trans-aa stereochemistry under 180[deg] rel-

ative to cis dihedral angles θHnHn+1[deg], probably both method 

for calculation can be considered for trans-ee stereochemistry. 

3. Discussions 

Six dihedral angles θHnHn+1[deg] with cis, trans stereochem-

istry can be represented on three concentric cons and calculated 

the vicinal angles ϕ[deg] for every stereochemistry with alge-

braic equations (7-16), or dihedral angle θHnHn+1 [deg] with trig-

onometric equations (1-4) from vicinal angle ϕ[deg], angle cal-

culated from vicinal coupling constant 3JHH [Hz]. From carbon 

δCn [ppm] and / or proton δHn[ppm] chemical shift with manifold 

equations [14] can be calculated one angle for building unit U 

and S, six sets angles on two units. First angles of set A and B 

are higher as 5[deg] in unit U and smaller as 5 [deg] in unit S. 

The transformation between unit U to unit S through vicinal an-

gle ϕ[deg] characteristic for trans-ee3, 2 stereochemistry calcu-

lated from unit U, gives fist angle of unit S, as results from al-

gebraic equations 9, 14. From the mathematic point of view a 

hole outside of sphere gives two tori, analog to building unit S 

from trans-ee3, 2 stereochemistry of unit U, continuum transfor-

mation from hypersphere to torus, demonstrated now with hy-

persphere equations along to Hopf fibration and Lie algebra. As 

main observation, under trigonometric equations cis, trans-aa 

stereochemistry is under 180 [deg] rule and trans-ee stereo-

chemistry under 120[deg], borderline between spherical geom-

etry and probably equilateral triangle geometry, between cy-

clide and spherical geometries. Only trans-ee4, 1 stereochemistry 

is under 2D dimension on unit S, trans-ee3, 2 stereochemistry re-

sulting from unit U is under 4D, analog with cis and trans-aa 

stereochemistry (Figure 2). 

 
Figure 2. Trans-ee3, 2 and trans-ee4, 1 stereochemistry and transformation from 4D to 2D. 

In accord with Hopf fibration, trans-ee stereochemistry is 

placed on two pairs of three circles, totally six sets angles. 

First pair of three sets angles having first angles of set A and 

B higher as 5[deg] namely unit U with three sets angles, and 

first angles of second pair of three sets angles smaller as 5[deg] 

namely unit S with three sets angles, values established based 

on experimental data used to date, at borderline is possible to 

increase the interval of values as calculated theoretical. At list 

the transformation from unit U to S and unit S to U with char-

acteristics equations already published [2] gives the intervals 

of angles characteristic for unit U or S, and not the values of 

the trans-ee vicinal angle ϕ[deg]. In fact, the rules of calcula-

tion vicinal coupling constant for cis, trans-ee and trans-aa 

change the interval, and the transformation from S to U shown 

a distribution of first angles between S and U units as pre-

sented in Table 3. 
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Table 3. Interval of values for transformation U to S and S to U. 

Entry Units θA1 θB1 θA1 θB1 θA1 θB1 θA1 θB1 θA1 θB1 θA1 θB1 

1. S 0.1 29.9 1 29 6 24 9 21 14 16 15 15 

2. U 19.96 10.03 19.66 10.33 18 12 17 13 15 14 15 15 

 

B2 root system θ = 150 [deg], can be an alternative to A2 

root system θ = 120 [deg], [15] but can be also transform into 

a method for calculation set C from sets A or B, and now at 

list for building unit S from unit U (Figures 3, 4). 

Three pair of sets angles representative for five membered 

rings are simulated in Figure for a vicinal coupling constant of 

4.1 [Hz] with cis-H1H2 stereochemistry, A, B - dihedral and 

vicinal angles, set C used to build unit U2 with set A and B 

bearing tetrahedral and internal angles calculated with 3α + 2β, 

and pair of sets A and B of unit S1 calculated with 3α + 3β 

(Figure 4). 

-α - β: [-(-90) - 69.112UA] = 20.887UB[deg] 

-2α - 2β: [-(-2x90) - 2x69.112UA] = 41.776UC[deg] 

-3α - 3β: [-(-3x90) - 3x69.112UA] = 62.66SA[deg] 

3-Different methods for visualizing the “close universe” S3: 

1. Slicing method, 2. Suspension method, 3. Gluing cones to-

gether. The first one, non-Euclidean geometry of the closed 

Friedmann solution to Einstein’s field geometry presented as 

a sphere embedded in 4-Euclidean space - a topological 

presentation. S2 resulting from S3 at intersection with a hyper-

plane W = W0, once W increased from -R to R result the points 

of S3 as the points of a family of S2 growing from zero to R. 

2-Sphere can be sliced up by planes into circles, and the circle 

can be sliced by lines into 0-spheres [16]. 

S3: X2 + Y2 + Z2 = R2 

S2: X2 + Y2 + Z2 = R2 - W0
2 

W0
2 < R2, a single point X = Y = Z = 0 

Trigonometric equations for calculation dihedral angles 

from vicinal angles, R16 - octonionic Hopf fibration[12] for all 

stereochemistry, two angles with trans-ee stereochemistry 

from unit S and six stereochemistry from unit U, a great sim-

ulation of continuum transformation from 4D to 2D. Real 

Hopf fibration for calculation dihedral angle θHnHn+1[deg] from 

vicinal angle ϕ[deg], angle calculated from only one vicinal 

coupling constant 3JHH[Hz] or R4 complex Hopf fibration for 

calculation angles of set A and B for two possible vicinal cou-

pling constants: θNA = θHnHn+1, θNB = ϕ, resulting 3JHH
B[Hz] or 

θNB = θHnHn+1, θNA = ϕ, resulting 3JHH
A[Hz]. 

 
Figure 3. B2 root system for calculation dihedral angles on first cir-

cle and angles of set C and transformation from unit U into unit S on 

second circle. 

 
Figure 4. B2 root system exemplified for a vicinal coupling constant 

of 4.16[Hz] and vicinal angle of ϕ 69.112 [deg]. 

Basical equation - is a real Hopf fibration [17] - considering 

angle of set A vicinal angle and angle of set B dihedral angle. 

R16 - octonionic Hopf fibration for all stereochemistry. Other 
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two dihedral angles can be calculated from invers of torus 

equations, tangential space. Totally six dihedral angles from 

two characteristics equations for calculation vicinal angles 

from only one vicinal coupling constant. Higher number of 

dihedral angles calculated from only one vicinal coupling con-

stant are reduced by the stereochemistry of iminocyclitol: neg-

ative H4H3 for D ribitol and positive H3H4 for L ribitol; by the 

relationship with corresponding tetrahedral angle, [18] and by 

the phase angle of the pseudorotation established with VI-

SION molecular models. Two iminocyclitols, deprotected D-

ribitol (2) bearing only one substituent at C1, and isopropy-

lidene protected L-ribitol (6) with two alkyl chain at C1 have 

vicinal coupling constant in opposite: smaller values for trans-

aa stereochemistry for iminocyclitol 6 and higher values for 

cis stereochemistry, unusually but now unknown, with dihe-

dral angle under case II or III [19]. 

4. Conclusions 

Hypersphere trigonometric equations demonstrated once 

again the transformation from 4D to 2D, [20] the transfor-

mation from hypersphere to torus, in case of cis - trans stere-

ochemistry with continuum transformation from sphere to to-

rus. Three concentric cons ensuring all cis - trans stereochem-

istry, a hole outside of hypersphere, in fact two cones outside 

of hypersphere giving tori, a topological modification simu-

late by stereochemistry. 

Dihedral angles θHnHn+1[deg] can by calculated from vicinal 

coupling constant 3JHH [Hz] with eq. 5, 6 and circles of sphere 

and cyclide eq. 1-4, totally six dihedral angles θHnHn+1[deg] 

with required sign and stereochemistry from only one vicinal 

coupling constant 3JHH[Hz], reduced by stereochemistry of 

iminocyclitol, relationship with tetrahedral angles, and con-

formation and configuration [3, 18, 19]. 
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