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Abstract: The control of opportunistic infections among HIV infected individuals should be one of the major public health
concerns in reducing mortality rate of individuals living with HIV/AIDS. In this study a deterministic co-infection mathematical
model is developed to provide a quantification of treatment at each contagious stage against Pneumocystis Pneumonia (PCP)
among HIV infected individuals on ART. The goal is to minimize the co-infection burden by putting the curable PCP under
control. The disease-free equilibria for the HIV/AIDS sub-model, PCP sub-model and the co-infection model are shown to be
locally asymptotically stable when their associated disease threshold parameter is less than a unity. By use of suitable Lyapunov
functions, the endemic equilibria corresponding to HIV/AIDS and PCP sub-models are globally asymptotically stable whenever
the HIV/AIDS related basic reproduction number Rz and the PCP related reproduction number Rp are respectively greater
than a unity. The sensitivity analysis results implicate that the effective contact rates are the main mechanisms fueling the
proliferation of the two diseases and on the other hand treatment efforts play an important role in reducing the incidence. The
model numerical results reveal that PCP carriers have a considerable contribution in the transmission dynamics of PCP.
Furthermore, treatment of PCP at all contagious phases significantly reduces the burden with HIV/AIDS and PCP co-infection.
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the longevity of HIV infected individuals [12, 36]. While
HIV does not kill, if left untreated it minimizes the CD4 cell
count in the body, which renders immune system incapable

1. Introduction

In absence of a curative formula, the Human

Immunodeficiency Virus (HIV) that leads to Acquired
Immunodeficiency Syndrome (AIDS) has traumatized the
Sub-Saharan Africa since its discovery in 1981. HIV/AIDS
persists to be a prime global public health concern, having
claimed more than tens of millions lives so far and 650,000
people in 2021 alone [33]. There were 38.4 million people
living with HIV/AIDS in 2021 of which the Sub-Saharan
Africa accounts for almost 70% of the global HIV/AIDS
infections [33].

The discovery of HIV as a pathogen that leads to AIDS
and subsequent general utilization of anti-retroviral therapy
(ART) have altered HIV from a definite cause of death to
a manageable infection and this has significantly improved

of fighting off infections and hence infected individuals
advance to the fatal AIDS stage. This gives rise to many
opportunistic infections such as Pneumocystis pneumonia
(PCP), candidiasis, tuberculosis, cytomegalovirus, Hepatitis,
and cancers like lymphoma, kaposis sarcoma, the list is
infinite.  Thus, early medication of HIV infectives with
antiretroviral therapy (ART) can lower the viral load set point
and thus prolonging the life of the infectives [14, 36].

In the last two decades, considerable global efforts have
been mounted to address the HIV/AIDS epidemic, and
significant progress has been made. The number of people
newly infected with HIV, especially children, and the number
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of AIDS-related deaths have declined over the years, and the
number of people with HIV receiving treatment increased to
28.7 million in 2021 [33].

Prneumocystis pneumonia (PCP) is a potentially life-
threatening pulmonary infection caused by the fungus
Pneumocystis jirovecii and has long been recognized in
immunocompromised individuals and HIV-infected patients
with a low CD4 cell count [15, 21, 27]. Pneumocystis
Jjiroveci develops via airborne transmission or reactivation of
improperly treated infection [13]. The clinical signs and
symptoms include fever, shortness of breath with hypoxemia,
and non-productive or dry cough. Specific diagnosis of
PCP is possible using respiratory specimens with direct
immunofluorescent staining and invasive procedures are
required in order to prevent unnecessary treatments [13, 29].
There is no vaccine to fend off PCP but once infected,
trimethoprim and sulfamethoxazole is the first-line agent for
treatment [15]. To individuals living with HIV, trimethoprim
and sulfamethoxazole can be administered daily to reduce the
risk of contracting PCP [21, 33].

Co-infections with HIV/AIDS and other linked diseases
have evoked attention since the concurrent infection of one
host with more than one different pathogens present shattering
effects to the affected individual. The effect of ART and other
preventive means on HIV/AIDS patients have been studied
widely in [2, 22, 23, 25] and the results are promising so long
as individuals do not default the treatment.

Not many researchers have studied the co-infection
mathematical models for the dynamics of HIV/AIDS and
pneumonia [24, 30, 31], other available works are clinical
studies [3, 4, 17, 28] and systematic reviews [7, 19, 35].
In the study by Ntiiri et al. [24], the maximum protection
against pneumonia and maximum protection against HIV/
AIDS would lower the rate of disease prevalence. Teklu
and Mekonnen [30] developed a deterministic mathematical
model considering treatment at each infection stage of the
co-infection model from which they showed that increase
in treatment at each infection stage, reduced the co-infected
individuals at each of the respective stages. Teklu and Rao [31]
modified [30] to incorporate vaccination. The combined effort
of treatment against HIV/AIDS-pneumonia co-infection and
vaccination strategy against pneumonia showed a reduction in
the co-epidemic burden.

The studies in [24, 30] and [31] do not specify the
strain of pneumonia under consideration since different strains
have different causative agents and hence different treatment
regiments. The studies further do not incorporate the
role played by PCP carriers in the transmission dynamics
of HIV/AIDS and PCP co-infection. The interference in
the transmission chain of PCP among HIV/AIDS populace
remains the only viable form to reduce the burden of the
co-infection.  Therefore, this study is designed with the
aim of developing a Pneumocystis pneumonia-HIV/AIDS co-
infection deterministic model that will investigate the role
played by PCP carriers in the transmission of PCP among
people living with HIV and further analyze the role of
treatment of Pneumocystis pneumonia at all contagious phases

in the co-infection dynamics of Pneumocystis pneumonia and
HIV/AIDS. The developed model will guide on how properly
the co-infection burden can be mitigated through treatment
of carriers, infected and co-infected individuals and thus
establishing a decisive directional strategy to policy makers.

2. HIV/AIDS and PCP Co-infection
Model Formulation

2.1. Variables of the Model

The model subdivides the human population into ten
mutually-exclusive  compartments, namely susceptible
individuals at risk of contracting HIV or Pneumocystis
pneumonia (S(t)), carrier individuals who carry the PCP
infection and can transmit the infection (C'(¢)), PCP-infected
individuals who have active disease and are infectious (Ip(t)),
PCP-recovered individuals who have been treated of the
disease(R(t)), HIV infected individuals with no clinical
symptoms of AIDS (Iy(t)), HIV-infected individuals with
AIDS clinical symptoms (I4(t)), individuals on treatment
of HIV/AIDS (Ir(t)), HIV-infected individuals co-infected
with PCP disease (Igp(t)), HIV-infected individuals with
AIDS symptoms co-infected with active PCP (I4p(t)) and
individuals on treatment of HIV/AIDS and PCP co-infection
(T'(t)). The total population at time ¢, denoted by N (t), is
given as N(t) = S(t) + C(t) + Ip(t) + R(t) + Iu(t) +
Ta@t) + Ir(t) + Igp(t) + Lap(t) + T(1).

In the formulation of the model, it is assumed that HIV
and PCP infected classes are susceptible to each other, there
is no permanent immunity for PCP treated individuals and all
PCP carriers progress to active PCP class if left untreated. It
is further assumed that individuals in classes I (¢) and T'(t)
do not participate in transmission of HIV, since antiretroviral
therapy reduces the viral load and subsequently lowering the
probability of transmission.

2.2. Compartmental Diagram
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Figure 1. A compartmental diagram for HIV/AIDS and PCP co-infection model.
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2.3. Parameters of the Model and Their Description

Table 1 below shows the parameters of the model and their

description.

Table 1. Model Parameters and their description.

Parameter Definition

A Per-capita recruitment rate into susceptible population

i Per-capita natural mortality rate of individuals

vp Per capita PCP induced mortality rate

va Per capita AIDS induced mortality rate

v Per capita AIDS-PCP co-infection induced death rate

A1 Rate of progression from [z class to I 4 class

Ao Rate of progression from [z p class to I 4 p class

T1 Rate of treatment of HIV infected individuals

T Rate of treatment of AIDS patients

T3 Rate of treatment of HIV and PCP co-infected individuals
T4 Rate of treatment of AIDS and PCP co-infected individuals
B Rate at which PCP carriers develop symptoms

& Proportion of susceptible individuals that joins the PCP carriers
T Per-capita recovery rate of PCP carriers

¥ Rate at which treated PCP individuals become susceptible

€ Per-capita recovery rate of PCP infected individuals

P Probability that a contact is efficient enough to cause a PCP infection
c Average rate of contact with pneumonia infected individuals
w Transmission coefficient for the PCP carrier individuals

n Probability that a contact is sufficient to cause HIV infection
k Average contact rate with HIV infected individuals

2.4. Equations of the Model

Applying the assumptions, Figure 1, definitions of variables

and parameters in Table 1, the HIV/AIDS and PCP
deterministic co-infection model is obtained below.
ds
i = MR = (ap +an +p)S,
dC
i Cap(t)S — (ag +B+7m+p)C,
dI
d—f =(1-8&apS+C — (ay +e+p+vp)lp,
dly
W =agS+agR — (Oép+7’1 +>\1+‘LL)IH,
dI
=Ml — (ap + 7 ptva)la, (1)
dI
=L =70y +72la — plr,
dt
dI
;P = OzH(C+IP) + CYPIH - ()\2 + 713+ u+ VP)IHP,
dI
d,:p =apla+XNolup — (a+ p+v)lap,
dr
o 73lgp + Talap — pT,

50
where ¢ > 0 with initial conditions S(0) = Sy > 0, C(0) =
Co >0, Ip(0) =1Ipy >0, Ip(0) =Ipy >0, R(0) = Ry >
0, Ig(0) = Ino > 0, 14(0) = I40 > 0, I7(0) = Irg >
0, Igp(0) = Igpo > 0, Tap(t) = Iapo >0, T(0) =Tp >

0.
The rate at which Pneumocystis pneumonia spreads i
defined as

w2

pc(wC + Ip +011gp + 0214p)
N(?) ’

ap(t> =

where 0, > 6; are modification parameters accounting for the
assumed increased infectivity due to dual infection.
The rate at which HIV spreads is defined as

nk(Ig +a1lgp + asla + aslap)
N(t) ’

OéH(t) =

where a3 > as > ai, are modification parameters showing
the infectious rate per class with the assumption that I4p
individuals are more infectious of HIV than in individuals in
classes I 4 an Iy p due to high viral load [1, 23].

3. Analysis of the Model

3.1. Basic Properties of the Model

In this subsection, the basic properties of the solutions of
model (1) which are essential in the proofs of stability are
studied.

Lemma 3.1. The solutions S(t), C(t), Ip(t), R(t), I (t),
T4(t), I7(t), Igp(t), Iap(t) and T'(t) of system (1) are non-
negative for t > 0.

Proof Let the initial values be non-negative, that is, S(0) >
0,C(0) > 0,Ip(0) > 0,R(0) > 0,I5(0) > 0,I4(0) >
O,IT(O) > O,IHP(O) > O,IAP(O) > O,T(O) > 0, then for
all ¢ > 0 we prove that S(t) > 0,C(t) > 0,Ip(t) > 0, R(t) >
0, I (t) > 0,14(t) > 0,1I7(t) > 0,Igp(t) > 0,I4p(t) >0
and T'(t) > 0.

By contradiction, assume that there exists a first time ¢; such
that

S(t1) = 0,5(t1) < 0and S(t) > 0,C(t) > 0,Ip(t) >
0,R(t) > 0,Ig(t) > 0,14(t) > 0,I7(t) > 0,Igp(t) >
0,I4p(t) > 0,T(t) > 0for 0 < t < t; or there exists a
to : C(tg) = O,C/(tg) <0 S(t) > O,C(t) > O,Ip(t) >
0,R(t) > 0,Ig(t) > 0,14(t) > 0,Ip(t) > 0,Igp(t) >
0,14p(t) > 0,T(t) > 0for0 <t < t; or there exists a
ts : Ip(ts) = 0,1p(t3) < 0.S(t) > 0,C(t) > 0,1p(t) >
0,R(t) > 0,Ig(t) > 0,I4(t) > 0,1Ip(t) > 0,Igp(t) >
0,I4ap(t) > 0,T(t) > 0for 0 < t < t3 or there exists a
ty4 R<t4) = O,R/(t4) <0 S(t) > O,C(t) > O,Ip(t) >
0,R(t) > 0,Igx(t) > 0,14(t) > 0,I7(t) > 0,Igp(t) >

,Tap(t) > 0,T(t) > 0for 0 < t < t4 or there exists a
ts5 IH(t5) = ,I}_I(tg,) <0 S(t) > O,C(t) > O,Ip(t) >
0,R(t) > 0,Ig(t) > 0,I4(t) > 0,1I7(t) > 0,Igp(t) >
0,14p(t) > 0,T(¢) > 0for 0 < t < t5 or there exists a
te + Ta(ts) = 0,14 (ts) < 0S(t) > 0,C(t) > 0,Ip(t) >
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0,R(t) > 0,Ig(t) > 0,14(t) > 0,I7(t) > 0,Igp(t) >
0,I4p(t) > 0,T(t) > 0for0 < t < tg or there exists a

t7 - IT(t ) = O,I (t7) <0 S(t) > O,C(t) > O,Ip(t) >
O,R(t) > H(t) > 0, IA() > 0, IT() > 0, IHp(t) >
0,14p(t) > 0,T(t) > 0for0 < t < t7 or there exists a
tsIIHp(tS O,I ( )<OS()>O,C()>O,IP()>

(t) >OIA() > 0,Ip(t) > 0,Igp(t) >
0,Iap(t) > T(t) > 0 for 0 < t < tg or there exists a
ap(t) <05(t) >0,C(t) > 0,Ip(t) >

tio : T( 10) e O,C/(tlo) <0 S(t) > O,C(t) > O,Ip(t) >
O,R(t) > 0,1y (t) > O,IA(t) > O,IT(t) > O,IHp(t) >
0,I4p(t) >0,T(t) > 0for0 <t < ty0.
From system (1), we see that
ds(t
(f1) =A+~R(t1) >0
dC(t
d(tQ) = ap(t2)S(t2) > 0,
dIp(t
I;i 3) = (1 — §)osz(t3) + BC(tg) >0
dR(t
d(t“) = elp(ts) + 7C(ts) >0
dl g (ts
fCIll(f ) = aHS(t5) + O[HR(tS) > 0,
dla(t
/:lg 6) _ MIp(ts) >0,
dIp(t
ng ) =11y (t7) +12la(t7) >0,
dlgp(t
%(8) = H(tg)(C(tg) + Ip(tg)) =+ apIH(tg) > 0,
dlap(t
Harto) _ o p(1o)Lalts) + Malur(te) >0,
dT(t
% =131 p(tio) + 7alap(tio) > 0,
which leads to a contradiction and consequently,

S(t)v C(t)’ IP(t)7 R(t)7 IH(t)7 IA(t)7 IT(t)v IHP(t)7 IAP(t)
and T'(t) remain positive. Therefore, the solutions of system
(1) are non-negative for ¢t > 0.

Lemma  3.2. The  Pneumocystis  pneumonia  and
HIV/AIDS co-infection model (1) is mathematically and
epidemiologically well-posed.

Proof By Lemma 3.1, N(0) =
equations of system (1) gives

No > 0. Adding the

AN (1)
dt

=A—uN(t)—vp(Ip(t) + Iup(t)).

71/AIA(t) — I/IAP(t). )
Since Ip(t) > 0,14(t) > 0,Igp(t) > 0and I4p(t) > 0
for all ¢ > 0, thus (2) gives the inequality
dN(t)
dt
With initial condition N (0)

+uN(t) < A. 3)

= Ny, integrate (3) to get

A AN
N(t)gﬁ+(zvo—p)e nt. )

As t — oo, we have 0 < N(t) < % Therefore,
every feasible solution of model (1) that starts in region €2 =
{(S, C,Ip, R, Iy, In, I, Irrp, Iap, T) € RO : N < A/u}
and remains in this region for all values of ¢ > 0 which
implies that €2 is positively invariant and attracting. Hence,
the HIV/AIDS-PCP co-infection model (1) is mathematically
and epidemiologically well-posed.

It is crucial to analyze the HIV/AIDS and PCP sub-models
first and there after analyze the full co-infection model (1).
This is done in order to have an insight on the transmission
dynamics of the respective sub-models that are initial stages of
a potential interaction between the two diseases.

3.2. Analysis of HIV/AIDS Sub-model

By setting C(t) = Ip(t) = R(t) = Igp(t) = Iap(t) =
T(t) = 0, the following HIV/AIDS sub-model is obtained:

ds
&2 AL
o (am + p)S,
dl
CTf =agS — (1 + A +w)ly,
dl
= MIn = (2t vat ), )
dl
d—tT =710y +7ola — plr,
with 1 L)
+asglz
= gt 9224) 6
g =1 N ; (6)
so that
N
diH :A—MN—VAIA.

dt

3.2.1. Disease-Free Equilibrium of the HIV/AIDS
Sub-model

The equilibria of system (5) are obtained by setting the
right hand side of system (5) equal to zero. The disease-free
equilibrium of the model describes the model in absence of the
disease or infection. Thus with Iy = I4 = 0 and Iy = 0, we
have S = A/pu. Therefore, the HIV/AIDS-free equilibrium of
(5) is given as

Eog = (A/,u,0,0,0).

3.2.2. Computation of the Basic Reproduction Number of
the HIV/AIDS Sub-model

Rephrasing the definition by Diekmann et al. [9], we define
the HIV/AIDS basic reproduction number as the average
number of secondary HIV infections caused by a single
HIV infectious individual during his or her entire period of
infectiousness. We use the next-generation matrix method as
applied in [10, 26, 34] to determine the basic reproduction
number Ry of system (5). Let F denote the matrix of the new
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infection terms and ) be the matrix of the remaining transfer
terms in system (5). Then we have

F= {altﬂ V= [_AlfH((?:)—l"F—"_(j; N Zi[f M)IA(t)} '

We obtain the matrices F' and V by finding the Jacobian
matrices of F and V evaluated at the disease-free equilibrium
respectively to obtain

_ |nk  nkay e O
r=[y =[5 )

where g1 =71 + A1 +pand g = 70 + va + .
Thus, the basic reproduction number is given by

k
Rouw = K(FV™1) = L(Qz + ag\),

q192

where K represents the spectral radius of F'V 1,

3.2.3. Endemic Equilibrium Point of the HIV/AIDS
Sub-model

The endemic equilibrium point denoted by E.p is defined
as a steady state solution for system (5) which occurs
when there is persistence of the HIV/AIDS in a community.
Equating the right hand side equal to zero of system
(5) and solving for S,Iy,I4 and Iy yields E.p =
(Se, e, Lae, ITe), where

_ Nuqiq2
T nk(ge 4+ agh)’
_ #NEqgo — Ank(q2 + az\1)

Iye ;
" q1nk(gz2 + az1)
M (NG — Ank(g2 + az)y))
IAe = 9
q1q21k(g2 + az A1)
~ iNE@1g2 — Ank(g2 + az)1) TaA1
It = (7'1 + ),
pq1nk(g2 + azA1) q2

where Ny = Ank(qi1g2+vari)(gztaz)1) )

q192 (/mk(q2+a2>\1)+m>\1)

Lemma 3.3. The HIV/AIDS sub-model (5) has a unique
endemic equilibrium point if Ry > 1.

Proof 1If the disease is endemic in the community, then
e > 0and 42 > 0 that is

S
nk(Ig + azfA)N —qlg >0, @)
)\1]]—] — QQIA > 0. (8)

From (7) and using the fact that % < 1, we have

kasl
Iy < 1924 ©)
@ —nk
From (8), we have
AT
Is < ! H. (10)

q2

Inequalities (9) and (10) together imply

k
1< L(QQ + ag)\l) = ROH.
4192
Thus, a unique endemic equilibrium point F.j; exists when
Rom > 1.

3.2.4. Local and Global Stability of HIV/AIDS Sub-Model
Disease-Free Equilibrium
Lemma 3.4. The HIV/AIDS-free equilibrium Ey; is locally
asymptotically stable if Rgy < 1 and unstable otherwise.
Proof For Epp to be locally asymptotically stable, the
Jacobian matrix Jg,, of sub-model (5) should have negative
eigenvalues or equivalently a negative trace and a positive
determinant.

- —nk  —nkaz 0
|0 nk—q nka 0
JEOH = 0 A\ —¢o 0 (11
0 T1 T2 -l

The first and fourth columns of the Jacobian matrix (11)
clearly show that —p is a repeated negative eigenvalue.
The other two eigenvalues can be obtained by reducing the
Jacobian matrix (11) into a 2 X 2 matrix given by

Th, = [nk —a 77]%2} .

12
A1 —q2 (12)

We now employ the trace determinant strategy on (12) such
that

tr(Jeoy) =1k — (@1 + q2) <0ifnk < q1 +g2.  (13)
From Rog = (;17];2 (q2 + a2)\1), it is easy to see that (13)
gives
k +
L(q2 +aghy) < M((D +as)),
q1492 q192
_|_
Rorr < 2L (g5 + anhy). (14)
q192

Thus tr(Jp,y, ) < 0if Rom < L2 (g5 + aghy).
We now consider det(Jg,,, ) = —nk(q2 + AMaz2) + q1q2 >

0if nk(g2 + A1az) < q1q2. Therefore,

k
Rom = i

q192
det(JEUH) >1if Rog < 1.

(QZ + ag/\l) <l =

5)

Thus, Ey is locally asymptotically stable if and only if the
inequalities (14) and (15) hold.

Theorem I. The disease-free equilibrium FEyp of system
(5) is globally asymptotically stable if Ror; < 1 and unstable
otherwise. The disease free equilibrium FEyy is the only
equilibrium when Ry < 1.

Proof Let
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contribute to HIV/AIDS in the population where 1)1 and ) are
W =11y + Yol a, (16)  non-negative constants. The time derivative of the Lyapunov

be the Lyapunov function which involves individuals who function (16) is given by

aw

o = (amS — qilm) +a(M — gala) < ((nk — q)¢1 + ¥ada) g + (vinkas — P2g2) La. a7
Fixing ¢; > 0 and setting 12 = énkagwl, we obtain Proof To show the local stability of the endemic equilibrium
point, the method of Routh-Hurwitz stability criteria is
AW " employed [8]. The Jacobian matrix of the system (5) evaluated
a < (qlwllH + q“f ! IA) (ROH — 1). at the endemic equilibrium point E. s is
1
-B, —Bs -—-B 0
Thus, % < 0 when Rgyg < 1. Furthermore, %/ =0 at ! ng B : 0
if and only if either Iy = I4 = 0or Rogg = 1. In JE.y = 6{ A _(]52 0l (18)
either case, the largest compact invariant subset of )y = 0 7_1 T —p
{S(t), Ig(t), Ia(t), IT(t) € R% : .dd—vf. = 0} is the singletqn
Eom. By Las.alle’4s Inva.rlance Principle [11, 18], Eon 1S where B, = (% + p),By = nk/Rog — q1,Bs =
globally stable in R provided Rogy < 1. nk/Rom, Bs = Bs = nkas/Rom, ¢ = (11 + M + p), g2 =
(1o + va + p) and a3y is the force of HIV infection evaluated
3.2.5. Local and Global Stability of the HIV/AIDS at the disease endemic equilibrium point.
Endemic Equilibrium The characteristic equation of Jacobian (18) is given by
Theorem 2. The endemic equilibrium point E.j is locally
asymptotically stable if Roz > 1, otherwise it is unstable.
A+ By Bs By 0
o —Oé*H A — BQ —B5 0
PQ) =det | N Atg 0 |
0 —T1 —T9 A+ 1
=(A+n) ()\3 + (B1+ g2 — B2)A* + (Bi(g2 — Ba) + Bsayy — Bago — M Bs) A
+ (Bagz + Bid)ay — (Baga + X Bs)By ). (19)
From the characteristic polynomial (19), we have A = —p < 0 and
A+ a\? 4+ as\ + a3 =0, (20)
where

@ =B1+¢ —By=ay+q+q+p—nk/Rou >0,
az = Bi(q2 — B2) + Bsay — Baga — M1 B;

= (ay +p)(q1 + g2 — nk/Ron) + ¢192/Ror (Romg — 1) > 0,
az = g (B3qz + BiA1) — B1(Ba2qz + Bs A1)

=nk/Rou(ajqe + azhi) + (afy + 1) /Rou(Rog — 1) > 0.

It has been estalished that if Rog > 1, then, a1, as ,a3 are  satisfied whenever Roy > 1. Hence, the endemic equilibrium
positive and we now compute ajas — a3 to get ajas — az =  point of system (5) is locally asymptotically stable.
(0 + a1+ g2+ 1 — 7gokH) ((a}{ +u)(q + g — RnokH) 4 Theorem 3. If ROI'{ > 1, the endemic.: equilibrium point
E. g of the model (5) is globally asymptotically stable.
FLE(Rom—1) (QI "'92—7{70’;) >0, if Rog > 1. The Routh- Proof To establish the global stability of the endemic
Hurwitz conditions (a; > 0,ay > 0,a3 > 0,a1a2 > a3) for  equilibrium FE.y, the following Lyapunov function
characteristic equation (20) to have negative eigenvalues are ~ W(S, I'r, L4, IT) is constructed as

W= (55 +5m %) ¢ (IH—IH6+IH61nII’:) + (IA—IAeHAeln%E) + (IT—ITeHTeln‘%f). @1
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It is clear that W(S,, I'pe, Lae, ITe) = 0, and W > 0 otherwise. Moreover, W is radially unbounded in Ri. We now seek to
determine the sign of dV/dt by differentiating (21) with respect to ¢ as follows

aw (i Se>dS (i

dat -\ S)at Iy

)

Substituting for dS/dt, dIy /dt, dIa/dt and dI7/dt into (22) gives

aw :( S

dt S

+<1 - IAe) (Ml —q2la) + (1 -

I

From (23), we have P = A+ (ag +p)Se+augS+qilge+
()\1 + Tl)IH + QQIAS + ’TQIA + /LITS and

Q = ASe+ (am (1422 ) +p1) S+ (qu M JAe 7 222 ) T+
(g2 + 72 IITT Ja+ plr.

Therefore, from (23) if P < @, then 4¥ will be negative
definite, implying that dTvtv < 0. It is also clear that % =0if
andonly if S =S¢, Iy = Igge, Ia = Lae and I = Ipe.

Therefore, the largest compact invariant set in
{(S, Iy, Ia,I7) € Q1 + ©¥ = 0} is the singleton {E.p}
where F. g is the endemic equilibrium point of system (5). By
La Salle’s invariant principle [11, 16, 18], it implies that E.
is globally asymptotically stable in €2; if P < (), which holds
if and only if Rog > 1.

3.3. Analysis of Pneumocystis Pneumonia Sub-model

We obtain the PCP sub-model when Iy (t) = I4(t) =
Ip(t) = Igp(t) = Iap = T(t) = 0 in system 1, which
gives

§=A+7R—(ap+u)5,
% —eaps— (84740,
A (1 QapS 80— (ctvpt I, CH
%ZWCerp—(WﬂLM)R,

Np=S+C+1Ip+R

3.3.1. Disease-Free Equilibrium of the PCP Sub-model

The disease free equilibrium point of model (24) describes
the model in absence of PCP that is the carrier and infected
classes are zero which gives, C = Ip = 0,R = 0 and S =
A/ . Therefore, the disease-free equilibrium point denoted by
Eop = (S,C,Ip,R) is

Eop = (A/u,o,o,o).

(1 —f)OépS-i-ﬁ—kiglp = (1 —f)pc(wC—&-Ip)% +60—k‘2[13 > 0.

1——6)(A—(ozH+u))+<1—

Tac\ dla IpeN dIp
1o Laydla g Treydr, 2
( Ia/ dt + Ip / dt 22)
IHe
—q
In )(OéH Q1 H)
ITe
7o) (il mla —ulr) =P = Q. (23)
3.3.2. Pneumocystis Pneumonia Basic Reproduction
Number

Following a similar procedure in sub-subsection 3.2.2, the
PCP basic reproduction number is computed and obtained as
pc

Rop = 10 &k +8) + (1= )k ).

3.3.3. Endemic Equilibrium Point
The endemic equilibrium point denoted by F.p is defined
as a steady state solution for system (24) and it occurs
when there is a persistence of Pneumocystis Pneumonia.
Hence, E.p = (S¢,C¢,Ipe, R.) can be determined by
solving system (24) with the right hand side equal to zero,
from which we obtain, S, = kikoNp ,
pe((1-) k1 +£(wha+B))

Ehoks (/Lklk2Np—Ap(:((l—{)k1+§(wk2+[3)))

e =

9

A
k3 ((1—£)k1 +§[3> (/Lklk2Np—Apc((l—ﬁ)k1+§(wk,2+,8)))
IPe = A ’

(uk'lkgNp—Apc((l—g)k1+§(wk2+,8)))(
A

R, =
&)k +€8)),

together with A = pc((l — &)k + Eﬂ) (fkg"}/ﬂ' — kikoks +
Ye((1 = €)ks +¢B) ) and

A<A+Vppck:3 (1-)k1+¢6) ((175)k1+€(wkz+ﬁ))>

nA—vppkikaks ((1*§)k1+§5)

Lemma 3.5. For Rgp > 1, the system (24) has a unique
endemic equilibrium point F, and no endemic equilibrium
otherwise.

Proof If the disease persists in the community, then % >0

and dj—f > (0, that is,

w€ko + e((l —

Np =

EapS — k1C = Epe(wC + Ip)% —kC >0, (25

(26)
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From inequality (25) and applying the fact that S/N < 1,
we have

Thus, a unique endemic equilibrium point exists when
Rop > 1.

C < Spelp , 27)  3.34. Local and Global Stability of PCP Free Equilibrium
k1 — Epew Theorem 4. The disease-free equilibrium point Fyp of
Inequalities (26) and (27), together imply system (24) is locally asymptotically stable whenever Rop <
1 and unstable whenever Rgp > 1.
pc Proof The Jacobian matrix of sub-model system (24)
Rop = ks ((1 -k + (B + kzw)) > 1. evaluated at the disease-free equilibrium point Egp is given
as
—H —pcw —pc gl
0 Epew — Ky Epc 0
= 2
Jmn =10 (1 Zepw+8 1-pe—ks 0 %)
0 T € —k3

Thus, from the Jacobian matrix (28), we obtain the
characteristic equation;

PO) = A+ )+ k) (A +ad+ao),  29)
where a1 = k1 + k2 — pe((1 — &) + éw) > 0 and a9 =
k1k2(1 — Rop) > 0if Rop < 1.

Clearly the roots of (29) A = —pu, A = —k3 are negative
and by Routh-Hurwitz criterion, the characteristic polynomial
A2 + a1\ + ag has negative eigenvalues if ag > 0,a; > 0
which is satisfied when Rgp < 1. Therefore, since all
the eigenvalues of (28) are negative whenever Rop < 1,
the disease-free equilibrium point of system (24) is locally
asymptotically stable.

We now deploy the method described by Castillo-Chavez et
al. [5] and also utilized in [16] to study the global asymptotic
stability of the disease-free equilibrium. Re-write the model
system (24) as

% = F (X1, X3),
% = G(X1, X2), (30)
G(X1,0) =0,

where X; = (S, R) represents the uninfected population

and Xy = (C,Ip) represents the infected population. The
disease-free equilibrium of the model is denoted by Fop =
(X*,0), where X* = (A/p,0,0,0).

Theorem 5. The disease free-equilibrium point Fyp is
globally asymptotically stable if Rop < 1 and the following
conditions should hold;

(T1) for % = F(X1,0),X* is globally asymptotically
stable,

(T2) G(X1,X,) = AXy — G(X1,X3), G(X1,X3) > 0 for

L:(S—Se+seln%) n (C—C’e—s—C’eln%) n (Ip—IpeJrIpeln%) n (R—R6+Reln%).

(X1,X2) € Qyand A = %XZ’O) is an M —matrix
(the off diagonal elements are non-negative) and 25 is
the invariant region.

Proof From system (24), it follows that

_ | A+yR—(ap+p)S
F (X, X) = |:7TC+ elp— (y+p)R|’
o fapS’— le
G X1, Xa) = [(1 —&apS +BC —kytp) - OV
Consider F(X;,0) = A_OMS ,and as t — oo, it is

observed that X; — FEyp thatis, S — A/u. Thus, there is
convergence in {2 implying that (T1) holds.

Now
_ | k1 +Epew £pe
A= [5+(1—£)pcw _k2+(1—§)pc} ) (32)
and
5 1-2)(wC+1
G(X1,Xz) = pe(1= %) (WO + Ir) (33)

(1= &)pe(1- 5 ) (wC + Ip)

_ Clearly from (32), A is an M —matrix and from (33),
G(X1,X5) > 0 since % < 1 implying that (T2) holds. Since
both (T1) and (T2) hold, then Ejp is globally asymptotically
stable.

3.3.5. Global stability of PCP Endemic Equilibrium

Theorem 6. If Rop > 1, the endemic equilibrium F.p
of the system (24) is globally asymptotically stable. Proof
Systematically, we define an appropriate Lyapunov function
L(S,C, Ip, R) such that

(34)
P
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Note that L(S,, Ce, Ipe, R.) = 0 and W > 0 otherwise. Differentiating equation (34) with respect to ¢, yields

aL Se\ dS Ce\ dC IpeN dlpe RN dR.
a5 (-F) g -+ (0-F) % 3
Substituting expressions for (fjf , ‘fg, dé—tp, and % in equation (35), gives
dL Se C.
= (1— g)(AMR (ap + 1)S) + (1——)(§aps ¥e)
Ip. R,
(1= T = OapS 1 BC — kalp) + (1= 5 ) (xC + elp = (u+ H)R).
=A - B, (36)

where A = A + YR + (ap + p)Se + apS + k1Ce + (8 +

m)C + elp + (n+ B)R. and B = S(ap + p+ ap$s +
(1= &aplf=) + %(A +9R) + k1C + ko lp + BCIE= +
(nC + elp)Ze + (u + B)R. Thus, if A < B, we obtain
4L < 0 and (fif—OlfandonlylfS—Se,C C.,Ip =
Ipe, R = R.. Therefore the largest compact invariant set in
{(S,C,Ip,R) € Qy: L = 0} is the singleton {Eop}, where
Eyp is the endemic equilibrium point of the system (24) and
by LaSalle’s invariance principle [11, 16, 18], it implies that
Eyp is globally asymptotically stable in 25 if A < B.

3.4. Analysis of the HIV/AIDS and PCP Co-Infection
Model

In this subsection, the disease-free equilibrium Ej, the basic
reproduction number R, and the stability of model equilibria
(1) are determined.

Eap(t)S(t)
(1—=&ap(t)S(t)
F_ an(t)(S(t) + Rp(t))

ap(t)(Ct) + Ip(t)) + ap(t) Iy (t)
Oép(t)IA(t)

andy =

3.4.1. Disease-Free Equilibrium of HIV/AIDS and PCP
Co-Infection Model
At disease-free equilibria, that is in absence of both HIV and
PCP; C(t) = Ip(t) = IH(t) = IT(t) = IHp(t) = IAp(t) =
T(t) = 0. Equating the right hand side of system (1) to zero
and solving, gives S(t) = A/p and R(t) = 0. Therefore, the
disease-free equilibrium is obtained as

- (A/u,0,0,0,070,0,0,070).

3.4.2. The Basic Reproduction Number of HIV/AIDS and
PCP Co-Infection Model

In this case, Ry defines the number of secondary HIV or
Pneumonia co-infections due to a single HIV or PCP infective.
Thus, using the procedure earlier described in sub-subsection
3.2.2 on HIV/AIDS and PCP co-infection model (1), we let F
be the matrix for the rate of appearance of new PCP and HIV
infections and ) be the matrix for the rate of other transfer
terms such that;

(p(t) + B+ 7+ p)C(t)
—BC + (g + €+ p+vp)Ip(t)
(Oép(t) + 71+ )\1 + M)IH(t)
—Mlg + (OtP + T2+ p+ VA)IA(t)
Ao+ 73+ p+vp)lpu(t)
~Xelpp + (T4 + p+v)Iap(t)

The Jacobian matrix F' of new infections at disease-free equilibrium is given by

cocooco3 3

0
0
nk
0
0
0

0 m91 m92
0 77/91 7192

aomk aink asny

0 0 0 |’
0 0 0
0 0 0

where m = {pc and n = (1 — &) pe. The Jacobian matrix V' for the rate of transfer from one component to another at disease-free

equilibrium is given by
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where

0 0 0
0 0 0
0 0 0
g 0 0f’
0 dy 0
0 =Xy do

ky = (B+m+u) ko = (e+p+vp),qu = (i +M+p),qo = (o +p+va),di = (Ao+73+p+vp)and dy = (14 +p+v).

Thus, the basic reproduction number is given by

RO :’C(FV_I) = max{R0p7R0H}

. k
= maxc {2 (¢(eoka £ B) + (1= ).

where K is the spectral radius of F'V 1.

—— (g2 + az\1) },
QICI2(q2 azha)}

3.4.3. Local Stability of HIV/AIDS and PCP Free Equilibrium
Theorem 7. The disease-free equilibrium point Fy of system (1) is locally asymptotically stable whenever Ry < 1, and

otherwise unstable.

Proof The Jacobian matrix for system (1) evaluated at disease-free equilibrium is given by

H
[l S]

o~
w

J(Eo) =

oooooooooé
ooooooﬂUQ@I
oooooombjsg}

OO OO oo

—d —-dy O A B 0
0 0 0 mi  Mms 0
0 0 0 F G 0
0 0 0 0 0 0
H ds 0 dq ds 0
A —q¢ O 0 0 0 ’ 37)
i > —u 0 0 0
0 0 0 —qg3 0 0
0 0 0 /\2 —q4 0
0 0 0 T3 T4 |

A= —(pcbi+nkay), B = —(pclz+nkas),C = Epcw—ki, D = (1—&)pew—+B, E = (1—=&)pc—kq, F = (1-&)pchy,G =
(1 =8 pcthy, H=nk —qi, k1 = (B+m+p), ke = (e+p+vp), ks =(y+u),q1 = (m+ A +p),q2 = (2 +p+ra)g =
MA+T134+p+vp),a=pe,m=_Ea,n=(1-&a,a; =aw,m—1=mb;,mg = mba,d=nk,d; = day,ds = das,ds = das

and g4 = (T4 + p +v).

Thus, from the Jacobian matrix (37), we get the following characteristic polynomial

PA) =(A+ )’ (A +k3) A+ a3) (A + ¢4) (A + a1 A + ag) x (A* 4+ biA + bo),

where a1 = k1 + ko — pc((l -&)+ 50.)) >0, if k1 + ko
pe((1 =€) +£&w), ap = kika — pe((1—&)k1 +&(kaw + B))
klkg(l — R()p) > 0, if Rop < 1,07 = q1 + g2 — 7’]/€
0, if g1 + g2 > nk, and by 192 — nk(g2 + az2)1)
q1q2(1 — ROP) > 0, if Rog < 1. This implies that \;
—p < 0 (three times), Ao = —k3 < 0, A\3 = —q3 =<
0, Ay = —q4 < 0 and by Routh-Hurwitz stability criteria,
the eigenvalues of characteristic equations A% + a1\ +ag = 0
and A% + by A\ + by = 0 are negative if ag > 0,a; > 0,by > 0
and by > 0 which is true when Rop < 1 and Rog < 1.
Therefore, since all eigenvalues of characteristic polynomial
(38) are negative for Ry < 1, the disease-free equilibrium
point of system (1) is locally asymptotically stable.

>

vl

(38)

3.4.4. Existence of Endemic Equilibrium Point of System
0y

The HIV/AIDS and PCP co-infection endemic equilibrium
point F, (S*,C*, Iy, R* If, 15, Iy, Iy p, L p, T)
materializes when PCP, HIV/AIDS and their co-infection
persevere in the community. It has already been established
from the analysis of sub-models (5) and (24) that the endemic
steady states do not exist when Rog < 1 and Rop < 1
respectively. This in turn signifies that there is no endemic
equilibrium point of the full co-infection model (1) if Ry =
maX{ROH,Rgp} < 1.

The analytical computation of the endemic equilibrium
of the full model (2) in terms of model parameters is
strenuous; however, it exists when Rgy > 1 and



Science Journal of Applied Mathematics and Statistics 2024; 12(4): 48-63 58

Rop > 1, that is Ry = max{Romy,Rop} > 1. The
existence and stability of the endemic equilibrium point
E. = (S%C* Iy R I, 15,15, I p, Iip, T") will be
numerically scrutinized under numerical simulations.

3.5. Sensitivity Analysis

In order to determine how to reduce the burden due to
HIV/AIDS, PCP and their co-infection, we calculate the
sensitivity indices of the basic reproduction number, Ry with
respect to the parameters in the model using the approach in
[6, 10]. Sensitivity analysis determines parameters that have
a high impact on R and hence which parameters should be
targeted for intervention strategies. The sensitivity index of
Ro with respect to a parameter,  is given by Ao = % *
Rio. The sensitivity indices of Roy and Rop with respect to
parameters are given in Table 2.

Table 2. Numerical values of sensitivity indices of Romg and Rop.

indices, and this implies that the endemicity of the disease is
increased.

On the other hand, when parameters 71, T2, A1, Va, €, 3,
vp and 7 are increased while the other parameters values are
kept constant, the value of Rg decreases implying that the
endemicity of the disease is decreased.

4. Numerical Simulations

In this section, we numerically simulate the stability of
the endemic equilibrium point for the full co-infection model
(1), the contribution of PCP carriers to the HIV/AIDS-
PCP co-infection burden and the effect of treatment on the
control of the co-infection burden. With data set in Table
3 and initial conditions; Sy = 10000,Cy = 200,Ipy =
250, Rg = 150, [9 = 400, 149 = 250, I79 = 300, [gpo =
350, I4pg = 150, = 150, the model was simulated using
ODE solvers coded in MATLAB numerical solver.

Table 3. Parameter values used in numerical simulations.

Parameter Sensitivity Index R zr Parameter Sensitivity Index Rop
n -+1.0000 P +1.0000 Parameter  Value Source Parameter  Value Source
k +1.0000 c +1.0000 A 2000 Assumed 0.0621 Assumed
as +0.1519 E +0.1953 o 0.073 [20] n 0.075 [1]
A1 —0.0747 w +0.4360 k 1-5 Estimated  p 0.89-0.99 [32]
1 —0.5666 vp —0.1512 c 1-50 Assumed € 0.2 Assumed
T2 —0.0368 B —0.0224 w 041026  Assumed 7 0.0115 Assumed
A1 —0.0747 € —0.3024 B 0.01096  Assumed  vp 0.1 Assumed
va —0.0944 s —0.0563 va 0.333 [30] v 0.42 [30]
T1 0.2 Estimated T2 0.13 [31]
. . T3 0.314 Assumed Ta 0.230 [31]
It is noted that the value of Ry increases when parameter
. ) 0.338 Assumed A1, Ao 0.08,0.3105  [30]
values 7, k, a2, p, £ , ¢ and w increase while the other
. .. ai,az,as 1,1.2,1.4 Assumed 61,02 1,1.02 Assumed
parameters values are kept constant since they have positive
4.1. Stability of the Endemic Equilibrium Point
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Figure 2. The local stability of the endemic equilibrium point at Ropr = 1.0021 and Rop = 11.6601.
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Figure 2 shows the local stability of the endemic equilibrium of the HIV/AIDS and PCP co-infection model at Ropg =
1.0021 > 1 and Ropp = 11.6601 > 1. Since the system moves to equilibrium after 40 years from the initial populations, we
conclude that the endemic equilibrium point is locally asymptotically stable.
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Figure 3. The Global stability of the endemic equilibrium point.

Figure 3 indicates that the PCP and HIV/AIDS co-infection endemic equilibrium is globally stable since the system comes to
equilibrium from any possible initial conditions.

4.2. Visualization of the Role Played by PCP Carriers in Co-infection Dynamics of HIV/AIDS and PCP
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Figure 4. Effect of PCP Carriers infectivity on Co-dynamics of HIV/AIDS and PCP.

also increase. This is a clear indicator that the contribution
of PCP carriers in the transmission dynamics of PCP and its
association with HIV/AIDS should not be given a blind eye.

Numerical simulations in Figure 4 show the effect of varying
the infectious coefficient of PCP carriers on the PCP carrier,
PCP infective and HIV/AIDS-PCP co-infected populations.
As the value of w is altered from 0.2—0.8, Figure 4 affirms that
the PCP carrier, PCP infective and the co-infected populations



Science Journal of Applied Mathematics and Statistics 2024; 12

4.3. Visualization of the Effect of Treatment at Various Stages of Infections

(4): 48-63
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Figure 5. Role of treating PCP carriers on HIV/AIDS-Pneumonia Co-dynamics.
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Figure 6. Effect of treating PCP infectives on HIV/AIDS-Pneumonia Co-dynamics.

250
200
& &
i 7
17} o
2 2 150
g 2
2 =
£ 2
8 5]
o
o
S & 100
L
2 8
T <
50
200 . . . - - 0 . . . . .
o o5 1 15 2 25 3 35 4 45 5 o 1 2 3 4 5 6 7 8 9 10

Time (in years)

Figure 7. Effect of Dual treatment on HIV-PCP Co-dynamics.

Time (in years)

60



61 Michael Byamukama et al.: A Mathematical Model for the Co-infection Dynamics of Pneumocystis Pneumonia and
HIV/AIDS with Treatment

Simulations in Figures 5 to 7 show the effect of interrupting
PCP through treatment effort at different phases of infection.
Increasing the treatment rate of PCP carriers 7 from 0.0115 —
0.40, Figure 5 shows that the number of dually infected
individuals reduce. Figure 6 shows that increasing the
treatment rate of PCP infectives ¢ from 0.2 — 0.5, results in
a decline in number HIV/AIDS-PCP co-infected individuals.
The impact of increasing dual treatment rates 73 from 0.314 —
0.530 and 74 from 0.23 — 0.46 are observed to reduce the
number of HIV-PCP and AIDS-PCP co-infectives in Figure 7.

5. Discussion and Conclusion

In this paper, an HIV/AIDS and PCP co-infection model
is derived and analyzed. The basic properties of the model
are shown and it is established that the model is biologically
meaningful and well posed.

The disease-free steady states Fop for HIV/AIDS sub-
model, Eyp for PCP sub-model, Ej for the dual infection and
their corresponding reproduction numbers Ry, Rop, Ro are
derived. It is established that the disease-free steady states
are locally asymptotically stable when their respective basic
reproduction numbers are less than a unity. The equilibria
For and Eypp are globally stable whenever Roy < 1 and
Rop < 1 respectively. This means that HIV/AIDS infection,
PCP infection and the HIV/AIDS-PCP co-infection will not
prevail and will eventually be wiped out in the community.

Further analysis shows that the disease persistent
equilibrium points FE.p for HIV/AIDS sub-model and
FE.p for PCP sub-model, are unique if their corresponding
reproduction numbers Rog > 1 and Rop > 1. By use
of suitable Lyapunov functions, the equilibria E.z and
E.p are globally asymptotically stable whenever Roy > 1
and Rop > 1 respectively. The local and global stability
of the endemic equilibrium point F. of the co-infection
model is numerically determined and is shown to be stable
if Rp = max{Ron,Rop} > 1 in figures 2 and 3. This
suggests that the HIV/AIDS infection, PCP infection and
HIV/AIDS-PCP co-infection will surge when more than one
HIV/AIDS or PCP or co-infected individuals are introduced
in the community. The sensitivity analysis of the basic
reproduction number was carried out and results indicated
that treatment is important in the reduction of PCP across all
affected sub-groups. The co-efficient of transmission of PCP
carriers gave a positive sensitivity index which implied that
PCP carriers are silent spreaders of the infection and need to
be interrupted in order to scale down the PCP incidence rate.
Numerical simulations show that increased infectivity of PCP
carriers increases the number of PCP carriers, PCP infectives,
HIV-PCP co-infectives and AIDS-PCP co-infectives as shown
in figure 4. This calls for an alarm to the policy makers
to introduce case finding strategy for PCP carriers since
their contribution to PCP infection and its association with
HIV/AIDS is enormous. This can also be achieved by testing
all HIV infected individuals for a possible PCP infection and
all positive cases subjected to PCP treatment. Furthermore,

simulations dictate that increased rates of treatment of PCP
carriers, PCP infectives, and dually infected individuals is of
a great deal towards reducing the burden of PCP infection and
its close association in HIV/AIDS patients.

We recommend that if HIV/AIDS and PCP co-infection
burden is to be managed, all HIV infected individuals be
subjected to obligatory PCP diagnosis and positive cases
treated accordingly. It is clear that interrupting PCP at all
contagious phases by treating PCP carriers, PCP infectives and
HIV/AIDS-PCP co-infectives will scale down the burden of
PCP on individuals living with HIV/AIDS. The model is not
without limitations. The model did not take into consideration
of immigration of carriers, infected and co-infected individuals
into the system, HIV infected individuals were not split into
chronic and acute subgroups, individuals who default ART
were also not included. Incorporating these processes will
undoubtedly facilitate in the understanding of HIV/AIDS and
PCP co-infection transmission and control dynamics.
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