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Abstract 

Polynomial equations an interesting subject in theory of numbers, occupy a pivotal role in the realm of mathematics and have a 

wealth of historical significance. The theoretical importance of polynomial equations of third degree in two unknowns having 

integral coefficients is great as they are closely connected with many problems of number theory. Specifically, the third degree 

polynomial equations having two unknowns in connection with elliptic curves occupy a pivotal role in the region of mathematics. 

This paper discusses on finding many solutions in integers to a typical third degree equation having two variables expressed as 

a(x-y)
3
=8bxy. The substitution strategy is employed in obtaining successfully different choices of solutions in integers. Some of 

the special fascinating numbers, namely, Pyramidal numbers, Polygonal numbers, Centered pyramidal numbers, Centered 

polygonal numbers, Thabit ibn Qurra numbers, Star numbers, Mersenne numbers and Nasty numbers (numbers expressed as 

product of two numbers in two different ways such that the sum of the factors in one set equals to the difference of factors in 

another set) are discussed in properties. These special numbers are unique. and have attractive characterization that set them 

apart from other numbers. The process of formulating second order Ramanujan numbers with base numbers as real integers is 

illustrated through examples. 
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1. Introduction 

Number theory is one of the most fascinating and interest-

ing subjects occupying an important place in the history of 

Mathematics. One of the interesting areas of Number Theory 

is the subject of Diophantine equations which has fascinated 

and motivated both Amateurs and Mathematicians alike. It is 

well-known that Diophantine equation is a polynomial equa-

tion in two or more unknowns requiring only integer solutions. 

The subject of Diophantine equations requiring only the in-

teger solutions is an interesting area in the Theory of Numbers 

and it is the significant creation of the man-kind. 

The beauty of Diophantine equations is that the number of 

equations is less than the number of unknowns. One can easily 

understand that the Diophantine problems are rich in variety 

playing a significant role in the development of Mathematics. 
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The theory of Diophantine equations is popular in recent years 

providing a fertile ground for both Professionals and Ama-

teurs. In addition to known results, this abounds with un-

solved problems. Although many of its results can be stated in 

simple and elegant terms, their proofs are sometimes long and 

complicated. 

There are unlimited varieties of third degree Diophantine 

equations which contribute in major part of research in this 

field. [1, 2]. We come across many problems in homogeneous 

or non-homogeneous cubic Diophantine equations with two 

or more variables. For the study of different choices of 

non-homogeneous cubic Diophantine equations with three 

unknowns by Gopalan et al, one may refer [3-10]. In [11, 12], 

Vidhyalakshmi et al considered the non-homogeneous third 

degree equation for obtaining their integer solutions. For 

varieties of third degree Diophantine equations having four 

variables by Gopalan et al, look into the references mentioned 

in [13-16]. In [17], Janaki and saranya considered a special 

cubic equation with four unknowns for its solutions in inte-

gers. Two more interesting cubic equations with four un-

knowns have been considered by Vidhyalakshmi et al [18, 19]. 

This paper concerns with getting infinitely many non-zero 

integral points for third degree Polynomial equation having 

two variables expressed as 3( ) 8a x y b x y  . Substitution 

strategy is employed in obtaining successfully different 

choices of integral points to the above non-homogeneous third 

degree equation having two variables. The process of formu-

lating second order Ramanujan numbers with base numbers as 

real integers is illustrated through examples. 

Method of analysis 

Consider the non-homogeneous third degree Diophantine 

equation with two unknowns represented by 

3( ) 8a x y b x y               (1) 

Taking 

, ,

0, , 0

x u bk v y u bk v

u bk v k b

   

  
       (2) 

in (1), it leads to 

2 2 2 2 (1 )u b k v ak v           (3) 

Let us write 

2 1 a k v                (4) 

which, after some calculations, is satisfied by 

2
0 02 , 1v v ak n n ak n            (5) 

Assume the second solution to (4) as 

1 0 1 0,v v h h                (6) 

where h  is an unknown to be determined. Substituting (6) in 

(4) and simplifying, we have 

02h ak   

and in view of (6), it is seen that 

1 0 0 1 02 ,v v ak ak        

The repetition of the above process leads to the general 

solution to (4) as 

2
0 0

0

2 ,N

N

v v N a k N

a k N



 

  

 
          (7) 

From (3), we have 

2
0 0 0

*

( 2 ) ( )

N N Nu bk v

b k v N a k N a k N



 



   
  (8) 

In view of (2), we have 

2
0 0 0

2
0 0 0

( 1)

( 2 ) ( 1) ,

( 1)

( 2 ) ( 1)

N N N N N

N N N N N

x u b k v b k v

b k v N a k N a k N

y u b k v b k v

b k v N a k N a k N



 



 

   

    

   

    

  (9) 

Thus, (1) is satisfied by (9). 

To characterize the nature of solutions and to obtain varie-

ties of interesting relations among the solutions, one has to go 

for taking particular values to the parameters in (9). 

2. Inspection-I 

We take 

11, 1a b   

in (1) and it is written as 

311 ( ) 8x y x y                  (10) 

The substitution of the linear transformations 

0k,0kvu,kyuy,kyux         (11) 

in (10) leads to 

)kv111(vku 222                 (12) 

Let 
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kv1112                   (13) 

which, after some calculations, is satisfied by 

1kn11,n2kn11vv 0

2

0      (14) 

Assume the second solution to (13) as 

0101 h,hvv             (15) 

where h  is to be found. Substituting (15) in (13) and sim-

plifying, we have 

k112h 0 
 

and in view of (15), it is seen that 

k11,k112vv 01001 
 

The repetition of the above process leads to the general 

solution to (13) as 

kN11,kN11N2vv 0N

2

00N     (16) 

From (12), we have 

)kN11)(kN11N2v(k

*kvu

0

2

00

NNN





 
    (17) 

In view of (11), we have 

),1kN11)(kN11N2v(k

)1(kvkvuy

),1kN11)(kN11N2v(k

)1(kvkvux

0

2

00

NNNNN

0

2

00

NNNNN









     (18) 

Thus, (10) is satisfied by (18). 

To obtain the relations among the solutions, one has to go 

for taking particular values to the parameters. For simplicity 

and brevity, we consider the integer solutions to (10) taking 

1n11,n2n11v,0N,1k 0

2

0   

in (18) and they are given by 

)n11)(n2n11()n(yy

),2n11)(n2n11()n(xx

2

00

2

00




           (19) 

A few numerical values for the obtained solutions (19) to 

equation (10) are shown in Table 1 as follows: 

Table 1. Numerical values. 

n X0(n) y0(n) 

1 132 11*13 

2 2*242 44*24 

3 3*352 99*35 

4 4*462 176*46 

5 5*572 275*57 

From the above Table 1, it is seen that both the values of 

0 0( ), ( )x n y n  are alternatively odd and even. 

A few interesting relations among the integer solutions are 

presented below: 

1. 0 0121 ( ) ( )x n y n  is a cubical integer 

2. 0 0 20,, 24,( ) ( ) 0(mod2)n nx n y n Ct Ct     

3. 0 0 2 3,2
(2 ) (2 ) 7 2 8k

n n
n nx y Th Th t      

4. 22
0 06{ ( ) ( ) 6 16}nn x n n y n CP    is a nasty number 

5. 
5

3,

1

3 [ ( ) ( )] 44 34

n

n n

k

x k y k P t



    

6.
3 5

3,

1

3 [ ( ) ( )] 48 28 2

n

n n n

k

x k y k P P t



     

7. 0 0( ) ( ) 2 2nx n y n S n     is a perfect square 

8. 
0 0 0 0 0 0{ ( 2) ( 2)} 2{ ( 1) ( 1)} { ( ) ( )} 44x n y n x n y n x n y n           

Procedure to obtain Ramanujan numbers of order Two: 

The process of obtaining Ramanujan numbers of order Two 

from (10) is illustrated. 

Illustration 1 

Consider 

2

2 2

( ) 11 (11 2)

11 *(11 2) (11 2 )*11

* *

y n n n

n n n n n

A B C D say

 

   

 

 

From the above relation, one may observe that 

4n44n246n44n242

)n13n11()2n11n11(

)n9n11()2n11n11(

DCBA

)DC()BA()DC()BA(

234

2222

2222

2222

2222











 

Thus, 
4 3 2242 44 246 44 4n n n n     

represents the second order Ramanujan number. 

Illustration 2 

Consider 
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2

2 2

( ) (11 2)

(11 2 )*(11 2) (11 2) *

* *

x n n n

n n n n n

G H E F say

 

    

 

 

In this case, the corresponding Second order Ramanujan 

number is found to be 

4 3 214762 10692 3030 396 20n n k n     

Illustration 3 

Consider 

( ) ( ) 2 (11 2)

(11 2)*(2 ) 2 (11 2)*

* *

x n y n n n

n n n n

P Q R S say

  

   

 

 

For this choice, the corresponding Second order Ramanu-

jan number is found to be 

2610 220 20n n   

Remark 

It is worth mentioning that, apart from (14), other choice of 

integer solutions for (13) is given as 

2
0 011 2 , 11 1v v k n n k n        

and taking 

2
0 01 , 0 , 11 2 , 11 1k N v n n n       

in (18), we have 

2
0

2
0

( ) (11 2 )(11 ) ,

( ) (11 2) ( )

x x n n n n

y y n n n

  

  
 

3. Inspection-II 

We take 

24, 1a b   

in (1) and it is written as 

33( )x y x y              (20) 

Procedure 1 

Taking 

, , 0x u v y u v u v                (21) 

in (20), we have 

2 2 (1 24 )u v v                 (22) 

which is satisfied by 

(3 1)
,

2

(3 1) (6 1)

2

n n
v

n n n
u




 


            (23) 

Substituting (23) in (21), one has 

2

2

( ) (3 1) ,

( ) 3 (3 1)

x x n n n

y y n n n

  

  
          (24) 

Observe that (24) satisfies (20). 

Some numerical examples for (20) are exhibited below in 

Table 2: 

Table 2. Numerical examples. 

n x(n) y(n) 

1 16 12 

2 98 84 

3 300 270 

4 676 624 

5 1280 1200 

Relations among the solutions: 

1. 3
12 ( ) ( ) 6 ny n x n P    is a cubical integer 

2. 92 ( ) ( ) 6 ny n x n CP   is a multiple of 2 

3. 52 ( ) ( ) 18 nx n y n P   is a multiple of 2 

4. 5 9( ) ( ) 18 6n nx n y n P CP    is a multiple of 4 

5. 2[ ( 1) ( ) 3 ]y n y n n    represents the area of Pythag-

orean triangle (3(3 2),4(3 2),5(3 2))n n n    

6. 3 ( )y n  is a perfect square for 
23 2n k k   

7. 8,( ) ( ) 3 nx n y n n t    

8. [ ( 1) ( )] [ ( 1) ( )]x n x n y n y n      is a perfect square 

for 26 4n k k   

9. 
3

3,

1

( ( ) ( )) 6 2

N

N N

n

x n y n P t



    

10. 
4 2

3,

1

( ) 3 (3 )

N

N N

n

y n P t



   
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11. 9 x y  is a cubical integer 

12. 3 29 ( ) ( ( ))n x n y n  

13. 
5

3,

1

16 ( ) 136 48

N

N N

n

x n P t



   is written as the differ-

ence of two squares 

14. 

4
6,2 2

3,

1

(9 4)
[ ( ) ( )] 6( )

5

N
N N

N

n

P Ct
x n y n t




    

15. 2(2 ) (2 ) 2n n
n nx y Th M     

16. ( ) ( )x n y n  is a perfect square when n takes the 

values 

1 1(7 2 12) (7 2 12) 2
, 0,1,2,...

12

s s

sn n s
    

    

17. [ ( 2) ( 2)] 2[ ( 1) ( 1)] [ ( ) ( )] 6x n y n x n y n x n y n           

18.
[ ( 4) ( 4)] 2[ ( 3) ( 3)] 2[ ( 2) ( 2)]

2[ ( 1) ( 1)] [ ( ) ( )] 12

x n y n x n y n x n y n

x n y n x n y n

          

      
 

19.[ ( ) ( )] [ ( 1) ( 1)] 2(3( ) 1)x n k y n k x n k y n k n k             

Procedure to obtain Ramanujan numbers of order Two: 

The process of obtaining Ramanujan numbers of order Two 

from (20) is illustrated. 

Illustration 4 

2

2

( ) (3 1)

(3 1)*(3 1) (3 1) *

* *

x n n n

n n n n n

A B C D say

 

    

 

 

From the above relation, one may observe that 

2 2 2 2 2 2 2 2

2 2 2 2

2 2 2 2

4 3 2

( ) ( ) ( ) ( )

(3 4 1) (9 5 1)

(3 2 1) (9 7 1)

90 114 65 18 2

A B C D A B C D A B C D

n n n n

n n n n

n n n n

          

    

     

    

 

Thus, 4 3 290 114 65 18 2n n n n     represents the se-

cond order Ramanujan number. 

Illustration 5 

Consider 

2

2

( ) (3 1)

(3 1)*(3 1) (3 1) *1

* *

x n n n

n n n n n

A B E F say

 

    

 

 

In this case, the corresponding Second order Ramanujan 

number is found to be 

6 5 4 3 281 108 63 18 11 6 2n n n n n n       

Illustration 6 

Consider 

2

2 2

( ) 3 (3 1)

3 *(3 1) (3 )*3

* *

y n n n

n n n n n

A B C D say

 

   

 

 

From the above relation, one may observe that 

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

4 3 2

( ) ( ) ( ) ( )

(3 3 1) (3 2 )

(3 3 1) (3 4 )

18 6 19 6 1

A B C D A B C D

A B C D

n n n n

n n n n

n n n n

      

   

   

    

    

 

Thus, 4 3 218 6 19 6 1n n n n     represents the second 

order Ramanujan number. 

Remark: 

In addition to the solutions (24), we have an another set of 

solutions to (20) given by 

2 2( ) 3 (3 1), ( ) (3 1)x x n n n y y n n n       

4. Conclusions 

In this article, the substitution strategy is utilized to obtain 

successfully integer solutions for third degree Polynomial 

equation having two variables. The readers may search for 

different approaches to analyze third degree equations with 

two unknowns. Further, they may search for varieties of rela-

tions through the obtained integer solutions.  

Notations 

2
5 ( 1)

2
n

n n
P



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3 ( 1) ( 2)

6
n

n n n
P

 
  

,

[2 ( 1)( 2)]

2
m n

n n m
t

  
  

2
20, 10 10 1nCt n n    

2
24, 12 12 1nCt n n    

3*2 1n
nTh    

6 ( 1) 1nS n n    

3
22 22 16

6
k

k k
CP




 

12M n

n   
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