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Abstract

In this paper, a new class of fuzzy topological spaces, namely fuzzy Baire-separated spaces is introduced in terms of fuzzy Baire
sets. Several characterizations of fuzzy Baire-separated spaces are established. It is shown that fuzzy Baire sets lie between
disjoint fuzzy P-sets and fuzzy F,- sets in a fuzzy Baire-separated space. Conditions under which fuzzy topological spaces
become fuzzy Baire-separated spaces are established. Fuzzy nowhere dense sets are fuzzy closed sets in fuzzy nodec spaces and
subsequently a question will arise. Which fuzzy topological spaces [other than fuzzy hyperconnected spaces, fuzzy globally
disconnected spaces] have fuzzy closed sets with fuzzy nowhere denseness? For this, fuzzy topological spaces having fuzzy
closed sets with fuzzy nowhere denseness are identified in this paper. It is verified that fuzzy ultraconnected spaces are non
fuzzy Baire -separated spaces. The means, by which fuzzy weakly Baire space become fuzzy Baire -separated spaces and in turn
fuzzy Baire - separated spaces become fuzzy seminormal spaces, are obtained. There are scope in this paper for exploring the

inter-relations between fuzzy Baire spaces and Baire -separated spaces.
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1. Introduction

Any application of mathematical notions depends firmly
how one introduces basic ideas that may yield various theo-
ries in various directions. If the basic idea is appropriately
introduced, then not only the existing theories stand but also
the possibility of emerging new theories increases. On these
lines, the notion of fuzzy sets as a hew approach for modelling
uncertainties was introduced by L. A. Zadeh [26] in 1965.The
concept of fuzzy topological space was introduced by C. L.
Chang [5] in 1968. Based on this concept, many studies have
been conducted in general theoretical areas and in various
application sides.

The notion of Baire sets in classical topology was intro-
duced and studied by Andrzej Szymanski [2].The concept of
fuzzy Baire sets in fuzzy topological spaces was introduced
and studied by G.Thangaraj and R.Palani [14] in terms of
fuzzy open sets and fuzzy residual sets and further studied in
[18]. In classical topology, W. Adamski [1] introduced the
concept of Baire-separation in topological spaces. Motivated
on these lines, the notion of fuzzy Baire - separation in fuzzy
topological spaces is introduced in tems of fuzzy Baire sets.
Conditions under which fuzzy topological spaces become
fuzzy Baire-separated spaces, are obtained. The fuzzy topo-
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logical spaces having fuzzy closed sets with fuzzy nowhere
denseness are identified. It is found that fuzzy ultraconnected
spaces are non fuzzy Baire -separated spaces. Condition un-
der which a fuzzy weakly Baire space becomes a fuzzy
Baire-separated space is obtained. Also the means by which a
fuzzy Baire -separated space becomes a fuzzy semi normal
space is also obtained.

2. Preliminaries

Several basic notions and results used in the sequel, are
given for making the exposition self - contained. In this work
by (X,T) or simply by X, we will denote a fuzzy topological
space due to C. L. Chang (1968). Let X be a non-empty set
and I, the unit interval [0,1]. A fuzzy set A in X is a function
from X into I. The fuzzy setOyis defined as Ox (x) = 0 for
all x € Xand the fuzzy set 1is defined as 1x (x) = 1, for
all x € X.

Definition 2.1 [5]: A fuzzy topology is a family T of fuzzy
sets in X which satisfies the following conditions:

(@).0xETand 14 €T,

(b). IfA,B €ETthen AAB €T,

(c). IfA;ET foreachi €J,thenv; AET.

T is called a fuzzy topology for X and the pair (X,T) is a
fuzzy topological space, or fts for short. Members of T are
called fuzzy open sets of X and their complements, are called
fuzzy closed sets in X.

Definition 2.2 [5]: Let (X,T) be a fuzzy topological space
and A be any fuzzy set defined on X. The fuzzy interior, the
fuzzy closure and the complement of A are defined respec-
tively as follows:

. intQ)=v{u/u<A peT}

@ii).cl)=Afu /A< w 1-p e T}

(iii).A" (x) =1- AMx), forall x € X.

For a family {A;/i €I} of fuzzy sets in (X, T), the
iony = Vv; (A) and the intersectiond = A; (%), are defined
respectively as

(iv). W(x) = sup; { A(x) / x €X};

(V). 8 (x) = inf e {N(x) / x € X}.

Lemma 2.1 [3]: For a fuzzy setA of a fuzzy topological
space X,

(). 1—int (A) =cl (1-2) and (ii).1—cl (A) = int (1 —2).

Definition 2.3:A fuzzy set A in a fuzzy topological space
(X,T) is called a

(i). fuzzy Gg-set in (X,T if A= AfZ,(A;), where A; €
T; fuzzy Fs-set in (X, T)ifA = V5L, (A),wherel—A; € T [4].

(ii). fuzzy regular-open set in (X,T) if A =int cl(}); fuzzy
regular-closed set in (X,T) if L = cl int (1) [3].

(iii). fuzzy semi — open set in (X, T) ifA < clint (Q); fuzzy
semi — closed set in (X,T) ifintcl (A) < A [3].

(iv). fuzzy dense set in (X,T) if there exists no fuzzy closed

set pin (X, T) such that A<p<1. Thatis, cl ) = 1, in (X, T) [9].

(v). fuzzy nowhere dense set in (X,T) if there exists no
non-zero fuzzy open set p in (X,T) such that p<cl(A). That is,

intcl () =0, in (X, T) [9].

(vi). fuzzy first category set in (X,T) ifA = V2, (};),where
(A))'s are fuzzy nowhere dense sets in (X,T). Any other fuzzy
set in (X,T) is said to be of fuzzy second category [9].

(vii). fuzzy residual set in (X,T) ifl —Ais a fuzzy first
category set in (X,T) [10].

(viii). fuzzy Baire set in (X,T) ifA = A §, wherepis a
fuzzy open set and 6 is a fuzzy residual set in (X,T) [14].

(ix). fuzzyo-nowhere dense set in (X,T) if A is a fuzzy
Fs-setin (X,T) such that int(A) = 0 [12].

(x). fuzzy o-boundary set in (X,T) ifA= viZ; A),
where p; = cl)A(1 —A)and(};)’s are fuzzy regular open
sets in (X, T) [15].

(xi). fuzzy strongly nowhere dense set in (X,T) if Aa (1-2)
is a fuzzy nowhere dense set in (X,T) [16].

Definition 2.4 [22]: Let (X,T) be a fuzzy topological space.
A fuzzy closed set A in X is called a fuzzy P-set if A <1 — p,
where p is a fuzzy Fgs- set in (X, T) implies that A < 1 — cl(p)
in X.

Definition 2.5: A fuzzy topological space (X,T) is called a

(i). fuzzy submaximal space if for each fuzzy set A in X,
such thatcl (A) =1, A€ T [4].

(ii). fuzzy hyperconnected space if every non- null fuzzy
open subset of (X, T) is fuzzy dense in (X, T) [6].

(iii). fuzzy extraresolvable space if
er A, and A;(i # j ) arefuzzy dense sets in Xtheni;Aj,is-
afuzzynowheredense set in X [25].

(iv). fuzzy nodec space if each fuzzy nowhere dense set is a
fuzzy closed set in X [11].

(v). fuzzy ultraconnected space if whenever A and p are
two non-zero fuzzy closed setsin (X,T),A £ 1 — win (X,T)
[23].

(vi). fuzzy globally disconnected space if each fuzzy
semi-open set is fuzzy open in X [20].

(vii). fuzzy Baire space if int (V{2;(A;)) = 0, where
(A;)'s are fuzzy nowhere dense sets in X [10].

(viii). fuzzy weakly Baire space if int(V;2,(y;))= 0, where

W =cl (A (1 =) and (A;)’s are fuzzy regular open sets in
X [15].

(ix). fuzzy strongly Baire space if cl (Vi2;(A;)) =1,
where(A;)’s are fuzzy strongly nowhere dense sets in X [16].

(x). fuzzy perfectly disconnected space if for any two non —
zero fuzzy sets A and p defined on X with A < 1—p, cl(A) <1
— ¢l () in X [19].

(xi). fuzzy F'-space if A <1 — p, whereAand p are
fuzzy Fs-sets in (X, T),then cl(A) <1 —cl(p), in X [21].

(xii). weak fuzzy Oz-space if for each fuzzy F, -set §in
(X,T), cl (8) is a fuzzy Gg -set in (X,T) [24].

(xiii). fuzzy semi normal space if given a fuzzy closedset
Aand a fuzzy open set u such that A < p,then there exists a
fuzzy regular open set g such that A< ¢ < p [7].

Theorem 2.1 [17]: If A is a fuzzy Baire set in a fuzzy glob-
ally disconnected space (X,T), then X is a fuzzy Gg -set in
X,T).
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Theorem 2.2 [17]: If A is a fuzzy Baire set in a fuzzy sub-
maximal space (X,T), then A is a fuzzy Gg -setin (X,T).

Theorem 2.3 [25]: If A is a fuzzy residual set in a fuzzy
extraresolvable space (X, T),then int (A) =0, in X.

Theorem2.4 [13]: IfA is a fuzzy residual set in a fuzzy top-
ological space (X,T), then there exists a fuzzy Gs- set n
in(X,T) such thatp < A.

Theorem2.5[23]: If A and p are fuzzy closed sets in a
fuzzy hyperconnected space(X,T), theniand p are fuzzy
nowhere dense sets in (X,T).

Theorem2.6 [22]: If a fuzzy set A is a fuzzy P-set in a fuzzy
topological space(X,T) such thatA <1 —p, where pis a
fuzzy F4-setin (X, T),then there exists a fuzzy open set & in X
suchthatA < 8§ < 1 —int(p).

Theorem 2.7 [14]: If A= p A (1 — @), wherep €T and a is
a fuzzy o-nowhere dense set in a fuzzy topological space
(X,T), then A is a fuzzy Baire set in (X, T).

Theorem2.8 [15]: If A is a fuzzy o-boundary set in a fuzzy
weakly Baire space (X,T), then A is a fuzzy a-nowhere dense
setin (X,T).

Theorem 2.9 [16]: If A is a fuzzy residual set in a fuzzy
strongly Baire space,then int(A) = 0, in X.

Theorem 2.10 [19]: If a fts (X,T) is a fuzzy perfectly dis-
connected space and A < 1 — p, for any two non-zero fuzzy
sets Aand p defined on X, then cl(A)# 1 and cl(n) # 1, in
X, T).

Theorem 2.11 [10]:If A is a fuzzy first category set in a
fuzzy topological space (X,T), then there is a fuzzy F, -setmn
in (X,T) such that A <mn.

Theorem 2.12 [8]: If a fuzzy topological space (X,T) is a
fuzzy second category(but not fuzzy Baire) and fuzzy hy-
perconnected space and A is a fuzzy residual set in (X,T), then

(i).A is a fuzzy nowhere dense set in (X,T);

(ii).(1 —A) is a fuzzy dense set in (X,T).

3. Baire — Separated Spaces

Definition 3.1: A fuzzy topological space (X,T) is called a
fuzzy Baire-separated space if for each pair of fuzzy closed
sets p; and p,in(X,T) such thaty, <1 — p,, there exists a
fuzzy Baire setnin (X,T) suchthatp; < <1 —p,.

Example3.l:Let X = {ab,c}. Let | = [0,1] and
a, B and y are the fuzzy sets defined on X as follows:

a:X—lis defined by a(d) = 0.8; « (b) =0.7; a(c) = 0.9,

B:X—lis defined by B(a) = 0.6; B (b) =0.9; B(c)= 0.8,

y:X—lis defined by y(a) =0.7;y (b) =0.6; y(c) =0.7.

Then, T={0, a,B,v.aVvB,BvY,arB,B AY, Y vlanB]l, 1} is
a fuzzy topology on X. By computation, one can find that int
cl (1— a) =0;intcl(1— B) = O;intcl(1—y) =0;
int cl(1—-[avB]) =0; int cl@—[B vy])=0; int cl
(1—[a A B]) = 0;intcl (1 —[BAy]) =0and

int cl 1—[yv(eaB)) =0. Thus 1—a, 1 - B, 1—v,
1-(avB), 1 -(Bvy).l-(a AB)l - (Bay) and

1— (y v[an B]) are fuzzy nowhere dense sets in (X,T). By
computation, one can find that 1— (BAy) = (1 —a) v (1
-BVA=v)vA -(avB) v -(BvY) v (L = (anp)
and thus 1 — (B Ay) is a fuzzy first category set in (X,T).
Then, B Ay is a fuzzy residual set in (X,T). For each fuzzy
open setd (=a,B,y, avB,BVvY, a AB, BAY,Y vla A B]), 6A
[B AY] = BAavyis a fuzzy Baire set in(X,T). One can easily
verify that for each pair of fuzzy closed sets p; and p,{= 1

- a, 1- Bl 1 _Y!l - (avB), 1- (BVY)I 1- (a/\B)! 1
— (Bay) 1 = (yla A BD} in (XT) such
that u; <1-— p,, there exists a fuzzy Baire set 8 Ay in (X,T)
suchthaty; < B Ay <1 — p,. Hence (X,T) is a fuzzy Baire —
separated space.

Proposition 3.1: If A is a fuzzy closed set and & is a fuzzy
open set in a fuzzy Baire - separated space (X,T) such that
A< &,then there exists a fuzzy Baire setn in (X,T) such that
ASn< 6.

Proof: Let A be a fuzzy closed set and be a fuzzy open set
in X, such that A <§&. Then, A<1-—(1- §8), where A
and(1 — &)are fuzzy closed sets in (X,T). Since (X,T) is a
fuzzy Baire - separated space, there exists a fuzzy Baire setn
in (X,T) such that A< n <1—(1—6)and it follows that
AN < 8§, in (XT).

Corollary 3.1: IfA is a fuzzy closed set anddis afuzzy
opensetin a fuzzy Baire - separated space (X,T) such that
A< §, then there exists a fuzzy Bairesetn in (X,T)such that
A < 1 < SandnisnotafuzzydensesetinX.

Proof: By proposition 3.1, there exists a fuzzy Baire
setmin (X,T)suchthat A < n < §, in (X,T). Now, cl(®) <cl
(n) < cl(8) and then, cl (n) < cl(6) and by Lemma
2.1,c1(8) is a fuzzy regular closed set and thus cl(8 )is a fuzzy
closed set in (X,T). Thus, there is a fuzzy closed set cl(8)in
(X,T) such that cl (n) < cl(§) <1. This implies that cl(n) is
not a fuzzy dense set in (X,T). Nowcl (cl(n)) = cl(n) and cl
(cl(n)) #1, implies that cl(n) # 1 and thusn is not a fuzzy
dense set in X.

Proposition 3.2: If Av8 =1, where A and § are fuzzy open
sets in a fuzzy Baire - separated space (X,T), then there exists
a fuzzy Baire setn in (X,T) suchthat1 — A< n < 6.

Proof: Suppose that Av8 = 1, whereA and & are fuzzy open
setsin (X,T). Then, 1 — (Av8)= 0. This implies that (1 —1) A
(1—-8)= 0 and then (1 -A)<1-— (1-6), where (1 —12)
and (1 —6)are fuzzy closed sets in (X,T). Since (X,T) is a
fuzzy Baire - separated space, there exists a fuzzy Baire
setnin (X,T) such that 1 —A<n <1-(1-¢5)and it fol-
lowsthatl —A <n < §,in (X,T).

Proposition 3.3: If there exists a fuzzy Baire setnin a
fuzzy topological space (X,T) such that 6, < n < 1—6,,
for each pair of disjoint fuzzy F;-sets §, and §,, then (X,T)
is a fuzzy Baire - separated space.

Proof: Let 8, and &,bea pair of disjoint fuzzyF -sets
in(X,T). Then, it follows that &, < 1-¢§, Since
8, and &, are fuzzy F,; -sets in (X,T), 8; = Viz,(;) and
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8, = Vi=1(By), where(a;)’sand(By)’sare fuzzy closedsets in
(X,T). Nowo; < $;and B <68, and a; <6, <1-6, <
1 — Bx. By hypothesis, there exists a fuzzy Baire setnin X
such that §; <n < 1—38,. Thus, for a pair of fuzzy closed
sets a; and By in (X,T) such that a; < 1— By, there exists a
fuzzy Baire setn in (X,T) such thata; <1 <1 —Byand
hencethefts(X,T) is a fuzzy Baire — separated space.

Proposition 3.4: If A is a fuzzy closed set and & is a fuzzy
open set in a fuzzy Baire - separated space (X,T) such that
A < &, then there exists a fuzzy residual setpin (X,T) such
that A < p.

Proof: Let A be a fuzzy closed set andSbe afuzzy open set
in (X,T) such that A <&. Since(X,T) is a fuzzy Baire
-separated space, by Proposition 3.1, there exists a fuzzy
Baire setmin (X,T) such that A <n < 8. Thenn=a A
u, where ais a fuzzy open set and p is a fuzzy residual set in
X. Nowa A p <y, impliesthatn < pand A < n < p. Thus,
for a fuzzy closed set Ain (X,T), there exists a fuzzy residual
set win (X,T) such that A<y, in (X,T).

It is observed that fuzzy nowhere dense sets are fuzzy
closed sets in fuzzy nodec spaces [11] and under what condi-
tionsdoesa fuzzy Baire — separated space has a fuzzy closed
set with fuzzy nowhere denseness ?

Proposition 3.5: If A is a fuzzy closed set and & is afuzzy
openset such that A < &in a fuzzy Baire - separated space
(X,T) in which fuzzy first category sets are fuzzy dense, then
A is a fuzzy nowhere densesetin X.

Proof: Let A b ea fuzzy closed set and 6 be a fuzzy open

set in(X,T)such that A < 6. Since (X,T) is a fuzzy Baire -
separated space, by Proposition 3.4, there exists a fuzzy re-
sidual set win (X,T)such that A < p. Then, int (A) <int ().
Now, 1 - is a fuzzy first category set in (X,T) and by hy-
pothesis, ¢l (1 —p) = 1. By Lemma2.l, 1— int(p) =
cll —pw) =1 and it follows that int(p)= 0 and then
int(A) <0, in (X,T). That is, int(A)=0. Since A is a fuzzy
closedset in X, cl(A) =Aand int cl(A) =int(A) =0. Hence
the fuzzy closed set A is a fuzzy nowhere dense set in X.

Proposition 3.6: If A is a fuzzy closed set and & is a fuzzy
open set in a fuzzy Baire - separated space (X,T) such that
A< &,then there exists a fuzzy Gs -setp in (X,T) such
that B < 6.

Proof:Let A be a fuzzy closed set and§ be a fuzzy open set
in (X,T)such thatix < §. Since (X,T) is a fuzzy Baire — sepa-
rated space, by Proposition 3.1,there exists a fuzzy Baire
setnin (X,T)such that A < n < 6. Now n beinga fuzzy
Baireset in (X,T),n = a Ay, where ais a fuzzy open set
and pis a fuzzy residual set in (X,T). Then, A< aAp <
8.By Theorem 2.4, for the fuzzy residual sety in X there
exists a fuzzy Gg -set y in (X,T) such thaty < p.
Then,a Ay < aAp=n,in (X,T). LetB =aAy.ThenBis a
fuzzy Gs- set in (X,T)such that B <mn < &.Hence,for the
fuzzy open set 8, there exists a fuzzy Gs —set B such that f <
8, in (X,T).

Corollary 3.2 If y; and p, are disjoint fuzzy closed sets in
a fuzzy Baire -separated space (X,T), then there exists a
fuzzy Gs-setnin (X,T)suchthat n <1 —pyandn <1 —p,.

Proof:Let p,; and p, be disjoint fuzzy closed sets in X.
Then,p A p, = 0. This implies thatp; < 1 —p,and 1 —
W, is a fuzzy open set in (X,T). Since (X,T) is a fuzzy Baire
-separated space, by Proposition 3.6, there exists a fuzzy Gg
—setn in (X,T) such thatn < 1 — p,. Also gy Ap, = 0, im-
plies that p, < 1 — p; and then it follows that there exists a
fuzzy Gs-setn in (X, T) such thatn < 1 — .

Proposition3.7: If a fuzzy set A is a fuzzy P-set such that
A< 1—yu, where pis a fuzzy F; - set in a fuzzy
Baire-separated space (X,T), then there exists a fuzzy
Bairesetnin (X,T) suchthat L < n < 1 —int(w).

Proof: Let A be a fuzzy P-set such thatA < 1 — pu, where
is a fuzzy F,-setin (X,T). Then, by Theorem 2.5, there exists
a fuzzy open set & in(X,T)such that A < 6 < 1 —int(p).
Since A is a fuzzy P -set in X, A is a fuzzy closed set andA <
6, in (X,T). Since (X,T) is a fuzzy Baire - separated space, by
Proposition 3.1, there exists a fuzzy Baire setn in (X,T) such
that L <n < 8. This implies that A < n< 86§<1-—
int(p) and hence A <1 < 1 —int(w), in (XT).

The following proposition gives a condition for a fuzzy
topological space to become a fuzzy Baire - separated space.

Proposition3.8: If i, < (1 —py) A(1 — ), for each pair
of fuzzy closed sets y; and p,and for a fuzzy o-nowhere
dense set «, ina fuzzy topological space (X,T), then (X,T) isa
fuzzy Baire - separated space.

Proof: Let p; and p,be a pair of fuzzy closed sets such
thatpy, < (1-py) A (1 — a), where a is a fuzzy a-nowhere
dense set in (X,T). Now(1 - ;) A(1-a) < (1- ) implies
that i, < (1-py). Sincep,is a fuzzy closed set, 1 -,is a
fuzzy open set in (X,T). Let n= (1- p) A(1- a). Then,
by Theorem 2.7, n is a fuzzy Baire set in (X,T). Thus, for a
pair of fuzzyclosed sets w, and p, in (X, T) such that
1 <1—py,
the existence of a fuzzy Baire set nin (X,T) such that
W< n< 1 —y, implies that (X,T) is a fuzzy Baire
-separated space.

Corollary 3.3:If p; < (1-py) A B, for each pair of fuzzy
closed sets p; and p, and for a fuzzy Gg-set set B such
that cI(B) = 1, ina fuzzy topological space (X,T), then (X,T)
is a fuzzy Baire -separated space.

Proof:Now B = 1— (1 - B),wherel— Bis a fuzzy F, —set
in (X,T) and int(l —B)=1—cl(B)= 1—1= 0. Then,
1—Bis a fuzzy o-nowhere dense set in (X,T) and p; <
(1- ) A(1 — (1= B)). By Proposition 3.8, (X,T) is a
fuzzy Baire - separated space.

Proposition 3.9: If yu; and p,are disjoint fuzzy closed sets
in a fuzzy Baire - separated space (X,T), then there exists a
fuzzy residual set  and a fuzzy first category setyin (X,T)
such that y; < Band p, < a vy, where ais a fuzzy closed

setin (X,T).
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Proof:Let u; and p,be disjoint fuzzy closed sets in (X,T).
Then, p;Ap, = 0. This implies thaty, < 1 —p,and 1 —
W,is a fuzzy open set in (X,T). Then, by Proposition 3.1,
there exists a fuzzy Baire setnin (X,T) such thatp; < n <
1—p,. Nown < 1 —p,, implies thatp, < 1 —nin (XT).
Since nis a fuzzy Baire set,n = A A §, where A is a fuzzy
open set and & is a fuzzy residual set in (X,T) and thus p, <
1-AA8)=1—-2)v(1—8). Leta=1—Aandy =1-3.
Then, ais a fuzzy closed set and y is a fuzzy first category
set in (X,T). By Proposition 3.4, for the fuzzy closed set y,,
there exists a fuzzy residual set 8in (X,T) such that u; <
B. Hence, for the disjoint fuzzy closed sets y; and p,, there
exists a fuzzy residual set g and a fuzzy first category set yin
(X,T) such that p; < Band p, < a vy, where ais a fuzzy
closed set in (X,T).

Proposition3.10: If y; and p,are disjoint fuzzy closed sets
in a fuzzy Baire - separated space (X,T), then there exists a
fuzz yresidual setfand a fuzzyF, -set §such that p; <
Band p, < §,in (X,T).

Proof: Let w; and p, be disjoint fuzzy closed sets in (X,T).
Since (X,T) is a fuzzy Baire- separated space, by Proposition
3.9, there existsa fuzzy residual setBand a fuzzy first catego-
ry setyin (X,T)suchthat p; < B and p, < avy,where ais
a fuzzy closed set in (X,T). By Theorem 2.11, for the fuzzy
first category sety, there is a fuzzy F;-set 6 in (X,T) such
thaty < 6andthen avy < av 8. Since a is a fuzzy closed
set, a v Ois a fuzzyF,-set in (X,T). Let 8§ = a vB. Hence,
for the disjoint fuzzy closed sets p; and p,, there exists a
fuzzy residual set g and a fuzzy F, —set § such thatp, <
Band p, < §,in (XT).

Proposition 3.11:Ifthe fuzzy sets (A,) ‘s (i = 1 to «)are
fuzzy closed sets and(8;)’s (i = 1 to ) arefuzzyopen sets
such that A; < §;ina fuzzy Baire - separated space (X,T) in
which fuzzy first category sets are fuzzy dense, thenV;2,(6;)
is a fuzzy open and fuzzy dense set in (X,T).

Proof:Let (A,)‘s (i = 1 to o) be fuzzy closed sets
and(§;)’s (i = 1 to «o)be fuzzy open sets in a fuzzy Baire -
separated space (X,T) such that A; < &;. This implies
thatViZ, (&) < Vi21(8:) and cl[ViZ; (A;)] < cl[ViZ,(8)], in
(X,T). Since (X,T) is a fuzzy Baire — separated space in which
fuzzy first category sets are fuzzy dense, by Proposition
3.5, () ‘s are fuzzy nowhere dense sets in (X,T).
Then,ViZ, (%, )is a fuzzy first category set in (X,T). By hy-
pothesis, cI[V;z;(%,)]=1. This implies that cl [V{2,(8;)] =
land thusViz,(8;) is a fuzzy open and fuzzy dense set in
X, T).

Corollary 3.4: If the fuzzy sets (X,) ‘s (i = Ito o) are
fuzzy closed sets and(8;)’s(i = 1 to oo)are fuzzy open sets
such that ; < §;ina fuzzy Baire - separated space (X,T) in
which fuzzy first category sets are fuzzy dense, then there
exists a fuzzy first category and fuzzyF, —setiand a fuzzy
open and fuzzy dense set §in (X,T) such thati; <2, §; <
dand A < 6.

Proof:Let (A,) ‘s(i = 1 to o) be fuzzy closed sets
and (&;)’s (i = 1 to oo)be fuzzy open sets in a fuzzy Baire -
separated space (X,T) such thatk; < §;. Then,by Proposition
3.1V, (6;) is a fuzzy open and fuzzy dense set in (X,T).
Also ViZ,(1,) is a fuzzy first category set in (X,T). Since
(A;) ‘sare fuzzy closed sets, Vi2;(},)is a fuzzyF,-set in
(X,T). Let A= VZ,(3;) andd = V2, (6;). Hence, there
exists a fuzzy first category and fuzzy F, -sethand a fuzzy
open and fuzzy dense setdin (X,T) such thath; < A, §; <
dandi < 6.

The following proposition gives a condition for a fuzzy
topological space to become a fuzzy Baire - separated space.

Proposition 3.12: If A < 8y, foreach fuzzy closed set A
and each fuzzy open set 8§, where w is a fuzzy residual set in a
fuzzy topological space (X,T), then (X,T) is a fuzzy Baire -
separated space.

Proof: Suppose that A< & A y, for each fuzzy closed set A
and each fuzzy open set §, where p is a fuzzy residual set in
(X,T). NowSAp <8, implies that L < SAp < §. Let
n= 6 A . Then, n is a fuzzy Baire set in(X,T). Hence (X,T) is
a fuzzy Baire — separated space.

Corollary 3.5: If Avn < §, for each fuzzy closed set A and
each fuzzy open set §,where n is a fuzzy first category set in
a fuzzy topological space (X,T),then (X,T) is a fuzzy Baire —
separated space.

4. Fuzzy Baire-Separated Spaces and
Other Fuzzy Topological Spaces

Proposition4.1: If X is a fuzzy closed set and & is a fuzzy
open set in a fuzzy Baire -separated and fuzzy globally dis-
connected space (X,T) with A < 6, then there exists a
fuzzy G5 —setn in (X,T) suchthat A < n < 6.

Proof: Let A be a fuzzy closed set and § be a fuzzy open
set in (X,T) with A<4. Since (X,T) is a fuzzy Baire
-separated space, by Proposition 3.1, there exists a fuzzy
Baire setn in (X,T) suchthat A < n < 6. Also since (X,T) is
a fuzzy globally disconnected space, by Theorem 2.1, the
fuzzy Baire set nis a fuzzy Gs -set in X. Hence, for a fuzzy
closed set A and a fuzzy open set with A < §, there exists a
fuzzy Gs —setn in X, suchthatA < n < 6.

Corollary 4.1: If u; and p, are disjoint fuzzy closed sets in
a fuzzy Baire-separated and fuzzy globally disconnected
space (X,T), then there exists a fuzzyGg -setnin (X, T) such
thaty, < n < 1—p,.

Proof:Let p, and p,be disjoint fuzzy closed sets in (X,T).
Then, pAp, = 0. This implies that i, <1 —p, and 1 —
W, is a fuzzy open set in(X,T). Since(X,T) is a fuzzy Baire —
separated and fuzzy globally disconnected space, by Propo-
sition 4.1, there exists a fuzzy Gs —set n in (X,T) such
thatpy, < < 1—p,.

Proposition 4.2: If A is a fuzzy closed set and 6 is a fuzzy
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open set with A< §in a fuzzy Baire -separated and fuzzy
submaximal space (X,T), then there exists a fuzzy Gg —
setmin (X,T)suchthat A < n < 6.

Proof:Let AbeafuzzyclosedsetandSbe a fuzzy open setin
(X,T) withA < 6. Since(X,T) is a fuzzy Baire - separated
space, by Proposition 3.1, there exists a fuzzy Bairesetnin
(X,T) such that A< n < §. Also since (X,T) is a fuzzy sub-
maximal space, by Theorem 2.2, the fuzzy Baire setnis a
fuzzy Gs -set in (X,T). Hence, for a fuzzy closedsetA and a
fuzzy opensets with A< §, thereexistsafuzzyGg -setnin X
such that A< n < 6.

Corollary 4.2: If p; and p, are disjoint fuzzy closed sets
in a fuzzy Baire-separated and fuzzy submaximal space (X, T),
then there exists a fuzzy Gg -setn in (X,T) such that p; <
n=1-p,.

Corollary 4.3: If ais a fuzzy open set and Bis a fuzzy
closed set with 3 < aina fuzzy Baire-separated and fuzzy
submaximal space (X,T), then there exists a fuzzy F;-set § in
(X,T)suchthat < 6 < «a.

Proof:Let a be a fuzzy open set and 8 be a fuzzy closed set
in (X,T) withf < a. Then, 1—a <1-f, where 1—aisa
fuzzy closed set and 1 - Bis a fuzzy open set in the fuzzy
Baire - separated and fuzzy submaximal space (X,T). By
Proposition 4.2, there exists a fuzzy Gs —setn in (X,T) such
thatl-a <n < 1-— B.Then,itfollowsthatp < 1—n <
a. Letd§=1—mn. Then, § is a fuzzy F; -set in (X,T)
andB < 8§ < a,in(XT).

It is observed that fuzzy nowhere dense sets are fuzzy
closed sets in fuzzy nodec spaces [11] and subsequently a
question will arise. Which fuzzy topological spaces [other
than fuzzy hyperconnected spaces [23], fuzzy globally dis-
connected spaces] have fuzzy closed sets with fuzzy nowhere
denseness? The following propositions give the answers for
thi squestion.

Proposition 4.3:1f A is a fuzzy closed set and § is a fuzzy
open set with A< &in a fuzzy Baire-separated and fuzzy ex-
traresolvable space (X,T), then the fuzzy closed set A is
afuzzy nowhere dense set in (X, T).

Proof: Let A be a fuzzy closed set and Sbe a fuzzy open set
in (X,T)with A< &. Since (X,T) is a fuzzy Baire -separated
space, by Proposition 3.4, there exists a fuzzy residual set p in
(X,T) such that A < p. Then, int (A) <int (), in (X,T). Also
since (X,T) is a fuzzy extra-resolvable space, by Theorem 2.3,
int()= 0 and then int(A) <0. That is, int(A)=0, in (X,T).
Since A is a fuzzy closed set,cl(A) =X and int cl(A) =int(A)
= 0. Hence the fuzzy closed set A is a fuzzy nowhere dense
setin (X,T).

Proposition 4.4: If A is a fuzzy closed set and § is a fuzzy
open set with A< §in a fuzzy Baire - separated and fuzzy
strongly Baire space (X,T), then the fuzzy closed set A is a
fuzzy nowhere dense set in (X,T).

Proof: Let A be a fuzzy closed set and 6 be a fuzzy open
set in (X, T)with A< 6. Since (X,T) is a fuzzy Baire - sepa-

rated space, by Proposition 3.4, there exists a fuzzy residual
set win (X,T) such that A< p. Then, int (A) < int (p), in (X,T).
Also since (X,T) is a fuzzy strongly Baire space, by Theorem
2.9, int(w)= 0 and then int (L) <0. That is, int(A) =0, in
(X,T). SinceAis a fuzzy closed set in X, cl(A) =A and int
cl(n) =int(A) =0. Hence the fuzzy closed set A is a fuzzy
nowhere dense set in (X, T).

Corollary 4.4: Ify, and p,are disjoint fuzzy closed sets in
a fuzzy Baire - separated and fuzzy strongly Baire space (X,T),
then p; and p, are fuzzy nowhere dense sets in (X, T).

Proof: Let p, and p,be disjoint fuzzy closed sets in (X,T).
Then, p,Ap, = 0. This implies thatpy, < 1 —p, and 1 —
W, is a fuzzy open set in (X, T). Since (X,T) is a fuzzy Baire -
separated space, by Proposition 3.4, there exists a fuzzy re-
sidual set 6 in X such that w; < 8. Then, int () <int (5),
in (X,T). Also since (X,T) is a fuzzy strongly Baire space, by
Theorem2.9, int(8) = 0 and then int( ;) <0. That is, int
() =0, in (X,T). Since p,is a fuzzy closed set in X, cl( p;)
= p,andintcl( ;) =int () =0. Hencew,is a fuzzy no-
where dense set in (X,T). Also pyyAap, = 0, implies
that u, <1 —pyand then it follows that p, is also a fuzzy
nowhere dense set in (X,T).

Corollary4.5: If p; and p,are disjointfuzzy closed setsin a
fuzzy Baire -separated and fuzzy extraresolvable space (X,T),
theny, and p,arefuzzynowheredense setsin(X,T).

Proposition 4.5: If A is a fuzzy closed set and 6 is a fuzzy
open set in a fuzzy Baire -separated and fuzzy second cate-
gory (but not fuzzy Baire) and fuzzy hyper-connected space
(X,T) such that A< §, then the fuzzy closed set A is a
fuzzynowhere dense set in (X,T).

Proof: Let A be a fuzzy closed set and 6 be a fuzzy open
set in (X,T) such that A < §. Since (X,T) is a fuzzy Baire
-separated space, by Proposition 3.4, there exists a fuzzy
residual set pin (X,T) such that A< p. Then, int(A) < int(p),
in (X,T). Also since (X,T) is a fuzzy second category (but not
fuzzy Baire) and fuzzy hyper-connected space, by Theorem
2.12,the fuzzy residual set p is a fuzzy nowhere dense set in
(X,T). Then, intcl(p)= 0 and int(p) <int cl(p)implies that
int(W= 0 and thenint (A)=0, in (X,T). Since A is a fuzzy
closed set, cl(A) = A andint cl(A) =int(A) =0. Hence the
fuzzy closed set A is a fuzzy nowhere dense set in (X, T).

The following proposition shows that fuzzy ultra-connected
spaces, are not fuzzy Baire - separated spaces.

Proposition 4.6: If a fuzzy topological space(X,T) is a
fuzzy ultraconnected space, then (X,T) is not a fuzzy Baire —
separated space.

Proof: Let y; and p,be a pair of fuzzy closed sets in (X,T).
Since (X,T)is a fuzzy ultraconnected space, p; £ 1 —p, in
(X, T). Then, it is not possible to find a fuzzy Baire setn in
(X,T) such that py < n<1 —p,Hence (X,T) is not a
fuzzy Baire - separated space.

The following proposition gives a condition under which
fuzzy weakly Baire spaces become fuzzy Baire - separated
spaces.
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Proposition 4.7:1 fu; < (1- py) A (1- @), where aisa
fuzzy o-boundary set and p; and p, are fuzzy closed setsin a
fuzzy weakly Baire space (X,T),then (X,T) is a fuzzy Baire -
separated space.

Proof: Let p; and p, be a pair of fuzzy closed sets such that
b < (- p) A (1 — a), where a is a fuzzy g-boundary set
in (X, T). Since (X,T) is a fuzzy weakly Baire space, by The-
orem 2.8, the fuzzy o-boundary set a is a fuzzy o-nowhere
dense setin X. Thus, iy < (1- ) A (1 —a), whereaisa
fuzzy o-nowhere dense set in (X, T). Then, by Proposition 3.8,
(X,T) is a fuzzy Baire - separated space.

Proposition 4.8:1f u; <1 —p,, for any two non - zero
fuzzy setsy, and p,in a fuzzy perfectly disconnected and
fuzzy Baire - separated space (X, T), then there exists a fuzzy
Baire setn in (X,T) such thatp; < n <1 — p,.

Proof: Let p, and p,be any two fuzzy sets defined on X
such that u; <1 —p,. Since (X,T) is a fuzzy perfectly dis-
connected space, p; <1 — p,implies that cl(p, ) < 1-—cl
(uy). By Theorem 2.10, cl(p, ) # 1 and cl(p,) # 1, in (X,T).
Also since (X,T) is a fuzzy Baire -separated space, for the
fuzzy closed sets cl(y, )and cl (), there exists a fuzzyBaire
set n in (X,T) such that cl(p;) < n <1-cl(yy). Now
w<cl(wy) sns1-c(u) <1-—yp,, implies that
B <NnN<1 —p,,inX.

Proposition 4.9: If the fuzzy sets y; and p, are dis-
jointfuzzy F; -sets in a fuzzy F'- space and fuzzy Baire -
separated space (X,T), then there exists a fuzzy Baire setn in
(X,T)suchthatpy, < n <1 —p,.

Proof: Let p, and p,be disjoint fuzzy Fs-sets in (X,T).
Then, p;Ap, = 0. This implies that p; < 1 — p,. Since (X,T)
is a fuzzy F'-space,u; <1- p,impliesthatcl(u,)<1 —cl
(u2). Also since (X,T) is a fuzzy Baire-separated space, for
the fuzzy closed sets cl(p, ) and cl (), there exists a fuzzy
Baire set n in X, such that
c(p) €=n<1-—cuy). Nowy, <cl(p) <n<1-
cl(uy) <1 —p,, impliesthatp; < < 1 — py,in (X,T).

Proposition 4.10: If the fuzzy sets p, and p, are disjoint
fuzzy closed sets in a fuzzy Baire - separated and fuzzy
globally disconnected space (X,T), then there exists a
fuzzy Gg — set n and a fuzzy F,-set &6 in (X,T) such
that i, nandp, < 6.

Proof: Let y, and p,be disjoint fuzzy closed sets in (X,T).
Since (X,T) is a fuzzy Baire — separated space, by Corollary
4.1, there exists a fuzzy Gs -set n in (X,T) such that
B <n< 1-—p,.Nown <1—yp,, implies thatp, < 1-—
n, in (X,T). Since n is a fuzzyGg -set,1 — n is a fuzzy F,-set
in (X,T). Letd = 1 —mn. Hence, for the disjoint fuzzy closed
sets p, and p,, there exists a fuzzyGs —setn and a fuzzy F,
—set 6 in (X,T) such that p; < nmand p, < 8.

Proposition 4.11: If the fuzzy sets p, and p, are disjoint
fuzzy closed sets in a fuzzy Baire -separated and fuzzy sub-
maximal space (X,T), then there exists a fuzzy Gs —set n and
afuzzy F; —set 6in (X,T) such that p; < mandp, < 6.

Proof: The proof follows from Corollary 4.2.

Proposition 4.12: If the fuzzy sets p; and p, are disjoint
fuzzy closed sets in a fuzzy Baire -separated, fuzzy globally
disconnected and weak fuzzy Oz-space (X,T),then there exist
fuzzyGs —setsmand 0 in (X,T) such that u; < mnandp, < 8.

Proof: Let p, and p,be disjoint fuzzy closed sets in (X,T).
Since(X,T) is a fuzzy Baire - separated, fuzzy globally dis-
connected space, by Proposition 4.10, there exists a fuzzyGs
—set nand a fuzzy F; -set §in (X,T) such that p; <
nandp, < &.Nowp, < §implies that cl(p,) <cl (8), and
then since p,is a fuzzy closed set, p, = cl(p,) <cl(§),
in(X,T). Also since (X,T) is a weak fuzzy Oz-space, for the
fuzzy F;-setd, cl(6) is a fuzzy Gg -set in (X,T). Let6 =
cl (8). Hence, for the disjoint fuzzy closed
sets y, and p,, there exist fuzzy Gg —sets mand 6in (X,T)
suchthatp; <mandp, < 6.

The following proposition gives a condition under which
fuzzy Baire — separated spaces become fuzzy semi normal
spaces.

Proposition 4.13:1f a fts (X,T)is a fuzzy Baire -separated
space in which fuzzy Baire sets are fuzzy regular open sets,
then (X,T) is a fuzzy seminormal space.

Proof: Let A be a fuzzy closed set and & be a fuzzy open
set in (X,T)such thatA< &6.Since (X,T) is a fuzzy Baire —
separated space, by Proposition 3.1, there exists a fuzzy Baire
set in (X,T)such that A< n < 8. By hypothesis, the fuzzy
Baire set ) is a fuzzy regular open set in (X,T) and thus for
the fuzzy closed set A and the fuzzy open set § such that
A< 8, there exists a fuzzy regular open setr in (X,T) such
that A < n < 6. Hence it follows that (X,T) is a fuzzysemi-
normal space.

Proposition 4.14: If a fts (X,T) isa fuzzy Baire - separated
space in which for each fuzzy Baire set n, n = int (y),where
(1—y) €T, then (X,T) is a fuzzy semi normal space.

Proof: The proof follows from Lemma 2.1 and Proposition
4.13.

5. Conclusion

In this paper, the notion of fuzzy Baire-separated spaces is
introduced in terms of fuzzy Baire sets. It is shown that fuzzy
Baire sets lie between disjoint fuzzy P-sets and fuzzy F-
sets in a fuzzy Baire-separated space. Also it is obtained that
fuzzy Baire sets which lie between fuzzy closed sets and fuzzy
open sets in a fuzzy Baire-separated space are not fuzzy dense
sets. The conditions under which fuzzy topological spaces
become fuzzy Baire-separated spaces are identified. Fuzzy
nowhere dense sets are fuzzy closed sets in fuzzy nodec
spaces and subsequently the fuzzy topological spaces having
fuzzy closed sets with fuzzy nowhere denseness are identi-
fied and it is shown that fuzzy ultraconnected spaces are not
fuzzy Baire - separated spaces. The means, by which fuzzy
weakly Baire spaces become fuzzy Baire -separated spaces
and the fuzzy Baire-separated spaces become fuzzy semi-
normal spaces are obtained. In the future work, the in-


http://www.sciencepg.com/journal/pamj

Pure and Applied Mathematics Journal

http://www.sciencepg.com/journal/pamj

ter-relations between fuzzy Baire spaces and Baire -separated
spaces have to be explored.
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