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Abstract 

The deterministic optimal-control literature on perishable inventory management including the dynamic-pricing, preservation 

investment, and advertising framework this paper extends assumes that demand evolves along a known, smooth trajectory. Real 

retail environments violate this assumption: freshness-sensitive demand is buffeted by continuous stochastic fluctuation and by 

discrete shocks such as viral promotions, weather events, and supply disruptions. This paper develops a continuous-time 

stochastic optimal control model in which the stock-in-phase inventory process follows a jump diffusion stochastic differential 

equation combining Brownian demand noise with a compound Poisson jump component, while dynamic pricing, warehousing 

preservation investment, and advertising remain the retailer's control variables. We derive necessary optimality conditions via a 

Stochastic Maximum Principle with a backward stochastic adjoint equation, establish a verification theorem linking the adjoint 

process to the value function of the associated integro-partial differential Hamilton-Jacobi-Bellman (HJB) equation, and show 

that the linear demand or quadratic-cost structure of the problem reduces the HJB equation to a solvable system of Riccati type 

ordinary differential equations, yielding closed-form feedback laws for the optimal price and advertising rate. As an independent, 

non-parametric benchmark, we additionally solve the integro PDE HJB equation via an explicit finite-difference dynamic 

programming scheme; the two solution methods agree to within 0.03% across the feasible inventory range, cross-validating the 

analytical reduction. Numerical experiments show that the optimal expected discounted profit is monotonically decreasing in 

jump intensity and jump severity (pure downside risk from unhedgeable demand shocks) but weakly increasing in diffusion 

volatility, a consequence of the convexity of the value function in the inventory state an option-like effect specific to the risk-

neutral, linear-quadratic stochastic control formulation. Monte-Carlo simulation of 3,000 sample paths confirms that a policy 

computed under the stochastic formulation reduces downside tail exposure relative to a deterministic-equivalent (risk-naïve) 

policy under otherwise identical demand realizations. The paper contributes the first stochastic maximum principle treatment of 

the joint pricing-preservation advertising problem for perishable goods and the first dynamic-programming cross-validation of 

such a solution in this literature. 
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1. Introduction 

Perishable inventory management sits at the intersection of 

pricing, promotion, and quality preservation, and a substantial 

continuous-time optimal-control literature most recently the 

dual-preservation, freshness-and advertising framework of 

Dehury et al. [7], which this paper takes as its point of depar-

ture has shown that jointly optimizing these levers via 

Pontryagin's Maximum Principle (PMP) yields analytically 

tractable, economically interpretable decision rules. That lit-

erature, however, is uniformly deterministic: demand is as-

sumed to follow a known function of price, freshness, inven-

tory visibility, and advertising, with no allowance for the un-

hedgeable variability that characterizes real retail demand. 

Two forms of this variability are economically distinct and are 

conflated when demand is treated as deterministic. The first is 

continuous, unpredictable day-to-day fluctuation around the 

deterministic demand trend captured naturally by a diffusion 

term. The second is discrete, discontinuous demand shocks a 

viral social-media mention, a competitor stock-out, a flash 

promotion, or a weather event that instantaneously deplete in-

ventory by an amount unrelated to the smooth demand trend. 

Recent empirical and methodological work confirms both 

channels matter: Chehrazi, Sanders, and Stamatopoulos [4] 

show that inventory information frictions materially distort 

optimal pricing in perishable groceries, while Li and Huang 

[13] show that state-dependent jump risk fundamentally 

changes the structure of optimal inventory control relative to 

pure-diffusion benchmarks. 

This paper closes that gap by embedding the dynamic-pric-

ing and advertising control problem inside a jump-diffusion 

stochastic optimal control framework and solving it via the 

Stochastic Maximum Principle (SMP) of Peng [15], with a dy-

namic-programming (HJB) cross-validation. Three consider-

ations motivate this specific combination of methods rather 

than either alone. First, the SMP delivers pointwise necessary 

conditions a Hamiltonian and a backward stochastic adjoint 

(costate) equation that generalize the deterministic PMP con-

ditions in a form directly comparable to the antecedent litera-

ture, preserving interpretability of the resulting price and ad-

vertising rules as shadow price-driven feedback laws. Second, 

because the demand function is linear in the controls and the 

running profit is quadratic in price and advertising, the result-

ing HJB equation admits a quadratic value-function ansatz, re-

ducing an otherwise intractable integro PDE to a system of 

ordinary Riccati equations that can be solved to high numeri-

cal precision by standard ODE software avoiding the curse of 

dimensionality that a purely numerical dynamic-programming 

solution would face in richer (multi-item or higher-dimen-

sional) extensions. Third, solving the same HJB equation in-

dependently via an explicit finite difference scheme without 

invoking the quadratic ansatz provides an internal verification 

that the closed-form Riccati solution is not an artifact of the 

ansatz but the true optimal value function, a cross-validation 

step that is rarely reported in the deterministic PMP literature 

on perishable inventory and that we regard as essential once 

stochastic dynamics make closed-form verification non-obvi-

ous. 

The specific contributions of this paper are as follows. 

1) A jump-diffusion stochastic extension of the joint pric-

ing-preservation and advertising control problem. We 

formulate the stock-in-phase inventory process as an Itô 

jump-diffusion stochastic differential equation, combin-

ing multiplicative Brownian demand noise with an addi-

tive compound-Poisson jump component representing 

discrete demand shocks, while retaining the freshness-

sensitive, stock-visibility and sensitive, advertising-re-

sponsive demand structure of the deterministic anteced-

ent. 

2) Stochastic Maximum Principle derivation with adjoint 

BSDE. We derive the Hamiltonian, the backward sto-

chastic adjoint equation for the costate process, and the 

pointwise first-order optimality conditions for price and 

advertising, and state the verification theorem linking 

the SMP solution to the HJB value function. 

3) Closed-form Riccati reduction. Exploiting the linear-

quadratic structure of the problem, we show the HJB 

equation reduces to three coupled Riccati-type ordinary 

differential equations, and derive closed-form feedback 

laws for the optimal price and advertising rate as affine 

functions of the inventory state. 

4) Independent dynamic-programming verification. We 

solve the same integro PDE HJB equation via an explicit 

finite-difference dynamic-programming scheme that 

does not assume a quadratic value function, and show 

the two solutions agree to within a fraction of one per-

cent across the feasible inventory range a cross-valida-

tion not previously reported in this literature. 

5) Risk-structure results and simulation evidence. We 

prove and numerically confirm that the optimal expected 

discounted profit is monotonically decreasing in jump 

intensity and jump severity but weakly increasing in dif-

fusion volatility an option-like convexity effect and use 

Monte-Carlo simulation to quantify the downside-risk 

value of stochastic aware control relative to a determin-

istic equivalent policy. 

The remainder of the paper is organized as follows. Section 

2 reviews three literature streams deterministic dynamic pric-

ing or preservation models for perishables, stochastic and 

jump-diffusion inventory control, and distributionally robust 

and data-driven pricing and positions the present study against 

the closest antecedents via a comparative table. Section 3 

states the model assumptions, notation, and the jump-diffu-

sion state dynamics. Section 4 develops the Stochastic Maxi-

mum Principle formulation: Hamiltonian, adjoint BSDE, and 

the HJB equation. Section 5 derives the closed-form Riccati 

reduction and the resulting feedback price and advertising 

laws, together with formal propositions on the risk-structure 
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of the value function. Section 6 reports the dynamic-program-

ming verification, simulation experiments, and sensitivity 

analysis. Section 7 discusses managerial implications. Section 

8 concludes with limitations and directions for future research. 

2. Literature Review 

The literature relevant to this study spans three streams: (i) 

deterministic dynamic pricing and preservation-investment 

models for perishable inventory, (ii) stochastic and jump-dif-

fusion inventory and pricing control, and (iii) distributionally 

robust and data-driven approaches to pricing under demand 

ambiguity. 

2.1. Deterministic Dynamic Pricing and 

Preservation-Investment Models 

The immediate antecedent of this study is Dehury et al. [7], 

who formulate a continuous-time optimal control model in 

which demand depends jointly on price, freshness, stock-level 

visibility, and advertising across a two-phase replenishment 

cycle, applying Pontryagin's Maximum Principle to derive 

closed-form pricing and advertising rules via a reduction to a 

linear ordinary differential equation. That paper synthesizes 

and extends a line of deterministic models dynamic pricing 

and preservation investment under freshness and price-sensi-

tive demand, controllable lead time, dual-stage (transit and 

warehousing) preservation decomposition, and waiting time-

dependent partial backlogging that collectively established 

dynamic pricing, preservation, and advertising as jointly opti-

mizable, analytically tractable control problems. This litera-

ture stream, however, is uniformly built on deterministic de-

mand trajectories, leaving the model's behaviour under genu-

ine demand uncertainty analytically unexamined. 

2.2. Stochastic and Jump-Diffusion Inventory 

and Pricing Control 

A parallel and largely separate literature formulates pricing 

and inventory control directly as stochastic optimal control 

problems. Chehrazi, Sanders, and Stamatopoulos [4] show 

empirically that frictions in inventory information explain ob-

served price rigidity in perishable groceries, underscoring that 

stochastic, imperfectly observed inventory dynamics are not a 

theoretical nicety but a first order empirical feature of perish-

able retail. On the methodological side, Li and Huang [13] 

study an inventory control problem under a reflected jump-

diffusion net-flow process with state-dependent jump inten-

sity, establishing well-posedness of the associated integro dif-

ferential HJB equation providing the closest methodological 

antecedent for the jump diffusion HJB equation solved numer-

ically in Section 6 of this paper. Kavoosi et al. [11] instead 

approach joint dynamic pricing and inventory control for per-

ishables via deep reinforcement learning, sidestepping analyt-

ical tractability in exchange for the ability to handle rich, high-

dimensional demand uncertainty structures; their results are 

complementary to, rather than substitutable for, the closed-

form feedback laws obtained here, and their DRL benchmark-

ing methodology represents a natural extension of the present 

model to settings where the linear-quadratic ansatz fails. Xie 

and Xie [19] apply neural-network and fuzzy-logic control 

strategies to intelligent warehousing inventory decisions, il-

lustrating a further data-driven alternative to the analytical sto-

chastic control pursued in this paper. Classical methodologi-

cal foundations for this stream include Peng's [15] general 

Stochastic Maximum Principle, on which Section 4 is built, 

Bensoussan, Liu, and Sethi's [1] quasi-variational inequality 

treatment of (s, S) policies under compound Poisson and dif-

fusion demand, and Yong and Zhou's [22] unified treatment 

of stochastic Hamiltonian systems and HJB equations, which 

underlies the verification theorem stated in Section 4.4. 

2.3. Distributionally Robust and Data-Driven 

Pricing Under Demand Ambiguity 

A third, closely related stream avoids committing to a fully 

specified stochastic demand model altogether, instead opti-

mizing against the worst case over an ambiguity set of demand 

distributions. Kuhn, Shafiee, and Wiesemann [12] provide a 

comprehensive treatment of distributionally robust optimiza-

tion (DRO) methodology; Cai, Li, and Mao [2] extend the mo-

ment based DRO paradigm to distorted expectations, and 

Jiang, Cheng, Pan, and Shen [10] develop dimensionality re-

duction techniques for moment-based DRO that are directly 

relevant to scaling the present single-item model to a multi-

item assortment. In the inventory routing domain, Hasturk et 

al., Jia, Schrotenboer, and Chen, and Che, Feng, and Fu [3, 8, 

9] apply robust and distributionally robust formulations to se-

quential replenishment decisions under demand and supply 

uncertainty, illustrating the broader methodological trend to-

ward ambiguity robust rather than fully parametrically speci-

fied stochastic control in inventory management. The present 

paper deliberately adopts the fully specified stochastic (rather 

than distributionally robust) formulation because it is the for-

mulation under which the Stochastic Maximum Principle and 

the linear-quadratic Riccati reduction are applicable in closed 

form; extending the model to a distributionally robust jump 

diffusion setting is identified as a direction for future research 

in Section 8. 

2.4. Adjacent Preservation-Technology and 

Green-Inventory Extensions 

A further body of 2024-2026 work extends deterministic 

deteriorating-item models along complementary dimensions 

that this paper does not pursue but that indicate the directions 

in which the present stochastic framework could next be ex-

tended: Yadav, Yadav, and Bansal [20] and Yadav, Kumar, 

Yadav, and Rathee [21] integrate preservation technology in-
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vestment with carbon-emission and green-technology consid-

erations under interval-valued and selling-price and time-sen-

sitive demand respectively, Routray, Dehury, and Sahu de-

velop a three-warehouse deteriorating-item model integrating 

ramp-type demand, carbon cap-and-trade, and two-part trade 

credit under inflation [14], Rani, Maheshwari, and Sharma [17] 

integrate eco-packaging, advertising, and carbon-tax con-

strained pricing, Das, Mandal, Akhtar, Shaikh, and Bhunia [5] 

extend Pontryagin's Maximum Principle itself to interval-val-

ued control problems for imperfect production systems, Das, 

Akhtar, Shaikh, Manna, and Konstantaras [6] study emission 

effort and rework policy via equilibrium optimizer algorithms, 

Praveen and Manoharan [16] examine two-level trade-credit 

financing under expiration date constraints; and Sahedev, Ku-

mar, Singh, and Chauhan [18] develop a fuzzy stock-depend-

ent demand model with salvage value under deferred pay-

ments. None of these studies, however, embeds a jump-diffu-

sion or general stochastic demand process within a Stochastic-

Maximum Principle solved, dynamic-programming verified 

control framework, which is the specific gap this paper ad-

dresses. 

2.5. Comparative Summary and Positioning 

Table 1. positions the present study against its closest antecedents along the dimensions most relevant to stochastic perishable inventory 

control. 

Study Demand Control variables Solution method 
Stochastic verifica-

tion 

Dehury et al. [7], base 

model 

Deterministic (price, 

freshness, stock, advertising) 

Price, advertising, 

dual preservation, 

lead time 

Pontryagin's Maximum 

Principle → linear ODE 
N/A 

Chehrazi, Sanders & 

Stamatopoulos [4] 

Stochastic; information fric-

tions 
Price (empirical) 

Empirical / structural estima-

tion 
N/A 

Li & Huang [13] 
Reflected jump-diffusion, 

state-dependent jumps 

Inventory control 

(no pricing/adver-

tising) 

Integro-differential HJB, vis-

cosity solutions 

Analytical well-posed 

Ness only 

Kavoosi et al. [11] Stochastic (learned) Price, inventory Deep reinforcement learning None (model-free) 

Kuhn, Shafiee & 

Wiesemann; Cai, Li 

& Mao [2, 12] 

Distributionally ambiguous 

(moment-based) 

Pricing / inventory 

(general) 

Distributionally robust opti-

mization 
N/A 

This Study 
Jump-diffusion (Brownian + 

compound Poisson) 

Price, advertising, 

warehousing 

preservation 

Stochastic Maximum Princi-

ple + closed-form Riccati re-

duction 

Independent finite-dif-

ference DP/HJB 

benchmark 

 

As Table 1 shows, the present study is the first to combine 

(i) a jointly optimized price advertising-preservation control 

vector, (ii) jump diffusion (rather than pure-diffusion or 

purely empirical) demand uncertainty, (iii) a Stochastic-Max-

imum Principle solution reduced to closed form via a Riccati 

system, and (iv) an independent dynamic-programming veri-

fication of that closed-form solution. 

3. Model Assumptions, Notation, and 

Stochastic State Dynamics 

3.1. Assumptions 

A1. Two-phase cycle. As in the deterministic antecedent, 

each replenishment cycle comprises a stock-out phase [0, tₗ] 

governed by waiting time dependent partial backlogging and 

a stock-in phase [tₗ, T] in which the retailer holds physical in-

ventory. This paper's stochastic extension applies to the stock-

in phase, where dynamic pricing, advertising, and warehous-

ing preservation are jointly controlled, the stock-out phase re-

tains the deterministic backlogging and transit-preservation 

structure of the antecedent model, since the retailer's inability 

to observe backlogged demand in real time makes stochastic 

control of that phase a materially different and separable prob-

lem left for future work. 

A2. Freshness-and-stock-sensitive linear demand. The in-

stantaneous demand rate is 𝐷(𝑡) = 𝑎 − 𝑏 𝑝(𝑡) + 𝛼𝐼(𝑡) +

𝜙 𝑔(𝑡) 𝐴(𝑡),  where 𝑔(𝑡) = 𝑘1𝑒−𝛿(𝑡−𝑡ℓ)  is the exogenous 

freshness-decay trajectory carried over from the deterministic 
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model, 𝑎, 𝑏, 𝛼, 𝜙 > 0, and 𝐴(𝑡) ≥ 0is the advertising control. 

A3. Jump-diffusion inventory dynamics. Between demand 

realizations, inventory depletes continuously at the determin-

istic demand rate and the effective deterioration rate δ = 

θ(1−m2), is perturbed by continuous Brownian demand noise 

proportional to the inventory level (multiplicative diffusion, 

capturing proportionally larger unpredictability when more 

stock is on the shelf), and is subject to discrete downward 

jumps arising from unhedgeable demand shocks. 

A4. Compound-Poisson jump structure. Jumps arrive as a 

Poisson process 𝑁(𝑡) with constant intensity 𝜆𝐽 ; the 𝑘 -th 

jump removes a random quantity 𝑌𝑘 of inventory, with 

{𝑌𝑘}i.i.d., independent of the driving Brownian motion, mean 

𝜇𝑌, and second moment 𝔼[𝑌2]. 

A5. Warehousing preservation only. Preservation invest-

ment ξ2 acts on the effective deterioration rate exactly as in the 

deterministic model, m(ξ2) = ξ2/(1+ξ2); transit preservation ξ1 

continues to apply only in the (retained, deterministic) stock-

out phase. 

A6. Risk-neutral discounted-profit objective. The retailer 

maximizes the expectation of total discounted profit; this is 

the standard objective in the stochastic inventory pricing liter-

ature (e.g., Li and Huang [13]) and permits the closed-form 

Riccati reduction of Section 5. Risk averse objectives (e.g., 

exponential utility or mean-variance) are discussed as an ex-

tension in Section 8. 

A7. Admissible controls. p(t) and A(t) ≥ 0 are progressively 

measurable, square-integrable processes adapted to the filtra-

tion generated by the Brownian motion and the Poisson ran-

dom measure. 

3.2. Notation 

Table 2. Notation Used in the Stochastic Optimal Control Model. 

Symbol Definition 

𝐼(𝑡)  Inventory level during the stock-in phase (stochastic process) 

𝑝(𝑡), 𝐴(𝑡)  Price and advertising-rate control processes 

𝑎, 𝑏, 𝛼, 𝜙  Demand-function intercept, price-sensitivity, stock-visibility, and advertising-effectiveness coefficients 

𝑔(𝑡)  Exogenous freshness-decay trajectory, 𝑔(𝑡) = 𝑘1𝑒−𝛿(𝑡−𝑡ℓ) 

𝛿, 𝜃, 𝑚2  Effective/natural deterioration rate and warehousing preservation impact, 𝛿 = 𝜃(1 − 𝑚2) 

𝜅  Combined depletion coefficient, 𝜅 = 𝛼 + 𝛿 

𝜎  Diffusion (Brownian) volatility coefficient of the inventory process 

𝑊(𝑡)  Standard Brownian motion driving continuous demand noise 

𝑁(𝑡), 𝜆𝐽  Poisson jump-count process and its constant intensity 

𝑌𝑘 , 𝜇𝑌, 𝔼[𝑌2]  i.i.d. jump-size random variables, mean and second moment 

𝐽(𝑡)  Compound-Poisson jump process, 𝐽(𝑡) = ∑ 𝑌𝑘
𝑁(𝑡)
𝑘=1  

𝑐𝑚, ℎ, 𝛾, 𝜉2  Unit purchase cost, holding cost, advertising cost-convexity coefficient, warehousing preservation expenditure 

𝑟  Discount rate 

𝜋(𝑡, 𝐼, 𝑝, 𝐴)  Instantaneous profit rate 

𝑊(𝑡, 𝐼)  Value function (expected discounted profit-to-go) 

𝜆(𝑡), 𝜓(𝑡)  Adjoint (costate) processes in the Stochastic Maximum Principle 

𝜒(𝑡, 𝑦)  Jump component of the adjoint BSDE 

𝑃(𝑡), 𝑄(𝑡), 𝑅(𝑡)  Riccati-system coefficients in the quadratic value-function ansatz 

Φ(𝑡), Ψ(𝑡)  Composite coefficients, Φ(𝑡) =
𝜙2𝑔(𝑡)2

𝛾
, Ψ(𝑡) = 2𝑏 − Φ(𝑡) 

3.3. Stochastic State Dynamics 

Combining A2-A4, the stock-in-phase inventory process evolves as the jump-diffusion stochastic differential equation. 
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𝑑𝐼(𝑡) = [−𝐷(𝑡) − 𝛿𝐼(𝑡)]𝑑𝑡 + 𝜎𝐼(𝑡) 𝑑𝑊(𝑡) − 𝑑𝐽(𝑡), 𝐽(𝑡) = ∑ 𝑌𝑘
𝑁(𝑡)
𝑘=1 .                                (1) 

where the deterministic drift component is minus demand 

less deterioration/depletion, 

𝐷(𝑡) = 𝑎 − 𝑏 𝑝(𝑡) + 𝛼𝐼(𝑡) + 𝜙 𝑔(𝑡) 𝐴(𝑡).     (2) 

so that the full drift of the SDE is 𝜇(𝑡, 𝐼, 𝑝, 𝐴) = −𝐷(𝑡) −

𝛿𝐼(𝑡) = −𝑎 + 𝑏 𝑝(𝑡) − 𝜙 𝑔(𝑡)𝐴(𝑡) − 𝜅𝐼(𝑡),  with 𝜅 = 𝛼 +

𝛿.  The multiplicative diffusion term 𝜎𝐼(𝑡) 𝑑𝑊(𝑡) captures 

continuous demand noise whose absolute magnitude scales 

with the amount of stock exposed on the shelf; the jump term 

subtracts a compound-Poisson-distributed quantity represent-

ing discrete demand surges. This specification nests the deter-

ministic antecedent as the degenerate case 𝜎 = 0, 𝜆𝐽 = 0. 

4. Stochastic Optimal Control 

Formulation 

4.1. Objective Functional 

The retailer chooses price and advertising processes to max-

imize expected total discounted profit over the stock-in phase, 

𝑉(𝑡ℓ
, 𝐼0) = sup

𝑝(⋅), 𝐴(⋅)≥0
𝔼 [∫ 𝑒−𝑟(𝑡−𝑡ℓ)𝑇

𝑡ℓ
| 𝜋 (𝑡, 𝐼, (𝑡), 𝑝(𝑡)𝐴(𝑡)) 𝑑𝑡    𝐼(𝑡ℓ) = 𝐼0]                       (3) 

where the instantaneous profit rate is 

𝜋(𝑡, 𝐼, 𝑝, 𝐴) = (𝑝 − 𝑐𝑚)[𝑎 − 𝑏𝑝 + 𝛼𝐼 + 𝜙𝑔(𝑡)𝐴] − ℎ𝐼 −
1

2
𝛾𝐴2 − 𝜉2                             (4) 

net of purchase cost, holding cost, convex advertising ex-

penditure, and the (constant, per assumption A5) flow cost of 

warehousing preservation ξ2. 

 

 

4.2. Stochastic Maximum Principle: 

Hamiltonian and Adjoint BSDE 

Following Peng's [15] general Stochastic Maximum Princi-

ple, define the Hamiltonian. 

𝐻(𝑡, 𝐼, 𝑝, 𝐴, 𝜆, 𝜓) = 𝜋(𝑡, 𝐼, 𝑝, 𝐴) + 𝜆(𝑡) 𝜇(𝑡, 𝐼, 𝑝, 𝐴) + 𝜓(𝑡) 𝜎𝐼.                                 (5) 

where λ(t) is the costate (adjoint) process associated with 

the drift, ψ(t) is the costate associated with the diffusion coef-

ficient, and an additional jump adjoint term (suppressed above 

for brevity and stated explicitly below) is associated with the 

compound Poisson component. The adjoint process solves the 

backward stochastic differential equation (BSDE). 

𝑑𝜆(𝑡) = −
𝜕𝐻

𝜕𝐼  𝑑𝑡 + 𝜓(𝑡) 𝑑𝑊(𝑡) + ∫ 𝜒 (𝑡, 𝑦) 𝑁(𝑑, 𝑡𝑑𝑦), 𝜆(𝑇) = 0.                              (6) 

with χ (t, y) the jump component of the adjoint and Ñ the 

compensated Poisson random measure associated with the 

jump sizes. The Pontryagin type necessary conditions require 

the controls to maximize the Hamiltonian pointwise in (t, ω): 

𝜕𝐻

𝜕𝑝
= 0,

𝜕𝐻

𝜕𝐴
= 0.                    (7) 

4.3. Hamilton-Jacobi-Bellman Equation 

Equivalently, define the value function W(t, I) = sup E [∫ 

discounted profit | I(t)=I]. Dynamic programming yields the 

integro partial-differential HJB equation. 

−
𝜕𝑊

𝜕𝑡
= sup

𝑝,  𝐴≥0
{𝜋 + 𝜇 

𝜕𝑊

𝜕𝐼
+

1

2
𝜎2𝐼2 𝜕2𝑊

𝜕𝐼2 − 𝑟𝑊 + 𝜆𝐽  𝔼 [ 𝑊(𝑡, 𝐼 − 𝑌) − 𝑊(𝑡, 𝐼) ]}                             (8) 

where the expectation in the final (jump) term is taken over 

the jump-size distribution of Y, and the supremum is taken 

pointwise over the admissible controls at each (t, I). 

4.4. Verification Theorem 

The link between the SMP adjoint process and the HJB 

value function needed because the SMP gives only necessary 

conditions along optimal trajectories, while a verification ar-

gument is required to confirm sufficiency is provided by the 

standard stochastic verification theorem (Yong and Zhou, [22], 

Ch. 4): if W ∈ C(1,2) solves the HJB equation with the stated 

boundary condition and the pointwise maximizing controls 

(p*, A*) generate an admissible state process I*(t), then W is 
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the value function and the costate process in the SMP coin- cides with the spatial gradient of W along the optimal trajec-

tory, 

𝑊(𝑡, 𝐼) = sup
𝑝,𝐴

𝔼𝑡 [∫ 𝑒−𝑟(𝑠−𝑡)𝑇

𝑡  𝜋 𝑑𝑠] ⟺ 𝜆(𝑡) =
𝜕𝑊

𝜕𝐼  (𝑡,
 𝐼(𝑡))                                  (9) 

together with the transversality condition, lim
𝑡→𝑇

 𝜆(𝑡) 𝐼(𝑡) =

0. This equivalence is what allows Section 5 to construct the 

SMP optimal feedback laws directly from a value function an-

satz, and is confirmed numerically in Section 6.2 by compar-

ing the closed-form value function against an independent dy-

namic programming solution of the same HJB equation. 

 

 

 

 

 

5. Closed-form Solution via Riccati 

Reduction 

5.1. Quadratic Value-Function Ansatz 

Because the profit rate 𝜋 is quadratic in (𝑝, 𝐴) with a 

strictly concave quadratic term in 𝑝(coefficient −𝑏 < 0) and 

the drift 𝜇 is linear in (𝐼, 𝑝, 𝐴), the problem has a linear-quad-

ratic (LQ) stochastic control structure with a state-control 

cross term (𝛼𝑝𝐼). This structure is closed under the quadratic 

ansatz. 

𝑊(𝑡, 𝐼) = 𝑃(𝑡)𝐼2 + 𝑄(𝑡)𝐼 + 𝑅(𝑡), 𝑃(𝑇) = 𝑄(𝑇) = 𝑅(𝑇) = 0.                                  (10) 

with boundary condition W(T, I)=0 (no terminal salvage 

value, matching the antecedent's assumption A9). Under the 

verification theorem of Section 4.4, the SMP costate process 

is then affine in the state, 

𝜆(𝑡) =
𝜕𝑊

𝜕𝐼
= 2𝑃(𝑡) 𝐼(𝑡) + 𝑄(𝑡)          (11) 

PROPOSITION 1 (Feedback optimality conditions). Sub-

stituting the ansatz into the pointwise Hamiltonian-maximiza-

tion conditions of Section 4.2 and solving the resulting 2×2 

linear system in (p, A) yields the unique feedback-form opti-

mal controls. 

s 

𝑝∗(𝑡, 𝐼) =
𝑎+(𝑏−Φ(𝑡))𝑐𝑚+𝛼𝐼+(𝑏−Φ(𝑡))Λ(𝑡,𝐼)

2𝑏−Φ(𝑡)
, Φ(𝑡) =

𝜙2𝑔(𝑡)2

𝛾
.                                    (12) 

s: 

𝐴∗(𝑡, 𝐼) =
𝜙 𝑔(𝑡)

𝛾
[𝑝∗(𝑡, 𝐼) − 𝑐𝑚 − Λ(𝑡, 𝐼)], Λ(𝑡, 𝐼) = 2𝑃(𝑡)𝐼 + 𝑄(𝑡)                                            (13) 

Proof. Differentiating π + μΛwith respect to pand Aand 

setting both partial derivatives to zero gives two linear equa-

tions in pand A; Φ(t) = ϕ2g(t)2/γis the reduced-form ad-

vertising-price interaction coefficient. Solving the 2 × 2sys-

tem by substitution and simplifying yields the stated expres-

sions, provided the concavity (second-order) condition. 

Ψ(t) = 2b − Φ(t) > 0                (14) 

holds; i.e., price-sensitivity of demand must dominate the 

advertising-price feedback loop scaled by advertising-cost 

convexity, a calibration condition verified numerically in Sec-

tion 6.1. 

5.2. Riccati System 

Substituting the feedback laws of Proposition 1 back into 

the HJB equation of Section 4.3 and matching coefficients of 

I2, I1, and I0 (the ansatz is closed under this substitution be-

cause the jump shifts I ↦ I−Y enter the quadratic W only 

through terms that remain polynomial in I of degree ≤2) yields 

three coupled Riccati-type ordinary differential equations, de-

rived and verified symbolically in Appendix I: 

𝑃̇(𝑡) =
−4𝑏2𝑃(𝑡)2+2Φ(𝑡) [ 2(𝛼−𝜅)+(𝜎2−𝑟) ]𝑃(𝑡)+4𝑏 [2𝜅+𝑟−𝜎2−𝛼]𝑃(𝑡)−𝛼2

2[ 2𝑏−Φ(𝑡) ]
                            (15) 

where 𝑃̇(𝑡) =
𝑑𝑃(𝑡)

𝑑𝑡
. 
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𝑄̇(𝑡) =
1

 2𝑏−Φ(𝑡) 
{−2𝑃(𝑡)Φ(𝑡)𝜆𝐽𝜇𝑌 + 𝑄(𝑡)𝑏2 − 𝑎𝑏 + 𝑏2𝑐𝑚 − 2𝑏𝜆𝐽𝜇𝑌 + Φ(𝑡)𝑄(𝑡)(𝛼 − 𝜅 − 𝑟) − Φ(𝑡)ℎ −

𝑄(𝑡)𝑏(𝛼 − 2𝜅 − 2𝑟) − 𝑎𝛼 + 𝛼𝑏𝑐𝑚 + 2𝑏ℎ}                                                     (16) 

where 𝑄̇(𝑡) =
𝑑𝑄(𝑡)

𝑑𝑡
. 

𝑅̇(𝑡) =
1

 2 [2𝑏−Φ(𝑡)]
{2𝑃𝜆𝐽(Φ − 2𝑏)𝔼[𝑌2] − 2Φ𝑄𝜆𝐽𝜇𝑌 −    2Φ𝑅 − 2Φ𝜉2 − 𝑄2𝑏2 + 2𝑄𝑎𝑏 − 2𝑄𝑏2𝑐𝑚 + 4𝑄𝑏𝜆𝐽𝜇𝑌 + 4𝑅𝑏𝑟 −

(𝑎 − 𝑏𝑐𝑚)2 + 4𝑏𝜉2}.                                                 (17) 

Where 𝑅̇(𝑡) =
𝑑𝑅(𝑡)

𝑑𝑡
, with terminal conditions 𝑃(𝑇) =

𝑄(𝑇) = 𝑅(𝑇) = 0, and where 

𝜅 = 𝛼 + 𝛿, Φ(𝑡) =
𝜙2𝑔(𝑡)2

𝛾
, Ψ(𝑡) = 2𝑏 − Φ(𝑡).     (18) 

5.3. Risk-Structure Propositions 

PROPOSITION 2 (Jump risk strictly reduces value). Hold-

ing all other parameters fixed, the optimal expected dis-

counted profit 𝑊(𝑡1
, 𝐼0)is non-increasing in the jump inten-

sity 𝜆𝐽and in the jump-severity moments 𝜇𝑌and 𝔼[𝑌2]. 

Proof sketch. The jump term contributes −2PμYλJ Ito the 

Q-equation's constant component and −2b λJ 𝔼[Y2] type loss 

terms to the R-equation (Appendix I); because jumps only re-

move inventory (they never add to it) and P(t) ≥ 0is small 

and non-negative under the calibrated regime of Section 6.1, 

every jump-related term enters the R(t)and Q(t)equations 

with a sign that reduces the running value accretion relative to 

the no-jump (λJ = 0) benchmark, and this reduction inte-

grates forward (backward in the solved direction) to a lower 

W(t1
, I0). A full proof requires a comparison (monotonicity) 

argument for the Riccati system analogous to standard results 

for deterministic Riccati comparison theorems, extended to 

the jump-augmented case; we verify the monotonicity numer-

ically for the full empirically calibrated parameter range in 

Section 6.3 (Figure 6). 

PROPOSITION 3 (Weak convexity effect of diffusion vola-

tility). 

If 𝑃(𝑡) ≥ 0 on [𝑡1
, 𝑇], the regime verified numerically in 

Section 6.1, then 𝑊(𝑡1
, 𝐼0)is non-decreasing in the diffusion 

volatility 𝜎. 

Proof sketch: The diffusion term contributes 

+σ2P(t)I(t)2 to the HJB right-hand side (Section 4.3), enter-

ing the P-Riccati equation as +2Φ(t)σ2P(t) net of the dis-

count-rate term; when P(t) ≥ 0, higher σ2strictly increases 

the instantaneous accretion to the value function through this 

channel, a manifestation of the classical Jensen/convexity ef-

fect whereby a risk-neutral objective with a convex value 

function benefits in expectation from additional pure noise 

variance around an unbiased (zero-mean) diffusion. This is a 

property of the risk neutral objective adopted in assumption 

A6 and would not necessarily hold under a risk-averse (e.g., 

exponential-utility) objective, a caveat discussed in Section 8. 

6. Numerical Experiments, Dynamic-

programming Verification, and 

Sensitivity Analysis 

6.1. Parameterization 

Table 2 reports the base-case parameter values used 

throughout this section, chosen to be broadly consistent in 

magnitude with the calibration style of the deterministic ante-

cedent while satisfying the concavity condition Ψ(t) = 

2b−Φ(t) > 0 required for Proposition 1 to deliver an interior 

maximum (verified: Φ(t) ∈ [0.13, 1.15] versus 2b = 4 across 

the stock-in phase under this calibration). 

Table 3. Base-Case Parameter Values Used for Numerical Experiments. 

Parameter Value Parameter Value 

𝑎(demand intercept) 100 𝑏(price sensitivity) 2.0 

𝑐𝑚(unit cost) 10 𝛼(stock-visibility sensitivity) 0.5 

𝜙(advertising effectiveness) 0.8 𝛾(advertising cost convexity) 5.0 

ℎ(holding cost) 1.0 𝛿(effective deterioration rate) 0.4 

𝑟(discount rate) 0.10 𝜉2(warehousing preservation cost) 2.0 

𝑘1(freshness scale) 3.0 𝜎(base diffusion volatility) 0.15 
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Parameter Value Parameter Value 

𝜆𝐽(base jump intensity) 0.6 𝜇𝑌(mean jump size, exponential) 3.0 

𝑡1, 𝑇(stock-in phase) 0.2,  1.0  𝐼0(reference inventory) 200-220 

 

6.2. Dynamic-Programming Verification of the 

Closed-Form Solution 

To verify that the Riccati-based closed-form solution of 

Section 5.2 is the true value function and not an artifact of the 

quadratic ansatz, we independently solve the HJB equation of 

Section 4.3 on a grid I ∈ [400] (161 nodes) using an explicit 

finite difference scheme: at each backward time step, the spa-

tial gradient ∂W/∂I is approximated by a central difference 

(supplying the same feedback formulas of Proposition 1, 

which require only the local gradient, not the ansatz), the dif-

fusion term by a second central difference, and the jump ex-

pectation term by numerical integration against the exponen-

tial jump size density, followed by explicit Euler time-step-

ping backward from the terminal condition. 

 
Figure 1. Closed-form Riccati (Stochastic Maximum Principle) value function versus an independent finite-difference dynamic-programming 

solution of the same HJB equation, evaluated at t = tₗ across the feasible inventory range. 

6.3. Sensitivity to Diffusion Volatility and Jump 

Risk 

Figure 6 reports the optimal expected discounted profit 

𝑊(𝑡1
,  𝐼0 = 220) as diffusion volatility 𝜎 and jump intensity 

𝜆𝐽 are varied, confirming Propositions 2 and 3 numerically: 

profit declines monotonically in 𝜆𝐽 at every level of 𝜎, while 

it rises weakly and monotonically in 𝜎at every level of 𝜆𝐽. 

 
Figure 2. Sensitivity of optimal expected discounted profit to diffusion volatility σ and jump intensity. 
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6.4. Optimal Feedback Price and Advertising 

Trajectories 

Figures 3 and 4 plot the optimal feedback price p*(t, I) and 

advertising rate A*(t, I) at a fixed reference inventory level as 

functions of time within the stock-in phase, for three levels of 

diffusion volatility. Both controls decline over the stock-in 

phase as the freshness decay trajectory g(t) erodes the effec-

tiveness of advertising and the approaching cycle end reduces 

the shadow value of remaining inventory mirroring the quali-

tative pattern of the deterministic antecedent while higher vol-

atility induces a modest but systematic upward shift in both 

controls, consistent with the value function convexity of Prop-

osition 3. 

 
Figure 3. Optimal feedback price trajectory p*(t, I=200) over the stock-in phase under three levels of diffusion volatility σ. 

 
Figure 4. Optimal feedback advertising-rate trajectory A*(t, I=200) over the stock-in phase under three levels of diffusion volatility σ. 

6.5. Simulated Inventory Trajectories 

Figure 2 simulates eight sample paths of the jump diffusion 

inventory process under the closed-form feedback policy, gen-

erated by Euler Maruyama time-stepping with superimposed 

compound Poisson jumps, illustrating the qualitative behav-

iour the closed-form and DP solutions are jointly designed to 

control: smooth diffusion driven fluctuation around the deter-

ministic depletion trend, punctuated by discrete downward 

jumps at random jump arrival times. 
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Figure 5. Eight Monte-Carlo sample paths of the jump-diffusion inventory process under the closed-form optimal feedback policy 𝑝∗(𝑡, 𝐼), 

𝐴∗(𝑡, 𝐼). 

6.6. Value of Stochastic-Aware Control: Monte-

Carlo Comparison 

To quantify the practical value of designing the control un-

der the correct stochastic model, we compare, via 3,000 

Monte-Carlo simulations of the true jump diffusion process, 

the realized discounted profit distribution under (i) the sto-

chastic aware feedback policy of Proposition 1, computed 

with the true 𝜎 and 𝜆𝐽, against (ii) a deterministic equivalent 

("risk-naïve") policy computed by solving the same Riccati 

system with 𝜎 = 0and 𝜆𝐽 = 0, then applied to the same true 

jump-diffusion realizations. 

 
Figure 6. Distribution of realized total discounted profit over 3,000 Monte-Carlo simulations under the stochastic-aware feedback policy 

versus a deterministic-equivalent (risk-naïve) policy, both evaluated against the same true jump-diffusion demand realizations. 

Consistent with the certainty equivalence property known 

in linear-quadratic Gaussian control theory whereby, under a 

risk neutral objective, additive/multiplicative noise with the 

moments assumed here shifts the feedback gains only mildly 

relative to their deterministic equivalent values the two poli-

cies achieve statistically similar mean discounted profit (2,938 

versus 2,943 in the base-case calibration) and similar disper-

sion. The primary value of the stochastic-aware formulation 

in this risk neutral setting is therefore not a large mean profit 

improvement but (i) the correct quantification of profit risk 

itself the deterministic model provides no variance or tail-risk 

information at all and (ii) the basis, established in Sections 4-

5, for extending the framework to genuinely risk-averse ob-

jectives (Section 8), under which the gap between stochastic 

aware and risk naïve policies is expected to widen substan-

tially. 

7. Managerial Insights 

Insight 1: Jump risk, not background noise, is the primary 

threat to perishable-inventory profitability: - Proposition 2 
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and Figure 6 show that expected profit is strictly eroded by 

jump intensity and severity but only mildly affected by con-

tinuous demand noise. Operationally, this means investment 

in demand-shock mitigation early detection of viral promo-

tions, competitor stock-out monitoring, rapid replenishment 

contracts offers a more direct route to protecting profitability 

than investment in reducing routine day to day demand varia-

bility. 

Insight 2: Closed-form feedback rules remain available un-

der uncertainty:- Because the joint pricing advertising-preser-

vation problem retains a linear-quadratic structure under jump 

diffusion demand, retailers do not need to abandon rule-based 

pricing systems in favour of black-box methods (e.g., deep re-

inforcement learning, as in Kavoosi et al. [11]) purely because 

demand is stochastic; the Riccati-based feedback laws of 

Proposition 1 can be implemented as simple, re-estimable 

functions of the current inventory level and time to cycle end. 

Insight 3: Risk-neutral optimization understates the value 

of stochastic modelling:- The modest mean-profit gap be-

tween the stochastic-aware and risk naïve policies in Section 

6.6 should not be read as evidence that stochastic modelling is 

unimportant; rather, it reflects the specific certainty equiva-

lence property of the risk-neutral linear quadratic objective 

adopted here. The stochastic model's chief managerial value 

lies in the tail-risk and variance information it alone provides, 

which becomes materially more valuable once the retailer's 

objective incorporates risk aversion (Section 8) or once inven-

tory or cash flow constraints bind in the lower tail of the profit 

distribution. 

Insight 4: Verification matters:- The near-exact agreement 

between the closed-form and dynamic programming solutions 

(Section 6.2) is itself a managerially relevant finding: it certi-

fies that the simple, cheaply re-computable Riccati-based pric-

ing rule can be trusted in place of a computationally expensive 

grid-based dynamic programming solver in day to day opera-

tional use, reserving the latter for periodic re-validation as pa-

rameters drift. 

8. Conclusion 

This paper extends the deterministic dynamic-pricing, 

preservation-investment, and advertising optimal control 

framework for perishable inventory to a jump-diffusion sto-

chastic setting, deriving necessary optimality conditions via a 

Stochastic Maximum Principle with a backward stochastic ad-

joint equation, reducing the associated Hamilton-Jacobi-Bell-

man equation to a closed-form solvable Riccati system under 

the model's linear quadratic structure, and independently ver-

ifying the resulting closed-form value function against a finite 

difference dynamic-programming solution of the same HJB 

equation. The two solution methods agree to within 0.02% 

across the feasible inventory range. Numerical results estab-

lish that optimal expected profit is strictly eroded by jump risk 

but only weakly affected by continuous diffusion volatility, a 

distinction with direct managerial implications for where re-

tailers should focus demand uncertainty mitigation efforts. 

Several limitations point to directions for future research. 

First, the stock-out phase backlogging and lead-time-reduc-

tion decisions were retained in deterministic form; extending 

stochastic control to that phase, where the retailer's infor-

mation about backlogged demand is itself imperfectly ob-

served, is a natural next step. Second, the risk neutral objective 

adopted here, while necessary for the closed-form Riccati re-

duction, understates the value of stochastic aware control rel-

ative to a risk-averse (e.g., exponential-utility or mean-vari-

ance) objective; deriving the analogous SMP and Riccati-type 

reduction under risk aversion is a substantive open problem. 

Third, the model treats a single item; extending the multipli-

cative diffusion, compound Poisson jump structure to a multi-

item assortment sharing a warehousing preservation budget 

potentially via a restless-bandit/Whittle-index relaxation of 

the resulting high-dimensional control problem would connect 

this stochastic control framework to the shelf space-allocation 

literature. Fourth, the jump-size and jump-intensity parame-

ters were calibrated illustratively; fitting them to point-of-sale 

scanner data using the change-point and drift-detection meth-

ods now common in retail analytics would strengthen the em-

pirical grounding of the model's numerical predictions. Fi-

nally, embedding the distributionally robust perspective of 

Kuhn, Shafiee, and Wiesemann [12] optimizing against an 

ambiguity set of jump-diffusion demand models rather than a 

single fully specified one would relax the model's reliance on 

exact knowledge of the diffusion and jump parameters, at the 

cost of the closed-form tractability obtained here. 
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Appendix 

Appendix I: Symbolic Derivation and Verification of the Riccati System 

The Riccati equations of Section 5.2 were derived and verified using symbolic algebra (Python/SymPy) rather than by hand, 

to eliminate transcription error in a derivation with a large number of cross terms. The procedure was as follows. 

Step 1. Form the pointwise Hamiltonian-maximization expression H̃ = π(t, I, p, A) + μ(t, I, p, A)·(2PI+Q), treating P, Q as 

symbolic parameters (not yet functions of the Riccati system) and I, p, A as symbolic variables. 

Step 2. Solve ∂H̃/∂p = 0 and ∂H̃/∂A = 0 simultaneously for p and A in terms of I, P, Q, this is the symbolic derivation underlying 

Proposition 1. 

Step 3. Substitute the resulting 𝑝∗(𝐼, 𝑃, 𝑄)and 𝐴∗(𝐼, 𝑃, 𝑄)back into 𝜋, 𝜇, and construct the full HJB right-hand side, including 

the diffusion term 𝜎2𝑃 𝐼2and the jump-expectation term. 

𝜆𝐽  𝔼 [𝑊(𝑡, 𝐼 − 𝑌) − 𝑊(𝑡, 𝐼)] = 𝜆𝐽  [𝑃 (𝔼[𝑌2] − 2𝐼𝜇𝑌) − 𝑄𝜇𝑌],                             (19) 

(obtained in closed form because 𝑊is quadratic and the jump enters additively, so 𝑊(𝑡, 𝐼 − 𝑌) − 𝑊(𝑡, 𝐼)is itself a low-order 

polynomial in 𝐼and 𝑌whose expectation over 𝑌requires only the first two moments of 𝑌): 

𝔼 [𝑊(𝑡, 𝐼 − 𝑌) − 𝑊(𝑡, 𝐼)] = 𝑃(𝑡) (𝔼[𝑌2] − 2𝐼𝜇𝑌) − 𝑄(𝑡)𝜇𝑌.                             (20) 

Step 4. Collect the resulting expression as a polynomial in I of degree 2, and equate its coefficients of I2, I1, I0 to −Ṗ(t), −Q̇(t), 

−Ṙ(t) respectively (since the HJB equation requires −∂W/∂t to equal the maximized Hamiltonian expression, and ∂W/∂t = Ṗ(t)I2 

+ Q̇(t)I + Ṙ(t) under the quadratic ansatz). This yields the three Riccati-type ODEs reported in Section 5.2. 

Step 5 (verification). The resulting symbolic ODEs were then numerically cross checked by substituting representative nu-

merical values of every parameter and every state/costate variable directly into (i) the original, unsimplified symbolic HJB co-

efficient expressions and (ii) the simplified closed-form Riccati right-hand sides reported in Section 5.2, confirming exact nu-

merical agreement, and independently by confirming that the numerically integrated Riccati solution reproduces the value func-

tion obtained from the finite difference dynamic programming solution of the full HJB equation (Section 6.2, Figure 5) to a 

median relative deviation of 0.02%, which would not occur under a systematically mis-derived Riccati system. 

Appendix II: Numerical Solution Details 

Riccati integration. The system of Section 5.2 was integrated backward from 𝑡 = 𝑇 to 𝑡 = 𝑡ℓusing an adaptive-step embedded 

Runge-Kutta scheme (SciPy, RK45 variant) with absolute and relative tolerances of 10−10and 10−8, respectively, and a maxi-

mum step size of 10−3, with terminal condition. 

𝑃(𝑇) = 𝑄(𝑇) = 𝑅(𝑇) = 0.               (21) 

Finite-difference HJB solution. The value function was computed on a uniform grid of 161 points over I ∈ [400] and 900 

uniform time steps over [tₗ, T], using central differences for the first and second spatial derivatives, explicit Euler time stepping, 

and numerical (trapezoidal) integration of the jump expectation term against the exponential jump size density over 60 quadrature 

nodes, boundary behaviour at I=0 and I=400 was handled by clamping shifted arguments of the jump expectation term to the 

grid boundaries. 

Monte-Carlo simulation. Sample paths were generated by Euler-Maruyama discretization of the jump-diffusion SDE with 

600-time steps per path and 3,000 independent paths per scenario, with jump arrivals simulated as Bernoulli events of probability 

𝜆𝐽  𝑑𝑡 per step and jump sizes drawn from the calibrated exponential distribution, realized discounted profit was accumulated 

using the instantaneous profit rate evaluated at the feedback optimal controls along each simulated path. 
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