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Abstract 

The resolution of optimal control problems (OCPs) in real-world applications is frequently beset by the curse of dimensionality 

and the inherent nonlinearity of system dynamics. This paper presents a literature framework that combines recursive relationship 

formulations with the principles of dynamic programming (DP) to address these challenges. The research stresses on a 

perspective that geared towards bridging the gap between the theoretical approach of DP and the numerical computation that 

demands practical applications. Dynamic programming is a method that finds solutions to larger sub-problems after the problem 

has been reduced to smaller ones. The main idea is to embed recursive relationships directly within the DP framework. The 

hypothesis is that for a significant class of OCPs, particularly those characterized by certain structural properties or separable 

cost functions, the optimal decision at a given state can be expressed recursively as a function of decisions made in states or 

stages. The Recursive Dynamic Programming (RDP), embeds a state-dependent recursive structure directly within the DP 

iteration, enabling a more efficient traversal of the state space and the generation of near-optimal control policies. We 

demonstrate the efficacy of this approach and its application to the resource-constrained problem. The approach follows 

derivation of an analytical and a semi-analytical recursive expression for major decision variables or for the gradient function 

value, which are then applied iteratively within the DP. The RDP framework is shown to significantly reduce computational 

overhead compared to classical DP while maintaining a high degree of solution accuracy, offering a pragmatic and scalable 

pathway for tackling complex OCPs prevalent in engineering and economic systems. 
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1. Introduction 

The quest for optimality is a fundamental driver in the de-

sign, operation, and control of complex systems across a vast 

spectrum of human endeavor. From navigating the trajectory 

of a spacecraft to managing the intricate supply chains of a 

global corporation, the objective remains consistent: to steer a 

dynamic system from an initial state to a desired final state 

while minimizing or maximizing a specified performance cri-

terion [1]. This pursuit is formalized mathematically within 

the domain of optimal control theory, a field that provides the 

intellectual and analytical tools to derive policies that are, in a 
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defined sense, the best possible. 

The formulation of a standard optimal control problem typ-

ically involves defining a set of state variables that describe 

the system's condition, a set of control variables that allow for 

external influence, and a dynamic model that governs the evo-

lution of the states over time. The performance is quantified 

by a cost functional, and the task is to find the control history 

that maximizes this functional while respecting any con-

straints on the states or controls [2]. 

Consider a discrete-time optimal control problem defined 

over a finite horizon 𝑁: 

min
{𝑢𝑘}𝑘=0

𝑁−1
𝐽 = ∑ 𝐿(𝑥𝑘 , 𝑢𝑘, 𝑘) + Φ(𝑥𝑘)𝑁−1

𝑘=0           (1) 

subject to the system dynamics: 

𝑥𝑘+1 = 𝑓(𝑥𝑘 , 𝑢𝑘, 𝑘), 𝑘 = 0,1, … , 𝑁 − 1         (2) 

𝑥0 = 𝑥𝑢𝑛𝑖𝑡  

where 𝑥𝑘 ∈ ℝ𝑛  denotes the state vector, 𝑢𝑘 ∈ ℝ𝑛  denotes 

the control vector, 𝐿(. ) is the stage cost function, Φ(. ) is the 

terminal cost function, and 𝑓(. ) represents the system dy-

namics. 

The two principal pillars upon which the classical solution 

of these problems rests are the Calculus of Variations, leading 

to Pontryagin's Minimum Principle, and the dynamic pro-

gramming approach, pioneered by Richard Bellman, [3, 4]. 

While the Minimum Principle offers an elegant, indirect 

method for solving OCPs through a set of necessary condi-

tions, it can become analytically intractable for problems with 

complex state constraints or nonlinear dynamics. Dynamic 

programming, on the other hand, provides a direct and con-

ceptually powerful framework by breaking down a multi-

stage decision problem into a sequence of simpler, single-

stage sub-problems [5]. Its core tenet, the Principle of Opti-

mality, states that any tail of an optimal path must itself be 

optimal for the corresponding tail sub-problem. 

For the discrete-time system described above, the Principle 

of Optimality leads to the Bellman equation: 

𝑉𝑘(𝑥𝑘) = min
𝑢𝑘∈𝑈𝑘

[𝐿(𝑥𝑘 , 𝑢𝑘, 𝑘) + 𝑉𝑘+1(𝑓(𝑥𝑘 , 𝑢𝑘, 𝑘))]  (3) 

with the terminal condition: 

𝑉𝑁(𝑥𝑁) = Φ(𝑥𝑁)                (4) 

where 𝑉𝑘(𝑥𝑘) represents the optimal cost-to-go function at 

time 𝑘 from state 𝑥𝑘. 

For continuous-time systems, this recursive relationship 

converges to the Hamilton-Jacobi-Bellman (HJB) equation, a 

partial differential equation whose solution yields the optimal 

cost-to-go function and, consequently, the optimal control 

policy: 

0 = min
𝑢∈𝑈

[𝐿(𝑥, 𝑢, 𝑡) +
𝜕𝑉

𝜕𝑡
+

𝜕𝑉

𝜕𝑡
𝑓(𝑥, 𝑢, 𝑡)]         (5) 

However, the theoretical elegance of DP is frequently over-

shadowed by its practical computational challenges, a phe-

nomenon famously termed "the curse of dimensionality" [6]. 

For discrete-time systems, the DP algorithm requires a 

pointwise evaluation of the cost function over a discretized 

state space. As the number of state variables increases, the size 

of this state space grows exponentially, rendering the compu-

tational cost and memory requirements prohibitive. 

To quantify this, let the state space be discretized with pp 

grid points per dimension. The number of states to be evaluate 

stands at: 

|𝑥| = 𝑝𝑛                   (6) 

where 𝑛 is the number of state variables. As the number of 

state variables increases, the size of this state space grows ex-

ponentially, rendering the computational cost and memory re-

quirements prohibitive. This fundamental limitation has his-

torically confined the application of exact DP to problems 

with a small number of states, often referred to as ‘toy prob-

lems’ in [7]. 

Motivated by the need to overcome this barrier and to de-

velop computationally tractable algorithms for real-world 

problems, researchers have explored a multitude of strategies. 

These include approximation techniques such as Approximate 

Dynamic Programming (ADP) or Neuro-Dynamic Program-

ming [8], which use function approximation to represent the 

value function, and various decomposition and aggregation 

methods that reduce the effective size of the state space [9]. 

This paper introduces a perspective that aims to bridge the 

gap between the theoretical rigor of DP and the computational 

demands of practical applications. The central idea is to em-

bed recursive relationships directly within the DP framework. 

The hypothesis is that for a significant class of OCPs, partic-

ularly those characterized by certain structural properties or 

separable cost functions, the optimal decision at a given state 

can be expressed recursively as a function of decisions made 

in states or stages. 

Consider a problem structure where the optimal control can 

be expressed as: 

𝑢𝑘
∗ = 𝑔 (𝑥𝑘 ,

𝜕𝑉𝑘+1

𝜕𝑥𝑘+1
)                (7) 

or more generally, where a recursive relationship of the form: 

ℎ𝑘(𝑥𝑘 , 𝑢𝑘 , 𝜆𝑘+1) = 0              (8) 

exists, with 𝜆𝑘+1 representing some function of future states. 

This concept moves beyond the recursive nature of the Bell-

man equation itself. Instead, it proposes a hybrid framework, 

which we term Recursive Dynamic Programming (RDP). In 
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this approach, we derive analytical or semi-analytical recur-

sive expressions for key decision variables or for the value 

function's gradient, which are then utilized within the DP iter-

ation. This internal recursion serves to reduce the dimension-

ality of the search space at each decision epoch, as it effec-

tively encodes a part of the optimization problem’s structure, 

thereby guiding the search process and improving computa-

tional efficiency. 

2. Literature Review 

2.1. Foundations of Optimal Control 

The formal study of optimal control, as a distinct discipline, 

crystallized in the mid-20th century, synthesizing concepts 

from classical calculus of variations with the burgeoning field 

of modern control theory. The foundational work of Lev 

Pontryagin and his colleagues in the Soviet Union led to the 

development of the Maximum Principle [10], a powerful set 

of necessary conditions for optimality. 

For a continuous-time OCP with dynamics 

𝑥̇(𝑡) = 𝑓(𝑥(𝑡), 𝑢(𝑡), 𝑡)              (9) 

and cost functional: 

𝐽 = ∫ 𝐿(𝑥
𝑇

0
(𝑡), 𝑢(𝑡), 𝑡)𝑑𝑡 + Φ(𝑥(𝑇))      (10) 

Pontryagin's Minimum Principle states that the optimal 

control u∗(t) minimizes the Hamiltonian: 

𝐻(𝑥, 𝑢, 𝜆, 𝑡) = 𝐿(𝑥, 𝑢, 𝑡) + 𝜆𝑇(𝑡)𝑓(𝑥, 𝑢, 𝑡)    (11) 

subject to the adjoint equations: 

𝜆̇(𝑡) = −
𝜕𝐻

𝜕𝑥
= −

𝜕𝐿

𝜕𝑥
− (

𝜕𝑓

𝜕𝑥
) 𝜆𝑇(𝑡)        (12) 

and the terminal condition: 

𝜆(𝑇) =
𝜕𝛷

𝜕𝑥
(𝑥(𝑇))             (13) 

The optimality condition is: 

𝜕𝐻

𝜕𝑢
= 0                 (14) 

for unconstrained controls or: 

𝐻(𝑥∗(𝑡), 𝑢∗(𝑡), 𝜆∗(𝑡), 𝑡) ≤ 𝐻(𝑥∗(𝑡), 𝑢, 𝜆∗(𝑡), 𝑡) ∀𝑢 ∈                                (15) 

for constrained controls. 

The theorem, by introducing the concept of a co-state or ad-

joint variable, provides a framework for solving OCPs by con-

verting them into a two-point boundary value problem 

(TPBVP). The Maximum Principle is exceptionally versatile 

and has been successfully applied to a wide range of problems, 

including time-optimal control [11], aerospace guidance [12], 

and economic growth models [13]. However, its application 

often requires significant analytical effort to solve the result-

ing TPBVP, which can be particularly challenging for systems 

with high-order dynamics, state inequalities, or discontinuities 

[14]. Also, the Maximum Principle provides only local neces-

sary conditions, and finding a global optimum can be nontriv-

ial. 

Concurrently, Richard Bellman was developing a funda-

mentally different approach in the United States, rooted in the 

concept of dynamic programming [3, 4]. Bellman's Principle 

of Optimality asserts that for a multi-stage decision process, 

an optimal policy has the property that, whatever the initial 

state and the initial decision are, the remaining decisions must 

constitute an optimal policy with regard to the state resulting 

from the first decision [3]. This elegantly recursive principle 

leads to the Bellman equation as previously formulated. 

For a deterministic discrete-time system, the optimal policy 

π∗ is defined as: 

𝜋𝑘
∗ (𝑥𝑘) = arg 𝑚𝑖𝑛𝑢𝑘∈𝑈𝑘

[𝐿(𝑥𝑘 , 𝑢𝑘, 𝑘) + 𝑉𝑘+1(𝑓(𝑥𝑘 , 𝑢𝑘, 𝑘))]                         (16) 

The resulting optimal cost satisfies the recursive relation-

ship: 

𝑉𝑘(𝑥𝑘) = 𝑚𝑖𝑛𝑢𝑘
[𝐿(𝑥𝑘 , 𝑢𝑘, 𝑘) + 𝑉𝑘+1(𝑥𝑘+1)]     (17) 

with 

𝑥𝑘+1 = 𝑓(𝑥𝑘 , 𝑢𝑘, 𝑘)               (18) 

For continuous-time systems, this equation converges to the 

Hamilton-Jacobi-Bellman (HJB) partial differential equation, 

which provides a sufficient condition for optimality and, cru-

cially, yields a globally optimal control law in feedback form 

[15]: 

−
𝜕𝑉

𝜕𝑡
(𝑥, 𝑡) = 𝑚𝑖𝑛𝑢𝑘∈𝑈𝑘

[𝐿(𝑥, 𝑢, 𝑡) +
𝜕𝑉

𝜕𝑥
(𝑥, 𝑡)𝑓(𝑥, 𝑢, 𝑡)] (19) 

which provides a sufficient condition for optimality and, cru-

cially, yields a globally optimal control law in feedback form 

[15]. The optimal control law is then: 

𝑢∗(𝑥, 𝑡)  = arg 𝑚𝑖𝑛𝑢∈𝑈 [𝐿(𝑥, 𝑢, 𝑡) +
𝜕𝑉

𝜕𝑥
(𝑥, 𝑡)𝑓(𝑥, 𝑢, 𝑡)] (20) 
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The DP approach is particularly attractive because it pro-

vides a solution in closed-loop or feedback form. This means 

the optimal control at any state and time is determined as a 

function of the current state, which is immensely valuable for 

robustness against disturbances and modeling uncertainties. 

This fundamental advantage is highlighted by the work of 

Fleming and Rishel, [16], who rigorously established the con-

nection between stochastic optimal control and the HJB equa-

tion. 

For stochastic systems with dynamics: 

𝑑𝑥 = 𝑓(𝑥, 𝑢, 𝑡)𝑑𝑡 + 𝜎(𝑥, 𝑢, 𝑡)𝑑𝑊        (21) 

where W is a Brownian motion process, the HJB equation be-

comes: 

−
𝜕𝑉

𝜕𝑡
(𝑥, 𝑡) = 𝑚𝑖𝑛𝑢∈𝑈 [𝐿(𝑥, 𝑢, 𝑡) +

𝜕𝑉

𝜕𝑥
𝑓(𝑥, 𝑢, 𝑡) +

1

2
𝑇𝑟 (𝜎𝑇 𝜕2𝑉

𝜕𝑥2 𝜎)]                        (22) 

2.2. The Curse of Dimensionality and Its 

Implications 

Despite its conceptual power, the practical application of 

classical dynamic programming is severely curtailed by what 

Bellman himself termed the ‘curse of dimensionality’ [6]. 

This issue arises from the computational demands of the algo-

rithm, which necessitates a discretization of the state space. 

For a system with n state variables, if each dimension is dis-

cretized into k grid points, the total number of possible states 

to evaluate is 𝑘𝑛. As n grows, this number increases exponen-

tially, leading to a computational and storage burden that 

quickly becomes insurmountable even for moderately high-

dimensional systems [17]. 

The curse of dimensionality is in two forms [8]: 

Computational Complexity: The number of operations re-

quired for each DP iteration is proportional to the size of the 

state space. For a single DP iteration, the computational cost 

is: 

𝐶𝐷𝑃 = 𝑂(𝑁. Π𝑖=1
𝑛 𝑝𝑖 . Π𝑗=1

𝑚 𝑞𝑗)              (23) 

Where 𝑝𝑖  is the number of grid points in the 𝑖 − 𝑡ℎ state 

dimension and 𝑞𝑗 is the number of grid points in the j-th con-

trol dimension. The total cost over the entire horizon is: 

𝐶𝑡𝑜𝑡𝑎𝑙 = 𝑂(𝑁. 𝑝𝑛. 𝑞𝑚)                (24) 

This exponential scaling makes direct DP unfeasible for 

problems with more than a few state variables. 

Representational Complexity: Storing the value function, 

which is a table of values for each discretized state, also re-

quires memory that scales exponentially with the number of 

state variables. 

𝑀𝐷𝑃 = 𝑂(Π𝑖=1
𝑛 𝑝𝑖)𝑂(𝑃𝑁)             (25) 

This fundamental limitation has spurred decades of re-

search into developing methods that can circumvent or miti-

gate the curse of dimensionality. The literature on this topic is 

vast, and a comprehensive overview is beyond the scope of 

this section. However, the strategies can be broadly classified 

into two categories: exact methods for special problem struc-

tures, and approximate methods for general problems. 

Exact methods often exploit special properties of the prob-

lem to reduce dimensionality. For instance, if the dynamics 

are linear and the cost is quadratic, the optimal control prob-

lem can be solved analytically using the Linear Quadratic 

Regulator (LQR) framework [18]. 

The LQR problem is defined as: 

𝑥𝑘+1 = 𝐴𝑘𝑥𝑘 + 𝐵𝑘𝑢𝑘               (26) 

with quadratic cost: 

𝐽 =
1

2
𝑥𝑁

𝑇𝑆𝑁𝑥𝑁 + ∑
1

2
(𝑥𝑘

𝑇𝑄𝑘𝑥𝑘 + 𝑢𝑘
𝑇𝑅𝑘𝑢𝑘)𝑁−1

𝑘=0     (27) 

The optimal control law for the LQR problem is linear feed-

back: 

𝑢𝑘
∗ = −𝐾𝑘𝑥𝑘                 (28) 

where the gain matrix 𝐾𝑘 is computed backward in time us-

ing the Riccati equation: 

𝐾𝑘 = (𝑅𝑘 + 𝐵𝑘
𝑇𝑆𝑘+1𝐵𝑘)−1𝐵𝑘

𝑇𝑆𝑘+1𝐴𝑘                                   (29) 

𝑆𝑘 = 𝑄𝑘 + 𝐴𝑘
𝑇𝑆𝑘+1𝐴𝑘 − 𝐴𝑘

𝑇𝑆𝑘+1𝐵𝑘(𝑅𝑘 + 𝐵𝑘
𝑇𝑆𝑘+1𝐵𝑘)−1𝐵𝑘

𝑇𝑆𝑘+1𝐴𝑘                       (30) 

with terminal condition 𝑆𝑁 = Φ𝑥, where Φ𝑥 is the Hessian 

of the terminal cost. 

Similarly, certain problems with separable cost functions or 

monotonic properties can sometimes be solved more effi-

ciently using specialized decomposition techniques [19]. 

2.3. Approximate Dynamic Programming and 

Neuro-Dynamic Programming 

The most prominent and successful approach for tackling 

large-scale OCPs is Approximate Dynamic Programming 
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(ADP), also referred to as Neuro-Dynamic Programming [8, 

20]. The core idea of ADP is to use a parametric or non-para-

metric function approximation architecture to represent the 

value function or the Q-factor (the value of taking a particular 

action in a given state), rather than storing it in a large look-

up table. 

Let 𝑉̃𝑘(𝑥𝑘 , 𝜃𝑘) be a parametric approximation of the true 

value function 𝑉𝑘(𝑥𝑘), where 𝜃𝑘 is a vector of parameters. 

The goal is to find 𝜃𝑘 such that: 

𝑉̃𝑘(𝑥𝑘 , 𝜃𝑘) ≈ 𝑉𝑘(𝑥𝑘) ∀𝑥𝑘 ∈ 𝜒            (31) 

Common function approximation architectures include: 

Linear Function Approximation: 

𝑉̃𝑘(𝑥, 𝜃) = 𝜃𝑇𝜙(𝑥) = ∑ 𝜃𝑖𝜙𝑖(𝑥)𝑑
𝑖=1           (32) 

where 𝜙(𝑥) = [𝜙1(𝑥), 𝜙2(𝑥), … , 𝜙𝑑(𝑥)]𝑇 is a vector of ba-

sis functions. 

Neural Network Approximation: 

For a multi-layer neural network with 𝑙 layers, the approx-

imation can be expressed recursively as: 

𝑧(0) = 𝑥                    (33) 

𝑧(𝑗) = 𝜎𝑗(𝑊(𝑗)𝑧(𝑙−1) + 𝑏(𝑗)) for 𝑗 = 1, … , 𝑙 − 1   (34) 

𝑉̃𝑘(𝑥, 𝜃) = 𝑊(𝑙)𝑧(𝑙−1) + 𝑏(𝑙)          (35) 

where 𝜃 = {𝑊(𝑗), 𝑏(𝑗)}
𝑗=1

𝑙
are the network parameters, and 

𝜎𝑗(. ) are activation functions. 

The work of [8] provided a comprehensive and rigorous 

foundation for ADP, covering a range of algorithms such as 

policy iteration, value iteration, and Q-learning, all within the 

context of function approximation. 

Policy Iteration alternates between: 

1) Policy evaluation: Compute 𝑉𝜋𝑘 for policy 𝜋𝑘 

2) Policy improvement: 

𝜋𝑘+1(𝑥) = arg 𝑚𝑖𝑛𝑢𝜖𝑈 [𝐿(𝑥, 𝑢) + 𝛾𝑉𝜋𝑘(𝑓(𝑥, 𝑢)]  

Value Iteration directly updates the value function: 

𝑉̃𝑘(𝑥, 𝜃) = 𝑚𝑖𝑛𝑢𝜖𝑈[𝐿(𝑥, 𝑢) + 𝛾𝑉̃𝑘(𝑓(𝑥, 𝑢)]    (36) 

Q-learning learns the Q-function directly: 

(𝑥, 𝑢) = 𝐿(𝑥, 𝑢) + 𝛾𝑉(𝑓(𝑥, 𝑢))         (37) 

The Q-learning update rule for a sample (𝑥, 𝑢, 𝑥′, 𝑟) is: 

𝑄(𝑥, 𝑢) ← 𝑄(𝑥, 𝑢) + 𝛼[𝑟 + 𝛾min𝑢′𝑄(𝑥′, 𝑢′) − 𝑄(𝑥, 𝑢)]                          (38) 

where α represents the rate of learning, and γ stands for the 

discount factor. 

The use of artificial neural networks as function approxi-

mators has proven particularly successful due to their univer-

sal approximation capabilities and their ability to learn com-

plex, non-linear mappings [21]. The key advantage of ADP is 

that it decouples the computational cost from the size of the 

state space. Instead of visiting every state, the algorithm sam-

ples a subset of states and uses the function approximator to 

generalize the value function to unvisited regions of the state 

space [8]. This makes it possible to solve OCPs with tens or 

even hundreds of state variables, a feat impossible for classical 

DP. Numerous applications have been reported, ranging from 

optimal power system control [22] and inventory management 

[23] to autonomous vehicle navigation [24]. 

However, ADP is not without its drawbacks. The perfor-

mance of ADP algorithms is highly dependent on the choice 

of the function approximation architecture and the sampling 

strategy [20]. Poorly chosen approximators can lead to poor 

performance or even instability in the learning process [25]. 

Also, the theoretical approach ensured offered by ADP of-

ten tend to be weaker than those of exact DP, and the conver-

gence of many ADP algorithms is to a local optimum rather 

than the global one [8]. Also, the behavior of these algorithms 

can be difficult to interpret and debug, which can be a signifi-

cant barrier to adoption in safety-critical applications. The re-

cent trend is the combination of DP with other computational 

intelligence techniques, such as evolutionary algorithms or 

particle swarm optimization [26]. These methods are used to 

search for optimal policies directly in the parameter space of 

a control policy, often guided by a DP-derived or heuristic 

value function. While these methods can be highly flexible 

and effective for complex problems, they do not offer the same 

degree of theoretical guarantees as DP or ADP. 

2.4. Recursive and Decomposition-Based 

Methods in OCP 

The concept of using recursive relationships in optimization 

is not new. Within the field of optimal control, several meth-

ods use decomposition and recursion to enhance computa-

tional efficiency. 

Differential Dynamic Programming (DDP) is a local DP 

method that iteratively solves a series of linear-quadratic sub-

problems along a nominal trajectory [27, 28]. Starting from a 

nominal trajectory {𝑥𝑘
(0)

, 𝑢𝑘
(0)

}, DDP expands the value func-

tion around the trajectory: 

𝑉𝑘(𝑥𝑘 + 𝛿𝑥𝑘) ≈ 𝑉𝑘(𝑥𝑘) + 𝑉𝑥,𝑘
𝑇 𝛿𝑥𝑘 +

1

2
𝛿𝑥𝑘

𝑇𝑉𝑥𝑥.𝑘𝛿𝑥𝑘 (39) 

The backward pass computes the optimal control modifica-

tion: 
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𝛿𝑢𝑘
∗ = −𝐾𝑘𝛿𝑥𝑘 − 𝛼𝑘             (40) 

where 𝐾𝑘 and 𝛼𝑘 are computed from the derivatives of the 

dynamics and cost. The forward pass then updates the trajec-

tory. The computational complexity of each DDP iteration is 

𝑂(𝑁𝑛3), which is independent of the state space discretization, 

making it particularly effective for high-dimensional continu-

ous systems. 

The DDP algorithm uses the following recursive equations 

during the backward pass: 

𝑄𝑥𝑥,𝑘 = 𝐿𝑥𝑥,𝑘 + 𝑓𝑥,𝑘
𝑇 𝑉𝑥𝑥,𝑘+1𝑓𝑥,𝑘             (41) 

𝑄𝑢𝑢,𝑘 = 𝐿𝑢𝑢,𝑘 + 𝑓𝑢,𝑘
𝑇 𝑉𝑥𝑥,𝑘+1𝑓𝑢,𝑘           (42) 

𝑄𝑢𝑥,𝑘 = 𝐿𝑢𝑥,𝑘 + 𝑓𝑢,𝑘
𝑇 𝑉𝑥𝑥,𝑘+1𝑓𝑥,𝑘            (43) 

𝐾𝑘 = 𝑄𝑢𝑢,𝑘
−1 𝑄𝑢𝑥,𝑘                 (44) 

𝛼𝑘 = 𝑄𝑢𝑢,𝑘
−1 (𝐿𝑢,𝑘 + 𝑓𝑢,𝑘

𝑇 𝑉𝑥,𝑘+1)           (45) 

𝑉𝑥𝑥,𝑘 = 𝑄𝑥𝑥,𝑘 − 𝑄𝑥𝑢,𝑘𝑄𝑢𝑢,𝑘
−1 𝑄𝑢𝑥,𝑘          (46) 

𝑉𝑥,𝑘 = 𝑄𝑥,𝑘 − 𝑄𝑥𝑢,𝑘𝑄𝑢𝑢,𝑘
−1 𝑄𝑢,𝑘             (47) 

Another related area is the use of State-Dependent Riccati 

Equation (SDRE) methods for nonlinear control [29]. SDRE 

approaches treat the nonlinear dynamics as a set of linear dy-

namics with state-dependent coefficient matrices. 

𝑥̇(𝑡) = 𝐴(𝑥(𝑡))𝑥(𝑡) + 𝐵(𝑥(𝑡))𝑢(𝑡)         (48) 

and then solve a Riccati equation at each time step: 

𝐴(𝑥)𝑇𝑃(𝑥) + 𝑃(𝑥)𝐴(𝑥) − 𝑃(𝑥)𝐵(𝑥)𝑅−1𝐵(𝑥)𝑇𝑃(𝑥) + 𝑄(𝑥) = 0                     (49) 

The control law is then: 

𝑢(𝑡) = −𝑅−1𝐵(𝑥(𝑡))
𝑇

𝑃(𝑥(𝑡))𝑥(𝑡)         (50) 

while not a DP method, SDRE leverages the structure of the 

problem to create a recursive-like computational scheme. 

The idea of embedding recursive relationships within DP, as 

proposed in this paper, can be viewed as a more generalized and 

integrated version of these concepts. It aligns with the spirit of 

‘structured’ DP, where the algorithm is tailored to exploit the 

specific mathematical structure of the problem, such as convex-

ity [30], monotonicity [31], or separability [32] and [33]. 

For problems with convex cost functions and convex feasi-

ble sets, the optimization problem: 

𝑚𝑖𝑛𝑢𝜖𝑈[𝐿(𝑥, 𝑢) + 𝑉𝑘+1(𝑓(𝑥, 𝑢)]           (51) 

becomes a convex optimization problem, which can be 

solved more efficiently. Similarly, for separable problems 

where: 

𝐿(𝑥, 𝑢) = ∑ 𝐿𝑖(𝑥𝑖 , 𝑢𝑖)
𝑛
𝑖=1              (52) 

𝑓(𝑥, 𝑢) = ∑ 𝑓𝑖(𝑥𝑖 , 𝑢𝑖)
𝑛
𝑖=1                 (53) 

The DP problem can be decomposed into independent sub-

problems, dramatically reducing computational complexity. The 

contribution of this paper is to formalize the process of "extract-

ing" these recursive relationships from the problem structure and 

incorporating them into the DP algorithm itself, thereby creating 

a more efficient and targeted computational framework. 

2.5. Research Gap 

From the reviewed literature, several gaps are identified: 

1) Existing dynamic programming frameworks are compu-

tationally expensive for high-dimensional systems. 

2) Recursive structures are often treated as secondary com-

putational tools rather than primary design components. 

3) Limited research exists on explicitly embedding opti-

mized recursive relationships into dynamic program-

ming formulations for improved efficiency. 

4) There is a lack of context-specific research addressing 

optimal control problems in developing real-life prob-

lems. 

These gaps motivate the need for a structured development 

of recursive relationships that are directly embedded within 

dynamic programming techniques to enhance computational 

efficiency and applicability. 

3. Conclusions 

In conclusion, the existing literature reveals a clear dichot-

omy. On one hand, classical DP provides an elegant, theoret-

ically sound method for global optimization but is computa-

tionally intractable for high-dimensional systems. On the 

other hand, ADP provides a pragmatic, scalable solution but 

often sacrifices theoretical guarantees and interpretability. 

The Recursive Dynamic Programming framework aims to 

carve out a middle ground, retaining the rigor and global per-

spective of DP while leveraging the problem's inherent struc-

ture (via recursive relationships) to significantly enhance 

computational tractability. 

The literature demonstrates that while dynamic program-

ming remains a powerful tool for solving optimal control 

problems, its practical implementation is hindered by compu-

tational limitations. Recursive relationships play a central role 

in the formulation of dynamic programming, yet they are often 

under-optimized in current approaches. This study positions 
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recursive embedding as a key strategy for improving effi-

ciency in solving optimal control problems, particularly 

within computationally constrained environments. 
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SDRE State Dependent Riccati Equation 

DDP Differential Dynamic Programming 
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