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Abstract

The approximation of the objective function's second-derivatives matrix underlies the Broyden family (BF) of unconstrained
optimization methods, and richer gradient information generally yields a more accurate approximation. This paper proposes a
new optimization technique that replaces the traditional two-point, secant-based linear model of the gradient with a Natural Cubic
Spline Interpolation Polynomial (NCSIP), constructed using either three points (M=2) or four points (M=3). The proposed
method was implemented in MATLAB and tested against the traditional Broyden family method (M=1) on a set of standard
unconstrained test problems across the range @ € [0.1]. The traditional method (M=1) recorded a total of 11564 iterations and
14867 function/gradient evaluations, while the four-point NCSIP model (M=3) achieved a clear efficiency improvement, with
totals of 11063 iterations and 14082 function/gradient evaluations; the improvement achieved by the three-point model (M=2)
was comparatively modest (11627 iterations and 14750 function/gradient evaluations). The best performance of the M=3 model
was observed at higher values of the parameter @ (near ®=1), where it clearly outperformed the traditional method. The proposed
method was also compared against the related Newton Divided Difference Interpolation (NDDI) method, using its corresponding
three-point (M=4) and four-point (M=5) variants; the results showed a marginal numerical advantage of NCSIP over NDDI in
total function/gradient evaluations when using four points (14082 vs. 14187). Taken together, these findings suggest that the
number of gradient evaluations exploited, rather than the specific interpolation scheme, is the primary driver of efficiency gains.
It should be noted that the algorithm's convergence properties are inferred from its algebraic reduction to the classical secant-
based Broyden equation near the minimum, rather than established through a formal convergence proof.
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1. Introduction

Recent studies have developed various improvements to based on cubic interpolation for unconstrained optimization. I.
quasi-Newton methods from different perspectives. A. Hassan ~ A. R. Moghrabi and B. A. Hassan [2] proposed an efficient lim-
and A. R. Ayoob [1] proposed a new quasi-Newton equation ited-memory multi-step quasi-Newton method, with emphasis
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on reducing memory requirements and improving computa-
tional efficiency for large-scale optimization. Nosrati and
Amini [3] proposed a new diagonal quasi-Newton method
based on the weak secant equation and established its global
convergence using the Armijo line search. K. K. Lai et al. [4]
proposed a modified g-BFGS method using a new g-quasi-
Newton equation and the g-Armijo—Wolfe line search, preserv-
ing global convergence without requiring a convexity assump-
tion. N. Vater and Borzi [5] investigated a quasi-Newton
method for systems of nonlinear underdetermined equations
and established a semi-local convergence result for a damped
method. B. A. Hassan and I. A. R. Moghrabi [6] proposed a
modified secant relation based on a quadratic model to improve
the approximation of the second-order curvature of the objec-
tive function, using both gradient and function values and es-
tablishing global convergence without a convexity assumption.
Most recently, W. Zhang et al. [7] constructed a modified BFGS
quasi-Newton method with a new secant equation and strong
Wolfe line-search conditions, and derived local and superlinear
convergence results. Taken together, these studies [1-7] demon-
strate several approaches to improving quasi-Newton methods,
including the construction of new secant or quasi-Newton equa-
tions, the use of interpolation or additional function information,
limited-memory strategies, and the development of conver-
gence results.

The problem we are thinking about is the following: we
want to find a local minimum X* € R™ of a differentiable
function F: R — R. Itisassumed that for all X, the gradi-
entg: g:R™ — R™ can be computed [8-10]

Unconstrained optimization problems such as Minimize
f(X) can be solved by several methods; they can be broadly
categorized depending upon whether derivative information
f(X) is used or not. Search methods that rely only on function
evaluations, like Nelder and Mead's simplex search, are best
suited for nonlinear or discontinuous situations. Gradient
methods are generally effective when the function to be re-
duced is continuous in its first derivatives [8-11]. Higher order
methods, such as Newton's method, are only suitable provided
the second order information is quickly and cheaply calculated
because second order calculation by numerical differentiation
is computationally expensive. Gradient methods use infor-
mation about the slope of the function to select a search direc-
tion where the minimum is believed to be determined. When
using gradient information, the quasi-Newton methods are the
most effective. Newton-type algorithms employ a line search
to find the local minimum after several iterations, while quasi-
Newton algorithms calculate the Hessian matrix directly. This
requires a substantial amount of computer time to compute the
Hessian matrix. By constructing the curvature knowledge
from the observed behavior of the objective function and its
gradient and then using an appropriate updating formula for
the Hessian matrix, quasi-Newton algorithms overcome this
problem. Many update formulas for the Hessian matrix have
been proposed. Among these, a very interesting family of up-
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dates is the Broyden family. These iterative algorithms ap-
proximate the Newton method without computing the second
derivative [8, 9, 12] The sequence of iterations is defined by
Xiw =Xi —B Hi'g; @
where f ; isapositive scalar selected to approximately min-
imize F along the search direction [8-10, 13]:
D; = Hi''g; @
The matrix H (or its inverse B) is constructed to approxi-
mate the Hessian matrix of the objective function F (or its in-
verse), with the aim of mimicking Newton's method without
the computational cost of directly evaluating the Hessian and
thereby achieving a high rate of convergence [14-18].

Every iteration results in a new approximation by updating
the matrix H:

T T
¢ _ ) zizi _ H;sisi Hi I
Hiy, = Hi + 2Ts;  sTHis; + piuu; @)
Where ¢ =€ [0.1] is a scalar parameter and
= (Th. o N1/2 (% _ _HiSi
ug = (T His)V? (F - o @

The relationship (3) satisfies the secant (or quasi-Newton)
equation [19, 20]:

Hi18; = z; 5)

Where
S; = Xiv1—X; (6)
z; = g(Xi+1) — 9 (X)) (7

The exact Hessian at X;,, satisfies the Newton equation,
which can be thought of as an approximation of the secant
equation [21]:

ag(B)
ag

G(Xiy1 )si =P lp=p; (8)
where G represents the exact Hessian. Equation (5) is ob-

tained as an approximation to (8) if the derivative is approxi-
mated by the backward difference Z#1-9L This explains why

the term secant equation is used. Any equation that is a rea-
sonable approximation to (8) is a quasi-Newton equation, ac-
cording to Ford and Saadallah [14]. There have been sugges-
tions by a number of scholars for other approximations to (8)

[18, 21-28]. This can be viewed as a way of developing dif-

ag

ferent approximations to the derivative i which are based

on different theories about either F or g.
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In this paper, we examine a modified minimization algo-
rithm based on an alternative nonlinear model for approximat-
ing the Newton equation and the Broyden family formula. A
comparison between the proposed Natural Cubic Spline inter-
polation (NCSIP) model and the classical Newton-based ap-
proach is also presented. It is worth noting that another estab-
lished technique for approximating the gradient and function
values in numerical optimization is the Newton Divided Dif-
ference Interpolation (NDDI) method [18, 29], which simi-
larly builds on multiple gradient evaluations obtained during
the line search. The present study differs from NDDI mainly
in the interpolation mechanism: rather than a single global in-
terpolating polynomial, we construct a natural cubic spline
(NCSIP) through the same set of points. Since the spline is

2. Natural Cubic Spline Interpolation
Polynomial Approach

The gradient is evaluated only twice in the standard Broy-
den class. If further evaluations of g(X(B;)) are possible, a
better approximation can be expected. Suppose g has been
evaluated at several points (X((,Bi)))?zo, where n is a positive
integer.

Based on equation (1), it is natural to consider a linear com-
bination of the available values of g to approximate g(). As a

function of B, we consider the Natural Cubic Spline Interpola-
tion polynomial (NCSIP) g(8) = g(X; + B D;):

piecewise-defined and enforces continuity of the second de- gB)= gX;+pB D) =X 1:5:(B) C)]
rivative across segments, it may be less susceptible to the os-
cillatory behavior (Runge's phenomenon) that a single high- Si(B) = A;M;_y + B;M, + LBz (ﬁ‘ﬁ}ijl)yi (10)
degree polynomial can sometimes exhibit as the number of in- ' '
terpolation points grows, particularly in the four-point model. where
A direct numerical comparison between NCSIP and NDDI to
evaluate whether this structural difference translates into a A ((Bi_ﬁ)3 B hi(ﬁi_ﬁ)) 1)
measurable performance advantage. =\ en 6
B-Bi-1)® _ hi(B-Bi-1)
Bi- ( 6h; 6 ) (12)
1 fii<BLZh .
I, = -1 L =1.2... 13
‘ { 0 otherwise ' " (13)
hi hit+h; hi Git1=yd | Gi=yi-1)
B Mg+ (P M, + M = YT | Y (14)
Where Then
Fori=12...n
forms a system of (n — 1) linear equationsin (n+1) un- di_;m =Y LS (B) (15)
knowns My M;.....M,
" " where
?"(Bo) =S"1(Bo) =My =0
0" (By) = S”n(Bn) =My=0
S'(B) = (BL ﬁ) M, + (B- BL 1? M, — (Mi—:lm) h, + (yi_;'i—l) (16)
1 BEelBi-r-Bil ;
L= —UP =12, 17
' { 0 otherwise " n

The approximation to the right hand side of Newton equa-
tion (8) can be written in the following form:

dg (B)

= Bi B Xiz1 1:S":(B) (18)

lg=p; =

We shall know ggyand g, if the first step in the search di-
rection results in a satisfactory point. This is a good property,
and the new model reduction to a linear model (i.e., we re-
duced to use the standard Broyden family). The reason is that
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the behavior of the objective function near the minimum is
supposed to be like a quadratic function, which might be
reached in a single step (often in one iteration, i.e., = 1). Thus,
the new algorithm has all the properties of the "secant-based"
Broyden family of methods near the minimum.

The "Newton equation” can now be approximated as fol-
lows:
(19)

Hip18= w;
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The update of the Broyden family update method can be
easily adjusted to take the new estimate of the vector @ into
consideration by replacing the vector w with the vector z.
Thus, we can have

S,:Sl-T _ Bia)ia)’eri

¢ _ T
Biyy =B+ To, oTma T biviv; (20)
Where
v = (@] Boo/? (75 - et ) (21)
i i

Formulae Bﬁl maintains positive definiteness for any

¢

¢ > ¢, where ¢ is value which causes B;. ;

and is given by:

to be singular

¢ = <1_(w'{)3iwi)(ngsi)> (22)
(s7 i)

As long as the stability condition sTw > 0 is satisfied, the
Broyden family's update formulas (in which z is substituted
with o) ensure positive definite matrix H;,.

Different methods are derived according to the number of
points obtained during the line search. The Newton equation
(also known as the secant equation) is approximated using
o=z if we have only two points are obtained (i.e., n=1).

2.1. Three Points Model

In this model, we employ three points in NCSIP to approx-
imate g(B). (15), (16), (17) and (18), we have

B'262) = 5 * o (26)
Where
Co(B2) = 2(B1 — Bo) (B2 — Bo) @7)
C(B2) = 2(B2 — Bo) (28)
C2(B2) = (B2 — B1) (29)

The stability criterion condition sTw > 0 is checked in
each iteration; if it is not satisfied, w=z is used for that iteration.

In selecting which points to use, factors such as the need to
ensure that n is reasonably small so that the calculation of w
is not excessively computationally intensive, the preference
for points on both sides of 8, [30] and the need to ensure that
the points are sufficiently separated. More specifically, there
was never a relative difference of less 10™* between any two
points used. If a pair of points was received that did not meet
this criterion, one of the pairs was rejected. This meant that
fewer than the required number of points were used to obtain
® on occasion.

2.2. Four Points Model

In this model, we employ four points in NCSIP to approxi-
mate g(B). (15), (16), (17) and (18), we have

w =3 Zi3=o 9iB'i(B3) (30)
B'o(Bs) = —(ﬁz—cit;(f)z—ﬁz) (31)

(B2—B1)(B3—B2) | (B2—Bo)(B3—B2) (32)

B,1(,83) — (ﬁs—ﬁz) +

w =Py %i09:B"i(B) (23) €1(F3) ColBa) Ca(Pa)
B (B = 2L (24) B2l = e e @
BB = C1E;z) B lcgj(_ﬁil) B Cz(lb’z) (25) Palh) = % 9
Where
Co(Bs) = 4(B; — Bo)(Bs — B1)(Br — Bo) — (B2 — B1)*(Br — Bo) (35)
C1(B3) = 4(B2 — Bo) (Bs — Br) — (B2 — B1)* (36)
C,(B3) = 2(By — Bo) (B2 — P1) (B3 — B1) — (B — Br)? 37)
C3(B3) = 2(B; — Bo) (Bs — P1) — (Bs — B1)* (38)
Ca(B3) = 2(B; — Bo)(Bs — B1) — (B2 — B1)? (39)

In each iteration, we check for the stability condition
sTw > 0, ifitis not satisfied, we use w = z for that iteration.
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3. The Algorithm

In this section, the modified algorithm for the Broyden fam-
ily method is given.
Step 1. Initialize i = 0,B =1,8, =0, X,, @, F.
Step 2. If i = 10000 (or any suitable number) go to Step
12.
Step 3. Compute g ; and |l g; II.
Step 4. If Il g; I< 107> then X; is optimal, go to Step 12.
Step 5. Use eq™ (2) to compute the search direction D; =
B;g;,given X;, B;, g;.
Step 6. Use the cubic interpolation method [8, 9] compute
the step length ;.
Step 7. Use eq™ (1) to compute X, ;.
Step 8. Use eq™ (6) to compute s;.
Step 9.
1) If you employ the traditional Broyden family, use equa-
tion (7) to compute z.
2) If you employ the three points model, use equations (23)
to (29) to compute w.
3) If you employ the four points model, use equations (30)
to (39) to compute w.
Step 10. Use eq™ (21) to compute v; and eq™ (20) to
compute B %, .
Step 11. Set i =i + 1, return to Step 2.
Step 12. Stop.

4. Numerical Tests and Discussion of
Results

For the validation of the applicability of the presented
method, numerical tests of a few unconstrained optimization
problems using the well-known programming tool for solving
problems of mathematical programming, MATLAB, have
been carried out. An M-file is constructed for the above algo-
rithm. For the purpose of comparison of the suggested method
with the traditional one, the problems considered in [31] are
solved using the traditional Broyden family methods. The pro-
gramming tool has been created for the implementation of the

modifications of the above algorithm; the values of g are kept
in the process of the line search for the computation of w.

In an attempt to reduce the possibility that unusual results
may be achieved for a given problem due to an unusually
lucky or unlucky choice of initial values, the solution was pro-
vided for each problem with various initial values. Moreover,
the solution of each problem was provided for various values
of ®, where 0 <D <1.

"N" is the number of variables, "FG" is the number of func-
tion and gradient evaluations required for convergence, and
"k" is the number of iterations for the tables. For step (9-a), M
=1, For step (9-b), M = 2 and for step (9-c) of this proposed
method, M = 3.

The asterisk represents the approach yielding the best re-
sults for the test scenarios, as defined by the number of func-
tion/gradient evaluations, with ties determined by iterations.

Therefore, from the results presented in Tables 1-10, it can
be concluded that the numerical results have shown the pro-
posed method to be efficient and effective compared to the
traditional method. It can be generally concluded that the new
method is efficient and effective, which has resulted in a de-
crease in the number of function and gradient evaluation steps.
Although the performance of the new method may vary
slightly in individual cases, the overall performance of the
new method has been found to be efficient and effective com-
pared to the traditional method.

Moreover, the performance results presented in Table 11
have also confirmed the efficiency and effectiveness of the
new method compared to the traditional method. To statisti-
cally substantiate the observed efficiency gains, a Wilcoxon
signed-rank test was applied to the FG values across all tested
® values (Table 11). The four-point NCSIP model (M=3)
showed a statistically significant improvement over both the
traditional Broyden method (M=1: p = 0.0371) and the three-
point NCSIP model (M=2: p = 0.0488), while the difference
between the three-point model (M=2) and the traditional
method (M=1) was not statistically significant (p = 0.5566).
These results indicate that the four-point interpolation is nec-
essary to achieve a statistically robust improvement in effi-
ciency, whereas the three-point model alone does not yield a
significant gain.

Table 1. Result for @=0.1.

Function Name N Initial Point
2 (-1.2,1)
Rosenbrock (5,5)

(10, 10)

D=0.1

M=1 M=2 M=3

K FG K FG K FG
85* 109* 86 113 92 111
78* 92* 113 140 174 206
115* 141 182 216 183 138*
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Function Name

Beale

Trigonometric

wood

Extended Rosenbrock

Extended Powell

Total

Function Name

Rosenbrock

Beale

Trigonometric

wood

Initial Point

(0,0)

1,-1)

0.1, -2)
(90....., 90)
(0.1,...,0.1)
(30....., 30)
(-12,1,-1.2,1)
(3,3,3,3)
3,-1,0,1)
(-12,1,-1.2,1)
(0,0,0,0)
(3,0,3,0)
(3,-1,0,1,3,-1,0,1)

(10, 10, 10, 10, 0, 0, 0, 0)

(6.....6)

Table 2. Result for ©=0.2.

Initial Point

(1.2, 1)
(5,9)

(10, 10)
(0,0

(1-1)

0.1, -2)
(90...., 90)
(0.1,...,0.1)
(30...., 30)
(-12,1,-1.2,1)
3,3,3,3)
(3,-1,0,1)

312

M=1

13
14
59
178
42
76*
287
288
306
141*
86
275
153
100
146
2442

®=0.2

M=1

K

30*
60
66
14*
14
56
177
28*
63*
197
164*
204

FG

16
21
75
194
46
89*
320
317
330
161*
100
316
177
119
177
2800

FG

40*
77
97
17*
21
72
198
33*
76*
229
200
227

M=2

12*
12*
35*
72*
32*
109
230*
306
147*
211
16*
294
136
91*
136
2220

M=2

34
67
80
24
12*
31*
167*
31
89
148*
194
93

FG

16*
17*
49*
86*
35*
121
254*
329
161*
241
31*
322
154
113*
154
2552

FG

48
94
121
27
17*
38*
186*
34
101
175*
227
107*

M=3

12*
14
51
130
37
82
231
257*
156
177
53
137*
130*
91*
130*
2137*

M=3

32
45*
54*
24
14
50
209
31
171
155
172
90*

FG

16*
21
73
143
40
94
258
292*
177
198
63
153*
151*
115
151*
2400*

FG

49
66>
76*
27
21
65
232
34
187
181
193*
114


http://www.sciencepg.com/journal/ajam

American Journal of Applied Mathematics

http://www.sciencepg.com/journal/ajam

Function Name

Extended Rosenbrock

Extended Powell

Total

Function Name

Rosenbrock

Beale

Trigonometric

wood

Extended Rosenbrock

Extended Powell

Total

Initial Point

(-12,1,-1.2,1)

(0,0, 0,0)

(3,0,3,0)
(3,-1,0,1,3,-1,0, 1)
(10, 10, 10, 10, 0, 0, 0, 0)
(6. ....6)

Table 3. Result for ®=0.3.

Initial Point

(-1.2,1)

(5,9)

(10, 10)

(0,0

(1-1)

0.1, -2)

(90...., 90)
(0.1,...,0.1)

(30...., 30)
(-12,1,-1.2,1)
3,3,3,3)
(3,-1,0,1)
(-12,1,-1.2,1)
(0,0,0,0)

(3,0,3,0)
(3,-1,0,1,3,-1,0,1)
(10, 10, 10, 10, 0, 0, 0, 0)
(6. ....6)

D=0.2

102
59
129
123
67*
129
1682

31*
51*
66
15*
13
33
90*
26*
62*
124
124
92
74*
50
87
60*
54*
37*
1089*

313

FG

117
70
152
149
84*
149
2008

FG

45+
69*
89
18*
20

48
104*
30*
77
160
155
110
89*
61
108
81*
71
55+
1390*

M=2

126
39*
183
112*
101
156
1687

34
66
80
21
11*
31
108
28
104
105*
156
72
74*
20*
106
91
66
139
1321

FG

143
50*
222
133*
120
179
2022

FG

47
88
115
24
16*
39
123
31
125
127*
184
90
93
42*
133
112
84
158
1631

M=3

77
46
85*
134
71
115*
1575*

M=3

70
53
60*
21
13
24*
106
29
79
109
108*
67*
82
36
70*
82
61
84
1154

FG

95*
58
102*
155
94
135*
1884*

FG

91
74
87*
24
20
35*
120
32
93
130
139*
91*
99
45
86*
101
79
103
1449
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Function Name

Rosenbrock

Beale

Trigonometric

wood

Extended Rosenbrock

Extended Powell

Total

Function Name

Rosenbrock

Beale

Trigonometric

Table 4. Result for ®=0.4.

©=0.4
Initial Point M=1

K
(-1.2,1) 33
(5, 5) 47
(10, 10) 69
(0,0 15*
1,-1) 13
0.1, -2) 28
(90,...,90) 72
(0.1,...,0.1) 25*
(30,..., 30) 63
(-1.2,1,-1.2,1) 88*
(3,3,3,3) 102*
(3,-1,0,1) 85
(-1.2,1,-1.2,1) 69*
(0,0,0,0) 45
(3,0,3,0) 96
(3,-1,0,1,3,-1,0,1) 66
(10, 10, 10, 10, 0, 0, 0, 0) 53*
(6.....6) 98

1067*

Table 5. Result for ®=0.5.

®=0.5
Initial Point M=1

K
(-1.2,1) 33*
(5,5) 46
(10, 10) 60*
(0,0) 18*
1,-1) 12
0.1,-2) 20*
(90.,...,90) 114
(0.1,...,0.1) 23*

314

FG

44*
64*
96
18*
20
41
86
28*
78
120
132*
104
85*
60
116
88
69*
122
1371*

FG

47*
64

86>
21*
19

33*
136
26*

M=2 M=3

K FG K FG
32* 45 36 52
43* 66 58 78
78 123 61* 85*
23 26 23 26
12* 17* 13 20
28 38 22* 32*
58* 72* 114 134
26 29 26 29
89 103 52* 67*
94 119* 90 122

120 153 114 144

69 84 65 90
72 90 78 97
30* 43* 39 48
90 111 61* 79*
60* 81* 67 84
72 90 68 85

128 147 81* 102*
1124 1437 1068 1374

M=2 M=3

K FG K FG
39 62 43 58
35* 53* 42 61
71 110 66 96
19 22 19 22
11* 16* 12 19
29 39 28 36

136 163 106* 132*
24 27 24 27
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Function Name

wood

Extended Rosenbrock

Extended Powell

Total

Function Name

Rosenbrock

Beale

Trigonometric

wood

Extended Rosenbrock

Extended Powell

Initial Point

(30,..., 30)
(-1.2,1,-1.2, 1)
3,3,3,3)
3,-1,0,1)
(-1.2,1,-1.2, 1)
(0,0,0,0)

(3,0,3,0)
(3,-1,0,1,3,-1,0, 1)

(10, 10, 10, 10, 0, 0, 0, 0)

(6. ....6)

Table 6. Result for

Initial Point

(-1.2,1)

(5,9)

(10, 10)

(0,0

(1-1)

0.1, -2)
(90...., 90)
(0.1,...,0.1)
(30...., 30)
(-12,1,-1.2,1)
3,3,3,3)
3,-1,0,1)
(-12,1,-1.2,1)
(0,0,0,0)
(3,0,3,0)
(3,-1,0,1,3,-1,0,1)

(10, 10, 10, 10, 0, 0, 0, 0)
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®=0.5

57
82
101
76
60*
44
94
86
61*
65*
1052

®=0.6

32*
42
61
18
13
19
80*
22*
57*
81
92
74
56
39
62
44*

FG

73
117
131
105
76*
60
118
109
77%
87*
1385

FG

46*
59
87*
21
20
33
102*
25*
72*
112
125
101
76
51
87
66*
61

70
78*
114
60*
65
28*
79
75
68
104
1105

M=2

37
34*
59*
16*
12*
16*
108
22*
62
79
100
61
60
27*
59
50
71

FG

84
101*
147
78*
80
41*
100
91*
85
124
1423

FG

52
54*
92
20*
17*
22*
129
25*
76
105
131
77
78
39*
79
67
89

50*
88
89*
62
60*
35
54*
71*
64
73
986*

M=3

32*
39
65
16*
13
22
95
22*
82
72*
84*
56*
53*
34
41*
67
32*

FG

67*
119
114*
86
78
46
72*
92
81
93
1299*

FG

46*
59
92
20*
20
32
116
25*
99
99*
116*
80
71*
47
60*
89
49*
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Function Name

Total

Function Name

Rosenbrock

Beale

Trigonometric

wood

Extended Rosenbrock

Extended Powell

Total

D=0.6
Initial Point M=1

K
(6.....6) 88

925

Table 7. Result for ®=0.7.

®=0.7
Initial Point M=1
K
(-1.2,1) 32%
(5,9) 47
(10, 10) 60
(0,0) 19%
1,-1) 13
(0.1,-2) 19
(90...., 90) 91
(0.1,...,0.1) 22
(30...., 30) 51
(-1.2,1,-1.2,1) 78
33,33 85
@.-1,0,1) 75
(-1.2,1,-1.2,1) 53
(0,0,0,0) 36
(3,0,3,0 53
(3,-1,0,1,3,-1,0,1) 4%
(10, 10, 10, 10, 0, 0, 0, 0) 48
(6.....6) 80
897
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FG

113
1257

FG

47*
63
86*
16*
21
33
115
25
66*
110
109*
102
74
51
79
65*
64
102
1228

M=2

K

65
938

M=2

34
32*
57*
12*
11*
15*
66*
21*
77
73
87
58
53
24*
58
69
63
69*
879

FG

88

1240

FG

47*
49*
86*
17
16*
22*
87*
24>
94
99
115
77
71
36*
80
88
80
92*
1180

M=3

K

61*
886*

M=3

33
42
65
12*
13
26
82
21*
77
69*
81*
53*
50*
31
44*
50
31*
82
862*

FG

82*
1202*

FG

47*
62
90
17
21
32
102
24>
92
93*
111
80*
69*
41
68*
75
48*
103
1175*
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Table 8. Result for ®=0.8.

®=0.8
Function Name N Initial Point M=1 M=2 M=3
K FG K FG K FG
2 (-1.2,1) 33* 48* 35 48 35 51
Rosenbrock (5,5) 46 63 34 50 41* 62*
(10, 10) 61 90 50* 80* 57 81
2 0, 0) 12 16 13 18 10* 15*
Beale (1,-1) 12 20 11* 16* 12 20
(0.1, -2) 19 31 17* 23* 20 28
8 (90,..., 90) 63* 79* 72 94 80 106
Trigonometric (0.1,...,0.1) 20 24 20 23 19* 22*
(30,..., 30) 49* 64* 68 84 61 75
4 (-1.2,1,-1.2,1) 75 116 74 99 67* 95*
wood (3,3,3,3) 84 112 84 109* 83* 112
(3,-1,0,1) 66 93 57 76 48* 72*
4 (-1.2,1,-1.2,1) 55 74 44* 62* 61 77
Extended Rosenbrock (0,0,0,0) 32 50 21* 32* 34 46
(3,0,3,0) 52 79 52 73 47* 64*
8 (3,-1,0,1,3,-1,0,1) 52* 71* 59 78 55 77
Extended Powell (10, 10, 10, 10, 0, 0, 0, 0) 42* 58* 55 72 46 65
(6.....6) 62 85 53 75 50* 70*
Total 835 1173 819* 1112* 826 1138

Table 9. Result for ®=0.9.

®=0.9
Function Name N Initial Point M=1 M=2 M=3
K FG K FG K FG
2 (-1.2,1) 31* 44* 34 47 35 49
Rosenbrock (5,5) 42 62 30* 48 41 36*
(10, 10) 54* 81* 62 95 57 85
2 (0,0) 11 15 13 18 9* 14*
Beale 1,-1) 13 21 12* 17* 13 21
(0.1, -2) 21 31 17* 23* 17 27
8 (90,...,90) 66 85 62* 78* 65 81
Trigonometric
0.1,...,0.1) 20 24 19* 22* 19* 22*
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®=0.9
Function Name N Initial Point M=1 M=2 M=3
K FG K FG K FG
(30,..., 30) 48* 63* 56 71 58 72
4 (-1.2,1,-1.2,1) 70* 107 70* 102 73 101
wood (3,3,3,3) 83 116 82 113 77 106*
(3,-1,0,1) 71 101 50* 70* 50* 74
4 (-12,1,-12,1) 49 69 46* 63* 52 71
Extended Rosenbrock (0,0,0,0) 32 45 23* 36* 31 41
(3,0,3,0) 51 71 43* 69 44 65*
8 (3,-1,0,1,3,-1,0,1) 36* 57* 57 79 51 75
Extended Powell (10, 10, 10, 10,0, 0, 0, 0) 40* 56* 52 69 44 61
(6.....6) 56* 79* 57 82 82 103
Total 794 1127 785* 1102* 818 1104

Table 10. Result for ®=1.

=1
Function Name N Initial Point M=1 M=2 M=3
K FG K FG K FG
2 (-1.2,1) 34 48 34 47 28* 41*
Rosenbrock (5,5) 43 62 31* 46* 38 59
(10, 10) 60 90 50* 75* 62 91
2 (0,0) 12 16 13 18 10* 15*
Beale (1,-1) 13 21 11* 16* 13 21
(0.1,-2) 21 31 16* 23* 23 32
8 (90,..., 90) 50 68 39* 54* 50 63
Trigonometric (0.1,...,0.1) 20 23 19* 22* 19* 22*
(30,...,30) 45* 60* 69 87 54 72
4 (-1.2,1,-1.2,1) 72 109 67 93 61* 88*
wood (3,3,3,3) 80 115 79 111 77* 105*
(3,-1,0,1) 71 108 49 68* 48* 73
4 (-1.2,1,-1.2,1) 45* 63* 50 70 50 70
Extended Rosenbrock (0,0,0,0) 34 51 21* 34* 28 39
(3,0,3,0) 48 73 46 73 44* 62*
Extended Powell 8 (3,-1,0,1,3,-1,0,1) 44* 64* 53 74 50 73
(10, 10, 10, 10, 0, 0, 0, 0) 42 58 37* 54* 43 59
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D=1
Function Name N Initial Point M=1 M=2 M=3
K FG K FG K FG
(6.....6) 47* 68* 65 86 53 72
Total 781 1128 749* 1051* 751 1057
Table 11. Numerical results for different values of ®.
M=1 M=2 M=3
()] K FG K FG K FG
0.1 2442 2800 2220 2552 2137* 2400*
0.2 1682 2008 1687 2022 1575* 1884*
0.3 1089* 1390* 1321 1631 1154 1449
0.4 1067* 1371* 1124 1437 1068 1374
0.5 1052 1385 1105 1423 986* 1299*
0.6 925 1257 938 1240 886* 1202*
0.7 897 1228 879 1180 862* 1175*
0.8 835 1173 819* 1112* 826 1138
0.9 794 1127 785* 1102* 818 1104
1 781 1128 749* 1051* 751 1057
Total 11564 14867 11627 14750 11063* 14082*

In this section, the proposed NCSIP method is compared
with the NDDIP method. In the comparison below, @ €
[0.1]. The notation N represents the number of variables,
the notation FG represents the number of function and gradi-
ent evaluations, and the notation k represents the number of
iterations Additionally, "M=2" and "M=3" represent the three
and four points of the NCSI method, while "M=4" and "M=5"
represent the three and four points of the NDDIP method [18,
29]. The notation * represents the best result for FG, and in
the case of a tie, the result is determined by the notation k.
The numerical results clearly indicate that the proposed

319

method performs best when M=2 or M=3. For both of these
two-way methods, the proposed method requires fewer func-
tion and gradient evaluations for the majority of test problems,
which clearly indicates a higher level of efficiency and robust-
ness in Tables 12-21.

Although both methods perform competitively, a careful
analysis of the overall results indicates that M=3 performs
slightly better. In fact, the cumulative results presented in Ta-
ble 22 clearly indicate that the total number of function and
gradient evaluations is minimized when M=3, which clearly
indicates its superior efficiency.
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Table 12. Result for ®=0.1.

®=0.1
Function Name N Initial Point M=4 M=5 M=2 M=3
K FG K FG K FG K FG
2 (-12,1) 50* 70* 90 109 86 113 92 111
Rosenbrock (5,5) 115 150 162 194 113*  140* 174 206
(10, 10) 60* 105* 183 238 182 216 183 138
2 (0,0) 12* 16* 12* 16* 12* 16* 12* 16*
Beale 1,-1) 12* 17* 14 21 12* 17* 14 21
0.1,-2) 29* 41* 102 118 35 49 51 73
8 (90,...,90) 72* 86* 110 123 72* 86* 130 143
Trigonometric (0.1,...,0.1) 32* 35* 37 40 32* 35* 37 40
30,...,30) 109 121 111 123 109 121 82* 94*
4 (-1.2,1,-1.2,1) 231 266 208* 235 230 254 231 258
wood (3,3,3,3) 325 362 249*  282* 306 329 257 292
3,-1,0,1) 147* 161* 156 177 147*  161* 156 177
4 (-1.2,1,-1.2,1) 148 164 147>  160* 211 241 177 198
Extended Rosenbrock (0,0,0,0) 14* 25* 67 77 16 31 53 63
(3,0,3,0) 216 247 123*  137* 294 322 137 153
8 (3-1,0,1,3-1,0,1) 119 142 96* 117* 136 154 130 151
Extended Powell (10, 10, 10, 10, 0, 0, 0, 0) 91* 113* 91* 115 91* 113*  91* 115
(6.....6) 202 229 176 195 136 154 130*  151*
Total 1984* 2350* 2134 2477 2220 2552 2137 2400

Table 13. Result for ®=0.2.

®=0.2
Function Name N Initial Point M=4 M=5 M=2 M=3
K FG K FG K FG K FG
2 (12,1 34 48* 32* 49 34 48* 32* 49
Rosenbrock (5,5) 43* 63* 46 67 67 94 45 66
(10, 10) 83 126 52* 74* 80 121 54 76
2 (0,0 24* 27* 24* 27* 24* 27* 24* 27*
Beale 1,-1) 12* 17* 14 21 12* 17* 14 21
0.1,-2) 31* 38* 50 65 31* 38* 50 65
8 (90,...,90) 167* 186* 199 222 167 186* 209 232
Trigonometric
0.1,...,0.1) 31* 34* 31* 34* 31* 34* 31* 34*
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®=0.2
Function Name N Initial Point M=4 M=5 M=2 M=3
K FG K FG K FG K FG
(30,..., 30) 89* 101* 92 104 89* 101* 171 187
4  (-1.2,1,-1.2,1) 176 209 159 186 148*  175* 155 181
wood (3,3,3,3) 216 250 170* 190* 194 227 172 193
(3,-1,0,1) 93 107 90* 114* 93 107 90* 114*
4  (-1.2,1,-1.2,1) 142 158 133 161 126 143 T 95*
Extended Rosenbrock (0,0,0,0) 33* 45* 49 59 39 50 46 58
(3,0,3,0) 154 177 86 101* 183 222 85* 102
8 (3,-,0,1,3-10,1) 113 132 73* 94* 112 133 134 155
Extended Powell (10, 10, 10, 10,0, 0, 0, 0) 101 120 71* 94* 101 120 71* 94*
(6.....6) 112 131 93* 111* 156 179 115 135
Total 1654 1969  1464* 1773* 1687 2022 1575 1884

Table 14. Result for ®=0.3.

®=0.3
Function Name N Initial Point M=4 M=5 M=2 M=3
K FG K FG K FG K FG
2 (-12,1) 34* 47* 70 91 34* 47* 70 91
Rosenbrock (5,5) 43* 61* 53 74 66 88 53 74
(10, 10) 62 99 61 87 80 115 60* 87*
2 (0,0 21* 24* 21* 24* 21* 24* 21* 24*
Beale 1,-1) 11* 16* 13 20 11* 16* 13 20
0.1,-2) 31 39 54 67 31 39 24* 35*
8 (90,...,90) 108 123 111 125 108 123 106* 120*
Trigonometric (0.1,...,0.1) 28* 31* 29 32 28* 31* 29 32
(30,..., 30) 99 121 98 113 104 125 79* 93*
4  (-1.2,1,-1.2,1) 113 139 116 138 105* 127* 109 130
wood (3,3,3,3) 146 173 108*  139* 156 184 108* 139*
(3,-1,0,1) 72 90* 67* 91 72 90* 67* 91
4  (-1.2,1,-1.2,1) 7 96 88 109 74* 93* 82 99
Extended Rosenbrock (0,0,0,0) 39 52 34 44 29* 42* 36 45
(3,0,3,0) 120 147 71 87 106 133 70* 86*
Extended Powell 8 (3,-1,0,1,3-10,1) 60* 83* 93 116 91 112 82 101
(10, 10, 10, 10, 0, 0, 0, 0) 66 84 61* 79* 66 84 61* 79*
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Function Name

Total

Function Name

Rosenbrock

Beale

Trigonometric

wood

Extended Rosenbrock

Extended Powell

Total

N Initial Point

(6. ....6)

Table 15.

N Initial Point

2 (12,1)
(5.9)
(10, 10)

2 (0,0
@ -1
0.1, -2)

8 (90....,90)
(0.1,...,0.1)

(30...., 30)

4 (12,1,-1.2,1)
(3,3,3,3)
(3,-1,0,1)

4 (1.2,1,-1.2,1)
(0,0,0,0)

(3,0,3,0)

8 (3-1,01,3,-101)
(10, 10, 10, 10, 0, 0, 0, 0)
(6. ....6)

®=0.3

M=4

K FG
114 136
1244 1561
Result for ©=0.4.
D=0.4

M=4

K FG
32* 45*
67 88
58* 90
23* 26*
12* 17*
28 38
58* 72*
26* 29*
89 103
80* 104*
120 146
69 84*
76 96
31 45
93 118
86 105
72 90
109 132
1129 1428
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M=5

K

113
1261

M=5

36
58
61
23*
13
31
63
26*
86
86
114*
65*
86
40
63
84
68*
117
1120

FG

133
1569

FG

52
78
85*
26*
20
43
76
29*
106
107
144*
90
108
49
80
102
85*
137
1417

M=2

K

139
1321

M=2

32*
43*
78
23*
12*
28
58*
26>
89
94
120
69
72*
30*
90
60*
72
128
1124

FG

158
1631

FG

45*
66*
123
26*
17*
38
72*
29*
103
119
153
84*
90*
43*
111
81*
90
147
1437

M=3

K

84*
1154*

M=3

36
58
61
23*
13
22*
114
26*
52*
90
114*
65*
78
39
61*
67
68*
81*
1068*

FG

103*
1449*

FG

52
78
85*
26*
20
32*
134
29*
67*
122
144*
90
97
48
79*
84
85*
102*
1374*
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Table 16. Result for ®=0.5.

@=0.5
Function Name N Initial Point M=4 M=5 M=2 M=3
K FG K FG K FG K FG
2 (12,1 39* 62 43 58* 39* 62 43 58*
Rosenbrock (5,5) 41 60 42 61 35* 53* 42 61
(10, 10) 60* 91* 68 98 71 110 66 96
2 (0,0 19* 22* 19* 22* 19* 22* 19* 22*
Beale (1,-1) 11* 16* 12 19 11* 16* 12 19
0.1, -2) 29 39 32 41 29 39 28* 36*
8  (90,...,90) 141 168 88* 108* 136 163 106 132
Trigonometric (0.1,...,0.1) 24* 27* 24* 27* 24* 27* 24* 27*
(30,..., 30) 70 84 66 80 70 84 50* 67*
4 (-1.2,1,-1.2,1) 82 108 86 117 78* 101* 88 119
wood (3,3,3,3) 115 143 89* 114* 114 147 89* 114*
(3,-1,0,1) 60* 78* 62 82 60* 78* 62 86
4 (-1.2,1,-1.2,1) 65 81 56* 75* 65 80 60 78
Extended Rosenbrock (0,0,0,0) 27* 40* 36 47 28 41 35 46
(3,0,3,0) 63 80 53* 70* 79 100 54 72
8 (3-1,0,1,3,-1,0,1) 82 101 76 96 75 91* 71* 92
Extended Powell (10, 10, 10, 10, 0, 0, 0, 0) 68 85 64* 81* 68 85 64* 81*
(6.....6) 115 138 86 107 104 124 73* 93*
Total 1111 1423 1002 1303 1105 1423  986*  1299*

Table 17. Result for ©=0.6.

®=0.6
Function Name N Initial Point M=4 M=5 M=2 M=3
K FG K FG K FG K FG
2 (12,1 37 52 32 46 37 52 32 46
Rosenbrock (5,5) 39 58 39 59 34 54 39 59
(10, 10) 64 103 61 86 59 92 65 92
2 (0,0 16 20 16 20 16 20 16 20
Beale 1,-1) 12 20 13 20 12 17 13 20
0.1,-2) 16 22 22 32 16 22 22 32
8 (90,...,90) 108 129 87 107 108 129 95 116
Trigonometric
(0.1,...,0.1) 22 25 22 25 22 25 22 25
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D=0.6
Function Name N Initial Point M=4 M=5 M=2 M=3
K FG K FG K FG K FG
(30,..., 30) 62 76 72 88 62 76 82 99
4 (-12,1,-12,1) 77 103 70 97 79 105 72 99
wood (3,3,3,3) 90 115 85 117 100 131 84 116
(3,-1,0,1) 61 77 56 80 61 77 56 80
4 (-1.2,1,-1.2,1) 60 78 55 73 60 78 53 71
Extended Rosenbrock (0,0,0,0) 27 39 33 42 27 39 34 47
(3,0,3,0) 61 81 52 70 59 79 41 60
8 (3-1,0,1,3-0,1) 45 62 53 76 50 67 67 89
Extended Powell (10, 10, 10, 10, 0, 0, 0, 0) 71 89 32 49 71 89 32 49
(6.....6) 75 99 80 99 65 88 61 82
Total 943 1248  880*  1186* 938 1240 886 1202

Table 18. Result for ®=0.7.

®=0.7
Function Name N Initial Point M=4 M=5 M=2 M=3
K FG K FG K FG K FG
2 (12,1 34 47* 33* 47* 34 47* 33* 47*
Rosenbrock (5,5) 43 64 42 62 32* 49* 42 62
(10, 10) 59 95 65 90 57* 86* 65 90
2 (0,0 12 17 12* 17* 12* 17* 12* 17*
Beale 1,-1) 11* 16* 13 21 11* 16* 13 21
0.1,-2) 12* 22* 26 32 15 22 26 32
8 (90,...,90) 66* 87* 97 121 66* 87* 82 102
Trigonometric (0.1,...,0.1) 21* 24* 21* 24* 21* 24* 21* 24*
(30,...,30) 77 94 69* 88* 77 94 77 92
4 (-12,1,-1.2,1) 73 100 70 94 73 99 69* 93*
wood 3,3,3,3) 94 131 81* 111~* 87 115 81* 111~*
(3,-1,0,1) 58 77* 53* 80 58 77* 53* 80
4 (-12,1,-1.2,1) 60 78 54 73 53 71 50* 69*
Extended Rosenbrock (0,0,0,0) 26 38 34 44 24* 36* 31 41
(3,0,3,0) 58 80 42* 61* 58 80 44 68
Extended Powell 8 (3-1,0,1,3-10,1) 59 79 55 74 69 88 50* 75*
(10, 10, 10, 10, 0, 0, 0, 0) 63 80 31 48 63 80 31* 48*
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Function Name

Total

Function Name

Rosenbrock

Beale

Trigonometric

wood

Extended Rosenbrock

Extended Powell

Total

®=0.7
Initial Point M=4

K FG
(6. ....6) 86 111

912 1240

Table 19. Result for ®=0.8.

®=0.8
Initial Point M=4

K FG
(-1.2,1) 35* 48*
(5.5) 39 58
(10, 10) 58 86
(0,0) 13 18
(,-1) 11* 16*
0.1, -2) 17* 23*
(90,..., 90) 76 98
(0.1,...,0.1) 20 23
(30,..., 30) 70 89
(-1.2,1,-1.2,1) 71 103
(3,3,3,3) 83* 116
(3,-1,0,1) 57 76
(-1.2,1,-1.2,1) 54 71
0,0,0,0) 24 37
(3,0,3,0) 51 78
(3,-1,0,1,3,-1,0,1) 47* 66*
(10, 10, 10, 10, 0, 0, 0, 0) 55 72
(6. ....6) 71 94

852 1172
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M=5

K

41
839*

M=5

35*
41
57
10*
12
20
86
19*
59*
67*
83*
48*
57
31
49
58
46*
63
841

M=
FG K
62 69
1149* 879
M=2
FG K
51 35*
62 34*
81 50*
15* 13
20 11*
28 17*
112 72*
22* 20
73* 68
95* 74
112 84*
72* 57
76 44*
40 21*
70 52
79 59
65* 55
84 53
1157  819*

FG

92
1180

FG

48*
50*
80*
18
16*
23*
94*
23
84
99
109
76
62*
32*
73
78
72
75
1112*

M=3

K

82
862

M=3

35*
41
57
10*
12
20
80
19*
61
67*
83*
48*
61
34
47*
55
46*
50*
826

FG

103
1175

FG

51
62
81
15*
20
28
106
22*
75
95*
112
72*
77
46
64>
77
65*
70*
1138
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Table 20. Result for ®=0.9.

®=0.9
Function Name N Initial Point M=4 M=5 M=2 M=3
K FG K FG K FG K FG
2 (-12,1) 34* 47* 35 49 34* 47* 35 49
Rosenbrock (5,5) 40 61 41 63 30* 48* 41 36
(10, 10) 58 92 58 86 62 95 57* 85*
2 (0,0 13 18 9* 14* 13 18 9* 14*
Beale (1,-1) 12* 17* 13 21 12* 17* 13 21
0.1, -2) 17* 23* 23 32 17* 23* 17* 27
8  (90,...,90) 62* 78* 63 78* 62* 78* 65 81
Trigonometric 0.1,...,0.1) 19* 22* 19* 22* 19* 22* 19* 22*
(30,..., 30) 56* 71* 58 73 56* 71* 58 72
4 (-1.2,1,-1.2,1) 65* 91* 73 101 70 102 73 101
wood (3,3,3,3) 83 114 77 106* 82 113 77 106*
(3,-1,0,1) 50* 70* 50* 74 50* 70* 50* 74
4 (-1.2,1,-1.2,1) 53 73 54 74 46* 63* 52 71
Extended Rosenbrock (0,0,0,0) 21* 33* 29 40 23 36 31 41
(3,0,3,0) 54 75 41* 61* 43 69 44 65
8 (3-1,0,1,3,-1,0,1) 58 80 52 73 57 79 51* 75*
Extended Powell (10, 10, 10, 10, 0, 0, 0, 0) 52 69 44* 61* 52 69 44* 61*
(6.....6) 69 95 44* 65* 57 82 82 103
Total 816 1129  783*  1093* 785 1102 818 1104

Table 21. Result for ®=1.

d=1
Function Name N Initial Point M=4 M=5 M=2 M=3
K FG K FG K FG K FG
2 (12,1 34 47 28* 41* 34 47 28* 41*
Rosenbrock (5,5) 39 59 38 59 31* 46* 38 59
(10, 10) 55 85 62 91 50* 75* 62 91
2 (0,0 13 18 10* 15* 13 18 10* 15*
Beale 1,-1) 11* 16* 13 21 11* 16* 13 21
0.1,-2) 16 23 21 35 16* 23* 23 32
8 (90.,...,90) 39* 54* 50 64 39* 54* 50 63
Trigonometric
0.1,...,0.1) 19* 22* 19* 22* 19* 22* 19* 22*
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Function Name

wood

Extended Rosenbrock

Extended Powell

Total

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

Total

5. Disadvantages of the New Methods

M=4

1984*
1654
1244
1129
1111
943
912
852
816
774
11419

Initial Point

30,..

., 30)

(-1.2,1,-1.2, 1)
(3,3,3,3)

(3,-1,0,1)

(-1.2,1,-1.2, 1)
(0,0, 0,0)
(3,0,3,0)

3,-1,0,1,3,-1,0,1)
(10, 10, 10, 10, 0, 0, 0, 0)
. ....

FG

2350*
1969
1561
1428
1423
1248
1240
1172
1129
1084
14604

6)

=1

M=4

69
65
76*
49
56
22
49
47
37*
78
774

FG

87
93
110
68*
77
35
72
67
54
97
108

4

M=5

66
61*
78
48*
51
28
43*
34*
42
57
749*

FG

81
88*
108
73
71
41
62*
54*
59
78
1063

Table 22. Numerical results for different values of ®.

M=5

K

2134
1464
1261
1120
1002
880*
839*
841
783
749*
11073

FG

2477
1773
1569
1417
1303
1186*
1149*
1157
1093
1063
14187

The major drawback of the NCSIP approach is the addi-
tional computational time and storage space needed for con-
structing the spline form and solving the related linear system.
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M=2

K

2220
1687
1321
1124
1105
938

879

819*
785*
749*

11627

FG

2552
2022
1631
1437
1423
1240
1180
1112*
1102*
1051*
14750

M=2

69
67
79
49
50*
21*
46
53
37*
65
749*

FG

87
93
111
68*
70*
34*
73
74
54*
86
1051*

M=3

K

2137
1575*
1154*
1068*
986*
886
862
826
818
751
11063*

M=3

54*
61*
77
48*
50*
28
44
50
43
53*
751

FG

72*
88*
105*
73
70*
39
62*
73
59
72*
1057

FG

2400
1884*
1449*
1374*
1299*
1202
1175
1138
1104
1057
14082*

However, this additional cost is not unreasonable when com-
pared with the cost of updating and storing other approxima-
tion matrices.

6. Conclusions

The paper points out that using more gradient evaluations
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makes it possible to approximate the second-derivatives ma-
trix more effectively, by applying the "Newton equation." It
has been shown that the new algorithm may be expected to
reduce to the "secant-based" Broyden family methods when
close to the minimum, particularly in situations where only
two points are used. As a result, the convergence properties
characteristic of the Broyden family methods are carried over
to the new algorithm.

The numerical experiments conducted yielded encouraging
results. It is worth emphasizing that this concept can be readily
applied to any existing algorithm, simply by replacing z with
w in the updating formula.

Future Work

Building on the limitations identified above, several direc-
tions are recommended for future research:

1) Large-scale testing. The present study was restricted to
small-scale test problems (N = 2, 4, 8). Since quasi-New-
ton methods are of particular interest for large-scale op-
timization, future work should test the proposed NCSIP-
based algorithm on higher-dimensional problems (e.g.,
N = 50, 100, 500) to assess whether the observed effi-
ciency gains persist, diminish, or grow as problem size
increases, and to evaluate the scalability of the spline
construction cost relative to problem dimension.

2) Broader benchmarking. Comparisons in this study were
limited to the traditional Broyden family and the NDDI
method. Future work should benchmark the proposed al-
gorithm against L-BFGS and other limited-memory
quasi-Newton variants, which are widely used in prac-
tice, in order to properly contextualize the reported per-
formance gains within the broader landscape of available
optimization methods.

3) Reporting computational cost. Only the number of itera-
tions (k) and function/gradient evaluations (FG) were re-
ported in this study. Given the acknowledged additional
computational overhead of constructing the spline model
and solving the associated linear system, future work
should report CPU time and memory usage alongside k
and FG, to provide a more complete picture of the trade-
off between the modest reduction in FG and the added
cost per iteration.

Abbreviations

BF Broyden Family
NCSIP  Natural Cubic Spline Interpolation Polynomial
NDDI  Newton Divided Difference Interpolation
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