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Abstract 

This study examines the nonlinear convective magnetohydrodynamic (MHD) flow and heat transfer characteristics of a Casson-

Williamson fluid over a wedge in the presence of nonlinear thermal buoyancy, thermal radiation, a uniform heat source, and 

exponential internal heat generation. The novelty of the present work lies in the simultaneous integration of the Casson-

Williamson non-Newtonian fluid model with nonlinear mixed convection and exponential heat generation over a Falkner-Skan 

wedge, which has not been comprehensively investigated in previous studies. The nonlinear governing partial differential 

equations are transformed into a system of coupled ordinary differential equations through appropriate similarity transformations. 

The resulting boundary value problem is solved numerically using the shooting method in conjunction with the adaptive Runge-

Kutta fourth-fifth order (RK45) scheme. The effects of the governing parameters on the velocity and temperature distributions, 

as well as the skin-friction coefficient and local Nusselt number, are investigated. The numerical results reveal that increasing 

the Casson and Williamson parameters suppresses the fluid velocity while enhancing the temperature distribution due to reduced 

convective heat transport. The mixed convection and nonlinear convection parameters accelerate the flow, whereas thermal 

radiation, uniform heat generation, and exponential heat generation significantly increase the thermal boundary-layer thickness. 

Moreover, the magnetic field enhances the wall shear stress but reduces the heat transfer rate, while stronger thermal radiation 

decreases the local Nusselt number. The findings of this investigation provide useful insight into the thermal management of 

non-Newtonian fluid systems encountered in polymer processing, coating technologies, thermal manufacturing, energy 

conversion, and related engineering applications. 
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1. Introduction 

Many fluids encountered in industrial operations and biolog-

ical systems cannot be accurately described by the classical 

Newtonian constitutive law because their viscosity changes 

with the applied shear rate or they exhibit yield stress before 

deformation begins. Such materials are collectively referred to 

as non-Newtonian fluids, and their flow behavior is considera-

bly more complex than that of Newtonian fluids. To capture 

these rheological characteristics, a variety of constitutive mod-

els have been developed over the years. Among the most widely 

used are the Carreau-Yasuda, Cross, Casson, Maxwell, Powell–

Eyring, Prandtl-Eyring, Ellis, Jeffery, and generalized power-

law models, each designed to represent specific classes of non-

Newtonian materials under different flow conditions [1-3]. 

These models have provided valuable insights into momentum 

and heat transfer phenomena in complex fluids and have been 

successfully applied to numerous engineering problems involv-

ing different geometries and boundary conditions. Among these 

constitutive relations, the Casson fluid model, originally pro-

posed by Casson [4], occupies a prominent position because it 

effectively describes fluids possessing finite yield stress. Ac-

cording to this model, the fluid behaves as a solid until the ap-

plied stress exceeds a critical value, after which it flows like a 

viscous fluid. This rheological behavior closely resembles that 

of many real-world materials, including blood, printing inks, 

chocolate, honey, tomato paste, cosmetic creams, polymer sus-

pensions, and concentrated emulsions. Consequently, the Cas-

son model has found widespread applications in biomedical en-

gineering, food technology, pharmaceutical production, cos-

metic processing, and petroleum-related operations. The grow-

ing practical importance of Casson fluids has motivated exten-

sive theoretical and numerical investigations. For example, 

Mukhopadhyay et al. [5] examined the transient boundary-layer 

flow of a Casson fluid over a stretching surface subjected to 

specified thermal boundary conditions. Nandeppanavar et al. [6] 

investigated steady Casson nanofluid flow induced by an expo-

nentially stretching sheet and reported that increasing the Cas-

son parameter suppresses the fluid velocity due to enhanced re-

sistance to deformation. Awais et al. [7] explored magnetohy-

drodynamic Casson fluid flow through a porous medium over a 

shrinking surface while considering simultaneous heat and 

mass transfer effects. Further contributions addressing the 

transport characteristics of Casson fluids and Casson nanofluids 

under diverse physical assumptions and thermal environments 

can be found in Refs. [8-12]. 

In many thermal transport systems, fluid motion is not gov-

erned exclusively by either externally imposed forces or buoy-

ancy effects, but rather by the simultaneous interaction of both 

mechanisms. This transport regime, commonly known as 

mixed convection, arises when forced convection and natural 

convection coexist, resulting in a complex flow behavior that 

strongly influences momentum and heat transfer characteris-

tics. Such combined convection processes are encountered in 

a wide variety of engineering applications, including elec-

tronic cooling devices, solar thermal systems, thermal energy 

storage units, nuclear reactors, cryogenic equipment, and nu-

merous manufacturing operations. Owing to its practical im-

portance, mixed convection has become a major area of re-

search, with extensive studies devoted to understanding its in-

fluence under different geometrical configurations, fluid mod-

els, and thermal boundary conditions [13-20]. 

Although the classical Boussinesq approximation assumes a 

linear dependence of fluid density on temperature, this assump-

tion is only valid for relatively small temperature differences. In 

many practical thermal processes involving significant temper-

ature variations, the density–temperature relationship exhibits 

nonlinear characteristics, making the linear approximation in-

sufficient for accurately describing buoyancy-driven flows. 

Consequently, nonlinear thermal buoyancy effects must be in-

corporated into the governing equations to obtain a more realis-

tic representation of fluid motion and heat transport. The pres-

ence of nonlinear convection considerably alters the boundary-

layer development and thermal performance, making it highly 

relevant to applications such as geothermal energy utilization, 

combustion systems, refrigeration technology, heat pumps, nat-

ural gas extraction, and pharmaceutical processing. Several re-

searchers have examined the influence of nonlinear convection 

in different non-Newtonian fluid models and transport phenom-

ena. Kameswaran et al. [21] investigated the combined effects 

of nonlinear buoyancy and thermophoretic transport on bound-

ary-layer flow through a permeable medium adjacent to a verti-

cal surface. Hayat et al. [22] analyzed three-dimensional mixed 

convection flow of a Sisko nanofluid over an elastic stretching 

sheet by considering both thermal and concentration-induced 

buoyancy forces. Khan et al. [23] explored entropy generation 

in the nonlinear mixed convection flow of a tangent hyperbolic 

nanofluid over an expanding surface and observed that stronger 

nonlinear buoyancy enhances the fluid velocity. Irfan [24] ex-

tended this analysis to magnetohydrodynamic Carreau 

nanofluid flow with variable thermophysical properties. More 

recently, further developments on nonlinear mixed convection 

and its impact on momentum and thermal transport have been 

reported by Idowu et al. [25], Ibrahim and Kenea [26], Kenea 

and Ibrahim [27], and Reddy et al. [28]. 

Despite the extensive literature on Casson fluids, Williamson 

fluids, mixed convection, and nonlinear thermal buoyancy, very 

limited attention has been given to the combined effects of the 

Casson-Williamson non-Newtonian model, nonlinear convection, 

thermal radiation, a uniform heat source, and exponential internal 

heat generation over a Falkner-Skan wedge. Most existing inves-

tigations consider these physical mechanisms separately or focus 

on different geometrical configurations. The present study ad-

dresses this gap by developing a mathematical model for MHD 

mixed convection flow and heat transfer of a Casson-Williamson 

fluid over a wedge and solving the resulting nonlinear equations 

numerically using the shooting method with the adaptive Runge-
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Kutta fourth-fifth order (RK45) scheme. The study provides new 

insight into the coupled influence of these mechanisms on the ve-

locity field, temperature distribution, wall shear stress, and local 

Nusselt number. 

2. Problem Statement 

Consider a steady, two-dimensional boundary-layer flow of 

an electrically conducting Casson-Williamson fluid past a 

Falkner–Skan wedge in the presence of an externally imposed 

transverse magnetic field of uniform strength 𝐵0. The flow is 

influenced by nonlinear mixed convection arising from tem-

perature-dependent buoyancy, thermal radiation, a uniform in-

ternal heat source, and exponential heat generation. Owing to 

the assumption of a sufficiently small magnetic Reynolds 

number, the induced magnetic field is neglected in compari-

son with the applied magnetic field. Furthermore, the effects 

of viscous dissipation and Joule heating are ignored. Except 

for the density variation appearing in the buoyancy force, all 

fluid thermophysical properties are assumed to remain con-

stant, and the density variation is incorporated through the 

Boussinesq approximation. Here, 𝛾denotes the half-angle of 

the wedge, while 𝑟represents the radial coordinate measured 

along its surface. Based on these assumptions, the governing 

boundary-layer equations describing the conservation of mass, 

momentum, and energy are given by 

Continuity 

∂(𝑟𝑚𝑢)

∂𝑥
+

∂(𝑟𝑚𝑣)

∂𝑦
= 0.             (1) 

Momentum 

𝑢
∂𝑢

∂𝑥
+ 𝑣

∂𝑢

∂𝑦
= 𝜈 (1+

1

𝛽
) (1+Γ

∂𝑢

∂𝑦
)
∂2𝑢

∂𝑦2
−

𝜎𝐵0
2

𝜌
𝑢 + 𝑔[𝛽1(𝑇 − 𝑇∞) + 𝛽2(𝑇 − 𝑇∞)

2]cos⁡ 𝛾.             (2) 

Energy 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑚

𝜕2𝑇

𝜕𝑦2
−

1

𝜌𝑐𝑝

𝜕𝑞𝑟

𝜕𝑦
+

𝑄𝑡

𝜌𝑐𝑝
(𝑇 − 𝑇∞) +

𝑄𝑒

𝜌𝑐𝑝
(𝑇𝑤 − 𝑇∞) 𝑒𝑥𝑝 (

−𝑛

𝑙
𝑦),                (3) 

The boundary conditions are defined by 

𝑢 = 𝑢𝑤 =
𝜐𝑥

𝑙2
, 𝑣 = 0, 𝑇 = 𝑇𝑤 , 𝐶 = 𝐶𝑤 at 𝑦 = 0, 𝑢 → 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞ as 𝑦 → 0,                  (4) 

here 𝑢 and 𝑣 are velocity components along 𝑥 and 𝑦 direc-

tions respectively, 𝛽 is the Casson fluid parameter, 𝑇 and 𝐶 

are temperature and nanoparticles volume fraction respec-

tively, 𝜐 is the kinematic viscosity, 𝜇 is the dynamic viscos-

ity, 𝜎 is the electrical conductivity, 𝜌 density of fluid, 𝐵0 is 

the magnetic field strength, 𝛽1, 𝛽2 are thermal diffusivities, 𝑔 

is the acceleration due to gravity, 𝛼𝑚 = 𝑘/𝜌𝑐𝑝 is the thermal 

diffusivity of the fluid, 𝑘 is the thermal conductivity, 𝑐𝑝 is 

specific heat, 𝜏 = (𝜌𝑐)𝑝/(𝜌𝑐)𝑓  is the ratio of the effective 

heat capacity of nanoparticles and the heat capacity of ordi-

nary fluid, 𝑄𝑡  is the thermal dependent heat source coeffi-

cient, 𝑄𝑒  is the exponential space dependent heat source co-

efficient and 𝑞𝑟 is the radiative heat flux. 

The energy equation takes the following form in view of 

Rosseland approximation. 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑚

𝜕2𝑇

𝜕𝑦2
+

𝜕

𝜕𝑦
(

16𝜎∗

3𝑘∗𝜌𝑐𝑝
𝑇3

𝜕𝑇

𝜕𝑦
) +

𝑄𝑡

𝜌𝑐𝑝
(𝑇 − 𝑇∞) +

𝑄𝑒

𝜌𝑐𝑝
(𝑇𝑤 − 𝑇∞)𝑒

−𝑛

𝑙
𝑦,                        (5) 

where 𝜎∗and 𝑘∗are the Stefan-Boltzmann constant and mean absorption coefficient respectively. 

Now introduce the stretching transformations 

𝜂 =
𝑢𝑤𝑙

𝑥𝜐
𝑦, 𝑢 =

𝜐𝑥

𝑙
𝑓′(𝜂), 𝑣 =

𝜐(𝑚+1)

𝑙
𝑓(𝜂), 𝑇 = 𝑇∞ + 𝜃(𝜂)(𝑇𝑤 − 𝑇∞),                    (6) 

here 𝑙 is characteristic length and prime denotes differentiation with respect to 𝜂. 

Using (6) in (1)-(5) we have 

Hence, the momentum equation is 

Now introduce 

(1+
1

𝛽
) (1 +𝑊𝑒 𝑓

′′)𝑓′′′ + (𝑚 + 1)𝑓𝑓′′ − (𝑓′)2 + 𝐺𝑟(𝜃 + 𝛼1𝜃
2) cos 𝛾 − 𝑀𝑓′ = 0,                        (7) 

1+𝑅𝑑

𝑃𝑟
𝜃′′ + (𝑚 + 1)𝑓𝜃′ + 𝑄𝑡𝜃 + 𝑄𝐸𝑒

−𝑛𝜂 = 0.                              (8) 
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with the boundary conditions 

𝑓(0) = 0, 𝑓′(0) = 1, 𝜃(0) = 1, 𝑓′(∞) = 0, 𝜃(∞) = 0, (9) 

In the above equations 𝐺𝑟, 𝛼1,𝑀, 𝑃𝑟,𝑊𝑒, 𝑅𝑑, 𝑄𝑡, 𝑄𝐸, are 

correspondingly Grashof number, thermal nonlinear convec-

tion parameter, magnetic parameter, Prandtl number, Wil-

liamson parameter, radiation parameter, thermal dependent 

heat source/sink parameter and exponential space dependent 

heat source/sink parameter. They are given below 

𝐺𝑟 =
𝑔𝑙2𝛽1(𝑇𝑤−𝑇∞)

𝜐𝑢𝑤
, 𝛼1 =

𝛽2(𝑇𝑤−𝑇∞)

𝛽1
, 𝑀 =

𝜎𝐵0
2𝑙2

𝜌𝜐
, 𝑃𝑟 =

𝜐

𝛼𝑚
,𝑊𝑒 = 𝛤𝑈𝑤√

𝑈𝑤

𝜈𝑥
  

𝑅𝑑 =
16𝜎∗𝑇3

3𝑘∗𝑘
, 𝑄𝑇 =

𝑄𝑡𝑙
2

𝜇𝑐𝑝
, 𝑄𝐸 =

𝑄𝑒𝑙
2

𝜇𝑐𝑝
  

The present study considers only the wedge geometry. 

Therefore, the governing equations are solved for 𝑚 = 0 

with 𝛾 ≠ 0, representing the steady mixed convective MHD 

Casson-Williamson fluid flow over a wedge. 

The friction factor, Nusselt number and Sherwood number 

are; 

𝐶𝑓 = 𝑅𝑒𝑥
−1/2

(1+
1

𝛽
) [𝑓′′(0) +𝑊𝑒(𝑓′′(0))2],      (10) 

𝑁𝑢𝑥 = −(1+
4

3
𝑅𝑑)𝑅𝑒𝑥

1/2
𝜃′(0),       (11) 

Numerical Procedure 

The nonlinear coupled ordinary differential equations (7) 

and (8), together with the corresponding boundary conditions, 

are solved numerically using the shooting method combined 

with the adaptive fourth-fifth order Runge-Kutta (RK45) inte-

gration scheme implemented in the Python SciPy library. To 

facilitate the numerical computation, the higher-order differ-

ential equations are first transformed into a system of first-or-

der ordinary differential equations by introducing the follow-

ing dependent variables: 

𝑦1 = 𝑓, 𝑦2 = 𝑓′, 𝑦3 = 𝑓′′, 𝑦4 = 𝜃, 𝑦5 = 𝜃′.  

Accordingly, the governing equations are rewritten as 

𝑑𝑦1

𝑑𝜂
= 𝑦2,  

𝑑𝑦2

𝑑𝜂
= 𝑦3,  

𝑑𝑦3

𝑑𝜂
=

−(𝑚+1)𝑦1𝑦3+𝑦2
2−𝐺𝑟(𝑦4+𝛼1𝑦4

2
)cos⁡ 𝛾+𝑀𝑦2

(1+
1

𝛽
)(1+𝑊𝑒 𝑦3)

  

𝑑𝑦4

𝑑𝜂
= 𝑦5,  

𝑑𝑦5

𝑑𝜂
= −

𝑃𝑟

1+𝑅𝑑
[(𝑚 + 1)𝑦1𝑦5 + 𝑄𝑡𝑦4 + 𝑄𝐸𝑒

−𝑛𝜂].  

with the boundary conditions 

𝑓(0) = 0, 𝑓′(0) = 1, 𝜃(0) = 1,  

𝑓′(∞) = 0, 𝜃(∞) = 0,  

The corresponding initial conditions are 

𝑦1(0) = 0, 𝑦2(0) = 1, 𝑦4(0) = 1,  

while the unknown initial slopes 

𝑦3(0) = 𝑓′′(0), 𝑦5(0) = 𝜃′(0)  

are determined iteratively using the shooting technique. 

The computational domain is truncated to a finite boundary, 

𝜂∞ ⁡= ⁡8, which is sufficiently large to satisfy the asymptotic 

boundary conditions. The value of 𝜂∞ ⁡= ⁡8 was selected af-

ter preliminary computations showed that further enlargement 

of the computational domain produced negligible changes in 

the numerical results. Initial guesses are assigned for the un-

known quantities 𝑓′′(0) and 𝜃′(0). For each set of guessed 

values, the resulting initial value problem is integrated from 

𝜂⁡ = ⁡0⁡to⁡𝜂⁡ = ⁡8 using the adaptive Runge-Kutta fourth-fifth 

order (RK45) algorithm. The numerical solution at the far-

field boundary is then compared with the required boundary 

conditions. The nonlinear root-finding algorithm updates the 

guessed values iteratively until the convergence tolerance of 

10⁻⁶ is achieved, with the stopping criterion given by 

|𝑓′(𝜂∞)| ⁡< ⁡10⁻⁶  and |𝜃(𝜂∞)| ⁡< ⁡10⁻⁶ . This ensures that 

the asymptotic boundary conditions are satisfied with the de-

sired numerical accuracy. 

After achieving convergence, the velocity and temperature 

profiles are obtained for various values of the governing pa-

rameters. 

To validate the accuracy of the present numerical method, 

the computed values of the skin-friction coefficient, 

(−𝑓′′(0)), are compared with the previously published re-

sults of Cortell [29] and Tufail et al. [30] for the special case 

(𝛽 → ∞), (𝐺𝑟 = 0),  and ⁡(𝑚 = 0) . The comparison, pre-

sented in Table 1, demonstrates excellent agreement between 

the present results and the existing literature, thereby confirm-

ing the accuracy, stability, and reliability of the numerical pro-

cedure employed in this study. 
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Table 1. Comparison of the present values of the skin-friction coefficient, (−𝑓′′(0)), with the results of Cortell [29] and Tufail et al. [30] for 

the special case (𝛽 → ∞), (𝐺𝑟 = 𝑊𝑒 = 0), and⁡(𝑚 = 0). 

𝑴  
−𝒇′′(𝟎)  

Cortel [29] 

−𝒇′′(𝟎)  

Tufail et al. [30] 

−𝒇′′(𝟎)  

Present study 
Percentage Error (%) 

0 1.00000 1.00000 1.00001 0.0010 

0.5 1.22475 1.22474 1.22468 0.0049 

1 1.41421 1.41421 1.41414 0.0050 

1.5 1.58114 1.58114 1.58105 0.0057 

2 1.73205 1.73205 1.73196 0.0052 

2.5 - 1.87083 1.87073 0.0053 

3 - 2.00000 1.99990 0.0050 

 

Table 2. Effect of M on Skin Friction and Nusselt Number. 

𝑴  −𝒇′′(𝟎)  −𝜽′(𝟎)  

0.5 0.9109990 0.1307026 

1 1.04669881 0.0095169 

1.5 1.16961929 -0.0095169 

(Fixed: 𝛽 = 2, 𝑄𝐸 = 0.5, 𝑄𝑡 = 0.5, 𝑅𝑑 = 0.5, 𝐺𝑟 = 0.5, 𝛼1 = 0.5 ) 

Table 3. Effect of β on Skin Friction and Nusselt Number. 

𝜷  −𝒇′′(𝟎)  −𝜽′(𝟎)  

1 0.93150743 0.1413379 

2 1.0466988 0.0095169 

3 1.0964163 -0.0489838 

(Fixed: 𝑀 = 1.0, 𝑄𝐸 = 0.5, 𝑄𝑡 = 0.5, 𝑅𝑑 = 0.5, 𝐺𝑟 = 0.5, 𝛼1 =

0.5) 

Table 4. Effect of QE on Skin Friction and Nusselt Number. 

𝑸𝑬  −𝒇′′(𝟎)  −𝜽′(𝟎)  

0.1 1.1182457 1.1804138 

0.5 1.0466988 0.0095169 

1 0.9582551 -1.3358681 

(Fixed: β=2, M=1.0, Qt=0.5, Rd=0.5, Gr=0.5, α1=0.5) 

Table 5. Effect of Qt on Skin Friction and Nusselt Number. 

𝑸𝒕  −𝒇′′(𝟎)  −𝜽′(𝟎)  

0.1 1.0870864 0.8216321 

0.5 1.0466988 0.0095169 

1 0.9385993 -1.7386733 

(Fixed: β=2, M=1.0, QE=0.5, Rd=0.5, Gr=0.5, α1=0.5) 

Table 6. Effect of Gr on Skin Friction and Nusselt Number. 

𝑮𝒓  −𝒇′′(𝟎)  −𝜽′(𝟎)  

0.2 1.1667564 -0.0962740 

0.5 1.0466988 0.0095169 

0.8 0.93505456 0.0917149 

(Fixed: β=2, M=1.0, QE=0.5, Qt=0.5, Rd=0.5, α1=0.5) 

Table 7. Effect of α1 on Skin Friction and Nusselt Number. 

𝜶𝟏  −𝒇′′(𝟎)  −𝜽′(𝟎)  

0.1 1.0896448 -0.0151034 

0.5 1.0466988 0.0095169 

0.7 1.0256229 0.0212046 

(Fixed: β=2, M=1.0, QE=0.5, Qt=0.5, Rd=0.5, Gr=0.5) 
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3. Results and Discussion 

The influence of the governing dimensionless parameters 

on the flow and thermal characteristics is examined through 

a comprehensive numerical investigation. The effects of 

these parameters on the dimensionless velocity 𝑓′(𝜂), tem-

perature 𝜃(𝜂) , skin-friction coefficient (𝐶𝑓) , and local 

Nusselt number (𝑁𝑢)are discussed in detail. Unless other-

wise specified, the computations are performed using the 

baseline parameter values 𝛽 = 2.0,𝑊𝑒 = 0.5 , 𝑚 = 0 , 

𝐺𝑟 = 0.8, 𝛼1 = 0.7, 𝑃𝑟 = 6.2, 𝑅𝑑 = 0.8, 𝑄𝑡 = 0.5, 𝑄𝐸 =

0.5, and 𝑛 = 1.0. To isolate the contribution of each physi-

cal parameter, only one parameter is varied in each figure 

while all remaining parameters are held fixed at their refer-

ence values. This approach enables a clear assessment of the 

individual effects of the governing parameters on the mo-

mentum and thermal boundary layers, as well as on the sur-

face shear stress and heat transfer rate. Figures 1 and 2 illus-

trate the influence of the Casson parameter (𝛽)and the Wil-

liamson parameter (𝑊𝑒)on the dimensionless velocity pro-

file, respectively. It is evident from Figure 1 that the fluid 

velocity decreases as the Casson parameter increases. Phys-

ically, a larger value of 𝛽corresponds to a fluid with greater 

resistance to deformation, which weakens the momentum 

diffusion within the boundary layer. Consequently, the fluid 

motion is suppressed, leading to a thinner momentum bound-

ary layer and lower velocity throughout the flow region. The 

effect of the Williamson parameter is presented in Figure 2. 

The results demonstrate that increasing 𝑊𝑒also reduces the 

velocity distribution. This behavior is attributed to the en-

hanced elastic nature of the Williamson fluid, which intro-

duces additional resistance to the flow. As the Williamson 

parameter increases, the non-Newtonian characteristics be-

come more pronounced, thereby restricting fluid motion and 

reducing the boundary-layer thickness. Therefore, both the 

Casson and Williamson parameters act to decelerate the flow, 

although they originate from different rheological mecha-

nisms: the Casson parameter represents yield-stress effects, 

whereas the Williamson parameter accounts for shear-thin-

ning viscoelastic behavior. Figures 3 and 4 illustrate the ef-

fects of the Casson parameter (𝛽)and the Williamson pa-

rameter (𝑊𝑒)on the temperature distribution, respectively. 

It is observed from Figure 4 that the fluid temperature in-

creases with increasing values of the Casson parameter. 

Physically, a larger Casson parameter enhances the fluid's 

yield stress, which suppresses the fluid motion and reduces 

the convective transport of heat away from the heated sur-

face. Consequently, thermal energy accumulates within the 

boundary layer, resulting in an increase in the fluid temper-

ature and a thicker thermal boundary layer. Similarly, Figure 

4 shows that the temperature profile rises with increasing 

Williamson parameter. As 𝑊𝑒increases, the non-Newtonian 

characteristics of the Williamson fluid become more pro-

nounced, offering greater resistance to fluid motion. The 

weakened convective cooling reduces the rate of heat re-

moval from the surface, allowing more thermal energy to re-

main within the fluid. This leads to an increase in the tem-

perature distribution and an expansion of the thermal bound-

ary layer. 

 
Figure 1. Influence of 𝛽 on 𝑓′(𝜂). 

 
Figure 2. Influence of 𝑊𝑒 on 𝑓′(𝜂). 

 
Figure 3. Influence of 𝛽 on 𝜃(𝜂). 
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Figure 4. Influence of 𝑊𝑒 on 𝜃(𝜂). 

 
Figure 5. Influence of 𝑊𝑒 on 𝑓′(𝜂). 

 
Figure 6. Influence of M on 𝜃(𝜂). 

Figures 5 and 6 illustrate the effects of the magnetic pa-

rameter (𝑀) on the velocity and temperature profiles, respec-

tively. It is observed that increasing (𝑀) decreases the veloc-

ity while increasing the temperature. Physically, a stronger 

magnetic field generates a Lorentz force that opposes the 

fluid motion, thereby suppressing the velocity and reducing 

the momentum boundary-layer thickness. The weakened 

fluid motion diminishes convective heat transfer from the 

cone surface, causing more thermal energy to be retained 

within the boundary layer. As a result, the temperature pro-

file and thermal boundary-layer thickness increase with in-

creasing values of the magnetic parameter. Figures 7-9 illus-

trate the effects of the thermal radiation parameter (𝑅𝑑), ex-

ponential heat generation parameter (𝑄𝐸), and uniform heat 

source parameter (𝑄𝑡)on the temperature distribution. It is 

evident that the temperature profile increases with increasing 

values of all three parameters. As the thermal radiation pa-

rameter increases, additional radiative energy is transferred 

into the fluid, enhancing the thermal energy within the 

boundary layer and consequently raising the fluid tempera-

ture. Likewise, an increase in the exponential heat generation 

parameter supplies more internally generated heat to the 

fluid in an exponentially varying manner, thereby intensify-

ing the temperature field and thickening the thermal bound-

ary layer. A similar trend is observed with the uniform heat 

source parameter, where larger values of 𝑄𝑡continuously in-

ject thermal energy into the fluid, reducing the rate of cool-

ing and producing higher temperature distributions. There-

fore, thermal radiation, exponential heat generation, and uni-

form heat generation collectively enhance the thermal en-

ergy of the fluid, leading to a significant increase in the ther-

mal boundary-layer thickness. 

Figures 10 and 11 depict the variations in the skin-friction 

coefficient for different values of the Casson parameter 

(𝛽)with changes in the nonlinear convection parameter 

(𝛼1)and the magnetic parameter (𝑀), respectively. As illus-

trated in Figure 10, the magnitude of the skin-friction coef-

ficient decreases with increasing values of the Casson pa-

rameter, indicating a reduction in the wall shear stress due to 

the enhanced yield-stress characteristics of the fluid. It is 

also observed that increasing the nonlinear convection pa-

rameter increases the skin-friction coefficient for lower val-

ues of the Casson parameter, whereas its influence becomes 

almost negligible for larger values of 𝛽. This behavior is at-

tributed to the stronger buoyancy force generated by nonlin-

ear thermal effects, which enhances the fluid motion near the 

wedge surface and consequently increases the surface shear. 

Figure 11 shows that the skin-friction coefficient decreases 

with increasing magnetic parameter for all values of the Cas-

son parameter. The applied magnetic field generates a Lo-

rentz force that opposes the fluid motion, thereby suppress-

ing the velocity gradient at the wall and reducing the surface 

shear stress. Moreover, larger values of the Casson parame-

ter further lower the skin-friction coefficient because the in-

creased yield-stress effect offers additional resistance to 

fluid motion. Tables 2-7 summarize the effects of the gov-

erning parameters on the skin-friction coefficient and the lo-

cal Nusselt number. Table 2 shows that increasing the mag-

netic parameter (𝑀) enhances the skin-friction coefficient, 
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whereas the local Nusselt number decreases due to the re-

duction in heat transfer caused by the Lorentz force. Table 3 

indicates that larger values of the Casson parameter (𝛽) in-

crease the wall shear stress but reduce the local Nusselt num-

ber, reflecting the stronger yield-stress characteristics of the 

fluid. As observed in Tables 4 and 5, increasing the expo-

nential heat generation parameter (𝑄𝐸)  and the uniform 

heat source parameter (𝑄𝑡) decreases the skin-friction co-

efficient while significantly lowering the local Nusselt num-

ber, owing to the additional thermal energy generated within 

the boundary layer. Table 6 demonstrates that increasing the 

mixed convection parameter (𝐺𝑟) reduces the skin-friction 

coefficient, whereas the local Nusselt number increases be-

cause stronger buoyancy enhances heat transfer from the 

wedge surface. Finally, Table 7 reveals that the nonlinear 

convection parameter (𝛼1) slightly decreases the skin-fric-

tion coefficient while improving the local Nusselt number, 

indicating enhanced heat transfer under stronger nonlinear 

buoyancy effects. 

 
Figure 7. Influence of 𝑅𝑑⁡on 𝜃(𝜂). 

 
Figure 8. Influence of 𝑄𝐸 on 𝜃(𝜂). 

 
Figure 9. Influence of 𝑄𝑡 on 𝜃(𝜂). 

 
Figure 10. Influence of 𝛽⁡and 𝛼1 on skin friction. 

 
Figure 11. Influence of 𝛽⁡and⁡𝑀 on skin friction. 

4. Conclusion 

The present study examined the mixed convective magne-

tohydrodynamic flow and heat transfer characteristics of a 

Casson-Williamson fluid over a wedge in the presence of non-

linear thermal buoyancy, thermal radiation, a uniform heat 

source, and exponential heat generation. The governing non-

linear equations were transformed into a system of ordinary 
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differential equations using similarity transformations and 

solved numerically by the shooting method coupled with the 

RK45 algorithm. The principal findings are summarized as 

follows: 

1) Increasing the Casson parameter (𝛽)and Williamson 

parameter (𝑊𝑒)suppresses the fluid velocity, whereas 

both parameters enhance the temperature distribution by 

increasing the thermal boundary-layer thickness. 

2) The mixed convection parameter (𝐺𝑟)and the nonlinear 

convection parameter (𝛼1)accelerate the fluid motion 

due to the strengthening of buoyancy forces. 

3) The thermal radiation parameter (𝑅𝑑) , uniform heat 

source parameter (𝑄𝑡), and exponential heat generation 

parameter (𝑄𝐸)significantly increase the fluid tempera-

ture by supplying additional thermal energy to the 

boundary layer. 

4) The magnitude of the skin-friction coefficient decreases 

with increasing Casson parameter and magnetic param-

eter, while the nonlinear convection parameter enhances 

the wall shear stress, particularly for smaller values of 

the Casson parameter. 

5) The local Nusselt number decreases with increasing 

thermal radiation parameter, indicating that stronger ra-

diative effects reduce the heat transfer rate from the 

wedge surface. 

Overall, the present investigation demonstrates that the 

combined effects of non-Newtonian rheology, magnetic field, 

nonlinear convection, thermal radiation, and internal heat gen-

eration substantially influence the momentum and thermal 

transport characteristics of Casson-Williamson fluids. These 

results are expected to be useful in the design and optimization 

of engineering systems involving non-Newtonian electrically 

conducting fluids, such as polymer extrusion, metallurgical 

processing, coating technologies, cooling systems, and energy 

transport applications. Future research may extend the present 

study to unsteady and three-dimensional flows, variable ther-

mophysical properties, slip boundary conditions, and experi-

mental validation to further improve the applicability of the 

proposed model to practical engineering problems. 
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