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Abstract: Derivations on C*-algebras have been widely studied due to their fundamental role in operator algebras and their
close connection with classical differentiation. Motivated by the notion of generalized derivations introduced for rings and
subsequently investigated in various algebraic settings, this paper studies generalized derivations on C*-algebras. For a unital
C*-algebra A, we introduce the notions of generalized derivations and generalized inner derivations and examine their
structural properties. We obtain a characterization of generalized derivations on .4 and show that every generalized derivation is
necessarily a generalized inner derivation. As a consequence, generalized derivations on C*-algebras are automatically bounded
and therefore continuous. These results extend classical properties of derivations on C*-algebras to the generalized setting and
provide a deeper understanding of their behavior within the framework of operator algebras. We further investigate the algebraic
structure of the class GD of all generalized derivations on A. In particular, we derive necessary and sufficient conditions under
which the composition of two generalized derivations is again a generalized derivation. Using these conditions, we determine
when GD is closed under composition and establish that it forms a unital subalgebra of £(.A), the algebra of bounded linear
operators on .A. Finally, the obtained results are extended to non-unital C*-algebras, thereby providing a unified treatment of
generalized derivations in both unital and non-unital settings.
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1. Introduction algebras. Recall that a generalized derivation on aring R is an

additive map m : R — R such that there exists a derivation
The concept of derivations on algebras, especially 5.R R satisfying,

Banach algebras, has been extensively studied since the

twentieth century due to its close connection with classical m(uv) = m(u)v +ud(v), Yu,v € R.
differentiation operator. Research on derivations on C*-
algebra dated back to the 1940’s. A fundamental result The notion of generalized derivations was later extended in

obtained by Shoichiro Sakai [8] in 1960 stated that every  [3, 4] to different classes of associative and non-associative
derivation on C*- algebra is bounded and therefore continuous. ~ algebras. Motivated by the rich structure of C*-algebras
Subsequently, in 1966 [9] he proved that all the derivations on ~ as Banach associative algebras, we investigate generalized
A must be inner i.e. there is no outer derivation possible on  derivations in this setting. We obtain a characterization of
C*-algebra. generalized derivations on C*-algebras and prove that they are
Motivated by the notion of generalized derivations necessarily generalized inner derivations as well as continuous
introduced by Havala [1], Aydin[5], we introduce the  operators.
generalized notion of derivation and inner derivation for C*- In [2], Bresner established certain conditions under which
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the composition of two generalized derivations on a ring
R remains a generalized derivation on R. Motivated by
this result, we derive analogous conditions for generalized
derivations on C*-algebras that guarantee the product of
two such maps is again a generalized derivation. As a
consequence, we prove that GD forms a unital subalgebra of
L(A). Furthermore, the obtained results are extended to the
setting of non-unital C*-algebras.

2. Overview

Let A be a unital C*-algebra with identity element e and
norm || - ||4. Suppose that 9 : A — A is a linear mapping
satisfying

O(zy) = 0(x)y + 20(y), V,ye A

Then O is called a derivation on A. A derivation 0 is said to
be inner if there exists an element a € A such that
d(z) = [a, 2] = ax — xa, Vaoe A,

where [a, 2] denotes the Lie product of a and x.

Y

After introducing the notions of generalized derivations and
generalized inner derivations, we establish in Theorem 3.4 that
every generalized derivation m on a C*-algebra A can be
represented in the form

m:Ma‘i’[aa'},

for some «,a € A, where M, denotes the multiplication
operator on A. Consequently, each generalized derivation on
A is generalized inner.

Further, Theorem 3.6 shows that every generalized
derivation on A is automatically continuous. In Theorem 3.8,
we prove that the collection of all generalized derivations on
A, denoted by GD, forms a vector subspace of £(A), where
L(A) represents the space of bounded linear operators on
A. In Theorem 3.10, we establish necessary and sufficient
conditions under which the composition of two generalized
derivations

m1 = My +[a,:] and mo = Ms+[b,]
on A is itself a generalized derivation. More precisely, this
occurs if and only if the following conditions are satisfied:

ma(z)[b, y] + ma(z)[a, y] = 0,

2)

(v, 2][b, y] + [a, 2][b, y] + [b, 2][a, y] + [a, [b, 2]]([a, y] — y) = 0,

As a consequence, it follows that for every commutative
unital C*-algebra, the class GD forms a subalgebra of £(A).

3. Generalized Derivations

Definition 3.1 (Generalized Derivation). Let .4 be a C*-
algebra. A linear mapping

m: A— A
is called a generalized derivation if there exists a derivation
0:A— A
such that
m(zy) = m(z)y + 20(y), V,y € A

Remark 3.1. Every derivation on A is automatically a
generalized derivation. Indeed, by taking m = 0, the above
identity reduces to the usual Leibniz rule for derivations.

Definition 3.2 (Generalized Inner Derivation). A linear map

m:A— A

is said to be a generalized inner derivation on A if there exists

Va,y e A

an inner derivation J, on A satisfying

m(zy) = m(z)y + v0.(y), Va,y€ A,

where
0q(x) = [a, 2] = ax — za.

Theorem 3.1. Let m be a generalized derivation on .A. Then
m admits a representation of the form

m:Ma‘i’[aa'L

for some a,a € A, where M, denotes the multiplication
operator on A. Consequently, every generalized derivation on
A is generalized inner.

Proof. For any z € A, we have

m(z) =
= m(e)z + ed(z).

m(ex)

Since 0 is a derivation on A, it follows that O is inner. Hence
there exists an element ¢ € A such that

Vre A

d(z) = [a,x] = ax — xa,
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Substituting this into the above relation gives

m(e)x + [a, z]
= Mm(e) (z) + [av‘r]v

m(z) =

Ve A
Setting o = m(e), we obtain the desired conclusion.

Remark 3.2. If A is commutative, then every derivation on
A vanishes identically. However, this is not necessarily true
for generalized derivations.

For instance, let A denote the algebra of all 2 x 2 complex
matrices. Choose a nonzero matrix B € A and define a map

m:A— A

by
m(X) = BX.
Then m is a nontrivial generalized derivation on A.

Theorem 3.2. Every generalized derivation on A is
continuous.

Proof. Let m be a generalized derivation on A. By the
previous theorem, there exist a, &« € A such that

m(x) = My (x) + [a, z], Ve A
Therefore,
[m(@)[la = [[Ma(z)+[a, 2]l 4

[ Ma()[|4 + [la, ][4
lez]a+ [lax — zall 4
(lella + 2llalla) flz]la,

VANVANVAN

Vo e A
Hence m is bounded and therefore continuous.

Remark 3.3. Let GD denote the collection of all generalized

derivations on A.
Theorem 3.3. The set GD is a vector subspace of £(A).

Proof. Let my, mo € GD. Then there exist derivations 9; and
02 on A satisfying
mi(zy) = my(x)y + 201 (y)
and
ma(zy) = ma(z)y + x02(y), Va,y € A.

Now,

my(zy) + ma(zy)
= mi(2)y + 201(y) + ma(z)y + x02(y)
= (my(z) + ma(z))y + (01 + 02)(y).

(m1 + m2)(xy)

Thus,
(m1 +m2)(xy) = (M1 + m2)(2)y + (01 + 92)(y),

which shows that mq + mq € GD.
Next, let A\ € C and m € GD. Then there exists a derivation
O such that

m(zy) = m(x)y + z0(y), Vz,y € A
Hence,
(Am)(zy) Am(zy)
A(m(z)y + z0(y))
= (m)(@)y +2(X0)(y).

Therefore, \m €
subspace of L(A).

GD. Consequently, GD is a vector

Remark 3.4. The set GD is not necessarily closed under composition in £(.A).
Let A be a noncommutative unital C*-algebra, and consider two generalized derivations

my = Ma + [a7 ]

where o # 0 and b does not belong to the center of A.
Then

and mg = Mg+ [b, ],

(mima2)(zy) m1(mz(zy))
= m (mz(z)y+x[b, y])
= mi(ma(x)y) + mi(x[b, y])
= (mima)(z)y + ma(z)[a,y] + mi(2)[b, y] + 2 mi([b,y]).

In general, this expression does not satisfy the defining relation of a generalized derivation, since

mQ(e)[avy} + ml(e)[ba y] = 6[a7y] + Oé[b, y] #0

for some y € A.

Therefore, the product of two generalized derivations need not be a generalized derivation. We next determine conditions
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under which the composition of generalized derivations again belongs to GD.

Theorem 3.4. Let

m1 =My +[a,:] and mo = Mg+ [b,]
be two generalized derivations on A. Then the following
statements are equivalent:

1) mimo € GD,

Proof. Consider the composition mms. For arbitrary x,y € A,

2) The identities

ma (2)[b,y] + ma(z)[a,y] = 0
and
[b,2]]([a

[, 2][b, yl+a, z][b, y]+[b, 2][a, y]+[a )

hold for all z,y € A.

(mimaz)(zy) ma (ma(zy))
= mi(ma(z)y + z[b,y])
= mi(ma(2)y) +mi(z[b,y])
= (mam2)(2)y + ma(z)[a,y] + mi(z)[b,y] + xmi([b, y]).
Define amap 0 : A — A by
A(y) = ma([b, y]).
We now compute 0(zy):
ANzy) = ma([b,ay])
= afb,zy] + [a, [b, zy]]
= afbzly + azb,y] + [a, [b, z]y + z[b, Y]]
= Ot[b :L’]y + O‘x[bv y] =+ [aa [b’ x]y] + [a7 I[bv y]]
afb,zly + azx[b,y] + [a, [b, z]][a, y]
+[b, 2lla, y] + [a, z][b,y] + z[a, [b, y]]
On the other hand,
A(z)y + z0(y) mi([b, z])y + xma (b, y])
= a[bv x]y + [CL, [ba m]}y
+zalb,y| + zfa, [b, y]].
Therefore,
d(xy) = A(x)y + z0(y)
if and only if
[, 2][b, y] + [a, z][b, y] + [b, z][a, y] + [a, [b, z])([a, y] — y) = O,

forall z,y € A.
Combining this condition with

my (x)[b, y] + ma(z)[a, y] = 0,

we conclude that mms is a generalized derivation precisely under the stated assumptions.

If A is a commutative unital C*-algebra, then GD is a unital
subalgebra of £(.A).

Proof. Since A is commutative, all commutator terms vanish
identically. Hence the conditions obtained in the previous
theorem are automatically satisfied, implying that the product
of two generalized derivations again belongs to GD. Moreover,
the identity operator on A is itself a generalized derivation.
Therefore, GD forms a unital subalgebra of £(A).

4. Generalized Derivations on
Non-unital C*-Algebras

In this section, we study generalized derivations in the
setting of non-unital C*-algebras. Since several results
established earlier depend on the presence of an identity
element, we make use of the classical construction of
unitization in order to transfer the problem to a unital

=0
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framework.
4.1. Unitization of a C*-Algebra

Let A be a non-unital C*-algebra. Define

A”=AeC.
The algebraic operations on A™ are given by
(@, )y, 1) = (zy + Ay + p, Ap),
while the involution is defined by
(z, \)* = (2%, N).

Equipped with these operations, A~ becomes a unital C*-
algebra whose identity element is

e=(0,1).
Moreover, A embeds naturally into A™ through the map
z = (2,0),

and may therefore be regarded as a closed ideal of A™.

4.2. Generalized Derivations

Definition 4.1. Let A be a C*-algebra, not necessarily unital.
A linear map
m:A— A

is called a generalized derivation if there exists a derivation
0:A— A
such that

m(zy) = m(x)y + 29(y), Va,y € A

4.3. Extension to the Unitized Algebra

We now prove that generalized derivations on A extend
naturally to generalized derivations on the unitized algebra
A~

Theorem 4.1. Let A be a non-unital C*-algebra and let

m:A— A

be a generalized derivation. Then there exists a unique linear
map
m: A~ — A~
satisfying the following conditions:
1. T7L| A =M,
2. m is a generalized derivation on A™.

Proof. Assume that 9 : A — A is the derivation associated with m. Since A is an ideal in A™, the derivation 0 admits a unique

extension

DA~ = A~

such that

d(e) = 0.

Define a linear map

m: A~ — A”

by

m(z, A) = (m(x) + Aa, 0),

where a € A is fixed.

We verify that /m satisfies the generalized derivation identity. For arbitrary (z, A), (y, u) € A™,

(2, ) (y, 1) = (zy + Ay + pa, Ap).

Applying m, we obtain

m((z, \)(y, 1)) =

m(zy + Ay + px, Ap)

= (m(zy+ Ay + pz) + Apa,0).

Using linearity together with the defining property of generalized derivations,

m(zy) = m(x)y + 20(y),

we get

m(zy + Ay + px) =

m(zy) + Am(y) + pm(z)

= m(a)y+20(y) + Am(y) + pm(z).
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(m(z)y + xd(y) + Am(y) + um(x) + Aua,0).

(m(z) + Aa, 0)(y, 1)

= (m(2)y + pm(z) + Aay,0),

225

Hence

m((z, A\)(y, 1) =
On the other hand,
m(z, A)(y, i)
while
(2, Ny, 1) =
Therefore,

m(z, A)(y, 1) + (2, A)9(y, p)

Thus the generalized derivation identity holds provided

,A)(9(y), 0)

(29(y) + A(y), 0).

= (m(z)y + pm(x) + Aay
+x0(y) + A0(y),0).

Am(y) + Apa = Aay + AA(y),

for all y € A. Equivalently,

m(y) = ay + 9(y).

Hence, whenever m can be written in the form

m = M, + 0,

the map m defines a generalized derivation on A™ extending m. This completes the proof.

4.4. Structure Theorem

Theorem 4.2. Let A be a non-unital C*-algebra. Then every
generalized derivation

m:A— A
can be expressed in the form

m(z) = ax + [a, z], V€ A,

where a € M (A), the multiplier algebra of A, and a € A.

Proof. Let

m: A~ — A~
denote the extension of m to the unitized algebra A™. Since
A~ is unital, the characterization obtained in the unital case
implies that

m = M, + [a, ]

for suitable elements o, a € A™.
Restricting this identity to the ideal A C A™, we obtain

m(z) = ax + [a, z], Ve A

Because « acts continuously on A by left multiplication,
it determines an element of the multiplier algebra M (A).
Moreover, the commutator term is induced by an element

a € A. Hence the required representation follows.

4.5. Continuity of Generalized Derivations
Theorem 4.3. Every generalized derivation on a non-unital
C™*-algebra is continuous.

Proof. Let

m(z) = ax + [a, z], Vo e A,

where & € M(A) and a € A.
Then, for each x € A,

[m(2)]|

lez|| + [laz — zal
el ]l + 2llall ]|

IA A

Consequently,

[m(2)[| < (el + 2llallJ]l, V2 e A

Therefore m is bounded and hence continuous.

4.6. Remark

The preceding results demonstrate that the concept of
generalized derivations carries over naturally to the non-unital
setting through the use of unitization and multiplier algebras.
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Consequently, both unital and non-unital C*-algebras may be
treated within a common theoretical framework.
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ax
Acknowledgments

The authors express their sincere gratitude to the
Department of Mathematics, Satyawati College Evening and
Ram Lal Anand College, University of Delhi for providing the
necessary support and facilities to complete this work.

Author Contributions

Dharmendra Kumar: Conceptualization, Methodology,
Supervision, Writing — review & editing

Praveen Sharma: Data curation, Formal Analysis,
Investigation, Software, Visualization, Writing — original draft

Pawan Kumar: Project administration, Resources,
Validation, Writing — review & editing

Conflicts of Interest

The author declares no conflicts of interest.

References

[1] Hvala, B., Generalized derivations in rings,
Communications in Algebra, 26(4) (1998), 1147-1166.
https://doi.org/10.1080/00927879808826190

[2] Bresar, M., On the distance of the composition
of two derivations to the generalized derivations,
Glasgow Mathematical Journal, 33 (1991), 89-93.
https://doi.org/10.1017/S0017089500008077

[3] Kaushik, K. L., Generalized Inner Derivations,
International Journal of Scientific Development and
Research, 5(8) (2020), 234-236.

[4] Kaushik, K. L., Generalized Derivations in Non-
Associative Algebra, in Algebra and Its Applications
(Recent Developments), Narosa Publishers Pvt. Litd.,
2011.

[5] Aydin, N., A note on generalized derivations of prime
rings, International Journal of Algebra, 5(1-4) (2011),
17-23.

[6] Posner, E. C., Derivations in prime rings, Proceedings
of the American Mathematical Society, 8 (1957), 1093—
1100.
https://doi.org/10.1090/S0002-9939-1957-0095863-0

[7] Kadison, R. V., Derivations of operator algebras, Annals
of Mathematics, 83(2) (1966), 280-293.
https://doi.org/10.2307/1970481

[8] Sakai, S., On a conjecture of Kaplansky, Tohoku
Mathematical Journal, Second Series, 12(1) (1960), 31—
33. https://doi.org/10.2748/tmj/1178244586

[9] Sakai, S., Derivations of W*-algebras, Annals of
Mathematics, 83(2) (1966), 273-279.
https://doi.org/10.2307/1970480

[10] Mamouni, A., Oukhtite, L., and Zerra, M., Some results
on derivations and generalized derivations in rings,
Mathematica, 65(88)(1) (2023), 94-104.
https://doi.org/10.24193/mathcluj.2023.1.10

[11] Hermas, A., Mamouni, A., and Oukhtite, L., Generalized
derivations with power values on rings and Banach
algebras, Mathematica Bohemica, 149(4) (2024), 491-
502. https://doi.org/10.21136/MB.2024.0079-23

[12] El Hamdaoui, M. and Boua, A., Algebraic identities
and generalized derivations in prime rings, Mathematica,
66(89)(1) (2024), 105-113.
https://doi.org/10.24193/mathcluj.2024.1.09

[13] Mohammed, Z., Bouchannafa, K., and Oukhtite, L.,
On generalized derivations in factor rings, Georgian
Mathematical Journal, 32(1) (2025).
https://doi.org/10.1515/gmj-2024-2017

[14] Hummdi, A. Y., Sogitci, E. K., Golbagi, O.,
and Rehman, N. U., Some identities related to
semiprime ideals of rings with multiplicative generalized
derivations, Axioms, 13(10) (2024), Article 669.
https://doi.org/10.3390/axioms 13100669

[15] Hummdi, A. Y., Al-Amery, Z. Z., and Al-Omary, R. M.,
Factor rings with algebraic identities via generalized
derivations, Axioms, 14(1) (2025), Article 15.
https://doi.org/10.3390/axioms 14010015



