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Abstract 

This paper investigates the geometric properties of normalised Bessel functions of the first kind, focusing on the radii of 

convexity and uniform convexity. Using analytic techniques such as logarithmic differentiation and properties of zeros of the 

Bessel function. Additionally, we provide new proofs related to the order 𝛼 convexity and compare our results with existing 

results to reveal interesting relationships, and we provide a graphical interpretation that supports the analytical findings. 
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1. Introduction 

Complex analysis is a well-established and continuously 

evolving area of mathematics with significant applications in 

physics, engineering, and applied sciences. Within this do-

main, geometric function theory plays a crucial role in under-

standing the qualitative behavior of analytic and univalent 

functions. In particular, the study of geometric properties such 

as starlikeness, convexity, and uniform convexity has attracted 

considerable attention due to their theoretical importance and 

practical applications [2, 7, 8]. 

Among special functions, the Bessel functions of the first 

kind occupy a central position because of their wide applica-

bility in problems related to wave propagation, heat conduc-

tion, and solutions of differential equations arising in mathe-

matical physics [14]. Consequently, the investigation of geo-

metric properties of normalized Bessel functions has become 

an active research topic in recent years. Classical contribu-

tions have established foundational results on the radii of star-

likeness and convexity for Bessel functions and their normal-

ised forms [1, 3, 6, 7]. 

In recent years, several authors have significantly advanced 

this field. For instance, Cotîrlă, Kupán, and Szász obtained 

new results concerning the radius of convexity and uniform 

convexity of Bessel functions, providing sharper bounds and 

refined analytical techniques [15]. Similarly, Zayed, Kupán, 

and Szász investigated geometric properties of generalized 
Bessel functions, including convexity and uniform convexity, 

from a broader analytical perspective. Furthermore, Baricz, 

Kumar, and Singh derived asymptotic expansions and bounds 

for the radii associated with normalised Bessel functions, 

thereby deepening the theoretical understanding of these func-

tions. Additional studies, such as those by Zhao, Shi, and Chu, 

have explored convexity properties of modified Bessel func-

tions, emphasizing the continued relevance of this area of re-

search. 

Motivated by these developments, the present work focuses 
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on determining the radius of convexity and radius of uniform 

convexity for a class of normalised Bessel functions corre-

sponding to the parameter range 𝑣 ∈ (−2, −1). We also es-

tablish alternative proofs for the convexity of order 𝛼 and 

compare the results obtained with existing findings to reveal 

new relationships and improvements. The structure of the pa-

per is as follows. In the preliminary section, we recall essential 

definitions and lemmas required for our analysis. Subse-

quently, we present the main results concerning the radii of 

convexity and uniform convexity, along with rigorous proofs. 

Finally, we discuss the implications of our findings and sug-

gest possible directions for future research. 
Let 𝐷𝑟  = { 𝑧 ∈ 𝐶: |𝑧| < 𝑟}, where r>0. Consider an ana-

lytic function A defined in 𝐷𝑟 , normalised by A(0) = 0 and 

A′(0) = 1 

The function A of the form A(z) = z+𝑎2𝑧2 +…   (1) 

The function is said to be convex in 𝐷𝑟,  if it satisfies 

𝑅𝑒 (1 +
zA´´(𝑧)

A´(𝑧)
) > 0, 𝑧 ∈ 𝐷𝑟  iimilarly, the function is uni-

formly convex if 𝑅𝑒 (1 +
𝑍A´´(𝑧)

A´(𝑧)
) > |

𝑍A´´(𝑧)

A´(𝑧)
|,𝑧 ∈ 𝐷𝑟 .The ra-

dius of convexity of order α for A is defined by the equality 

𝑟
A

𝑐(α)=sup{𝑟 ∈ (0, ∞): 𝑅𝑒 (1 + zA´´(𝑧)

A´(𝑧)
) > 𝛼, 𝑧 ∈ 𝐷𝑟}  (2) 

The concept of the radius of uniform convexity is 

𝑟
A

𝑢𝑐(α)=sup{𝑟 ∈ (0, ∞): 𝑅𝑒 (1 +
𝑍A´´(𝑧)

A´(𝑧)
) > |

𝑍A´´(𝑧)

A´(𝑧)
| , 𝑧 ∈ 𝐷𝑟}                            (3) 

In this work, we focus on normalised Bessel functions and 

derive new bounds for these radii using analytic methods. 

These results obtained improve several known estimates and 

provide further insight into the geometric behaviour of these 

functions. 

Normalised form of the Bessel function 

The Bessel function of the first kind of order 𝑣, denoted by 

𝐽𝑣(𝑧), is defined by the series expansion [14] 

𝐽𝑣(𝑧)=∑
(−1)𝑛(

𝑧

2
)

2𝑛+𝑣

𝑛!Ґ(𝑛+𝑣+1)
∞
𝑛=0 , 

To study geometric properties, it is convenient to consider 

normalised versions of this function. Accordingly, we define 

the following normalised forms [5]  𝑔𝑣(𝑧) = 2𝑣Ґ(1 +

𝑣)𝑧1−𝑣 𝐽𝑣(𝑧) 

ℎ𝑣(𝑧)= 2𝑣Ґ(1 + 𝑣)𝑧1−
𝑣

2 𝐽𝑣 (𝑧
1

2) and 𝑓𝑣(𝑧)=(2𝑣Ґ(𝑣 + 1)𝐽𝑣(𝑧))
1

𝑣, 𝑣 ≠ 0                        (4) 

Here, 𝑣 ∈ (−2, −1) and the functions  𝑔𝑣 , ℎ𝑣, 𝑓𝑣 are ana-

lytic in the unit disk. 

2. Preliminary Results 

In this section, we present auxiliary results required for the 

main results. 

Lemma 2.1 [4, 14] 

Let 𝑣 ∈ (−2, −1). Then the zeros of 𝐽𝑣(𝑧) consists of in-

finitely many real zeros along with a pair of purely imaginary 

zeros. These zeros occur in conjugate pairs due to symmetry 

properties of the function. The zeros  𝑧−𝑣𝐽𝑣(z) are taken to be 

±𝑗𝑣,𝑛 where n ∈N. We may suppose, without restricting the 

generality, that 𝑗𝑣,1 = ia, a > 𝑜  and 0 < a < 𝑗𝑣,1  < 𝑗𝑣,2 <

 𝑗𝑣,3  < …... <  𝑗𝑣,𝑛 <…... 

Lemma 2.2 [7, 14] 

The following equality holds ∑
1

𝑗𝑣,𝑛
2

∞
𝑛=1  = 

1

4(𝑣+1)
 

Lemma 2.3 [8] 

Let 𝑓𝑣(𝑧) be defined as above. Then its logarithmic deriv-

ative admits the representation 

𝑧𝑓𝑣
′(𝑧)

𝑓𝑣(𝑧)
 = 1- 

2

𝑣
∑

𝑧2

𝑗𝑣,𝑛
2 −𝑧2

∞
𝑛=1  

The series connects uniformly for any compact subset of C\ 

{±𝑗𝑣,𝑛: n ∈N} 

Lemma 2.4 [9] 

If 𝑣 ∈ 𝐶 ,  𝛿𝜖 R and 𝛿 > 𝜌 ≥ | 𝑣 |, then  |
𝑣

𝛿−𝑣
| ≤

𝜌

𝛿−𝜌
 and 

|
𝑣

(𝛿−𝑣)2| ≤  |
𝜌

(𝛿−𝜌)2| 

Lemma 2.5 [15] 

If 𝑣 ∈ 𝐶 ,  𝛿, 𝛾 ∈ 𝑅  and 𝛾 ≥ 𝛿 > 𝜌 ≥ | 𝑣 |, then 

|
𝑣2

(𝛿+𝑣)((𝛾−𝑣)
| ≤  |

𝜌2

(𝛿−𝜌)(𝛾+𝜌)
| 

Lemma 2.6 [15] 

If 𝑣 ∈ 𝐶, 𝛿, 𝛾 ∈ 𝑅 and 𝛾 ≥ 𝛿 > 𝜌 ≥|𝑣|, then 

|
2𝑣2 [2𝛾𝛿+(𝛾−𝛿)𝑣] 

(𝛾−𝑣)2(𝛿+𝑣)2 | ≤ |
2𝑟2 [2𝛾𝛿−(𝛾−𝛿)𝜌] 

(𝛾+𝜌)2(𝛿−𝜌)2 | 

Lemma 2.7 

If the function 𝑓𝑣 are defined by (4) respectively, then 

𝑧
𝑓𝑣

"(𝑧)

𝑓𝑣
′(𝑧)

= 𝑧 (
1

𝑣
− 1)

𝐽𝑣
′(𝑧)

𝐽𝑣(𝑧)
+

(𝑣2−𝑧2)

𝑧
 
𝐽𝑣(𝑧)

𝐽𝑣
′(𝑧)

− 1      (5) 

Proof 

𝑓𝑣(𝑧)=(2𝑣Ґ(𝑣 + 1)𝐽𝑣(𝑧))
1

𝑣 
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Two times differentiation with respect to z. After multiply-

ing by z, we get the following equality 

𝑧
𝑓𝑣

"(𝑧)

𝑓𝑣
′(𝑧)

 = 
𝑧2(1−𝑣)[𝐽𝑣

′(𝑧)]
2

+𝑧2𝑣𝐽𝑣(𝑧)𝐽𝑣
" (𝑧)

𝑧𝑣𝐽𝑣(𝑧)𝐽𝑣
′(𝑧)

 

The function 𝐽𝑣  is a solution of the Bessel differential 

equation. Thus, we can replace the function 𝑧2𝐽𝑣
"  by 

𝑧2𝐽𝑣
"(𝑧) = (𝑣2 − 𝑧2)𝐽𝑣(𝑧) − 𝑧𝐽𝑣

′ (𝑧) We obtain equation (5). 

3. Main Results 

General results on the radius of convexity for analytic func-

tions can be found in [12], which we adapt to the present set-

ting. 

Theorem 3.1 [12] 

If 𝛼𝜖[0,1) and 𝑣 ∈(-2, -1), Then the radius of convexity of 

order 𝛼 for the mapping 𝑓𝑣 is 𝑟𝑣
𝑐(𝛼) = 𝑟1,  𝑟1 is the unique 

root of the equation [1, 7, 11, 15] 

𝑟 (
1

𝑣
− 1)

𝐼𝑣
′(𝑟)

𝐼𝑣(𝑟)
+

(𝑣2+𝑟2)

𝑟

𝐼𝑣(𝑟)

𝐼𝑣
′(𝑟)

= 𝛼          (6) 

in the interval (0, a). 

Proof 

By Lemma (3) 

𝑧𝑓𝑣
′(𝑧)

𝑓𝑣(𝑧)
 = 1- 

2

𝑣
∑

𝑧2

𝑗𝑣,𝑛
2 −𝑧2

∞
𝑛=1              (7) 

Replacing 𝑗𝑣,1 = 𝑖𝑎, then (7) becomes 

z
𝑓𝑣

′(𝑧)

𝑓𝑣(𝑧)
= 1 +

2𝑎2𝑧2

2𝑎2(𝑎2+𝑧2)
−

2

𝑣
∑

𝑧2

𝑗𝑣,𝑛
2 −𝑧2

∞
𝑛=2       (8) 

By Lemma (2) 

1

𝑎2 = ∑
1

𝑗𝑣,𝑛
2

∞
𝑛=2 −

1

4(𝑣+1)
              (9) 

Using (9) in (8) then we get 

𝑧𝑓𝑣
′(𝑧)

𝑓𝑣(𝑧)
= 1 −

𝑎2

2𝑣(𝑣+1)

𝑧2

(𝑎2+𝑧2)
−

2

𝑣
∑

𝑎2+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2

∞
𝑛=2  

𝑧4

(𝑎2+𝑧2)(𝑗𝑣,𝑛
2 −𝑧2)

                             (10) 

Taking Logarithmic differentiation of this equality leads to 

1 +
𝑧𝑓𝑣

"(𝑧)

𝑓𝑣
′(𝑧)

= 1 −
𝑎2

2𝑣(𝑣+1)
 

𝑧2

𝑎2+𝑧2 −
2

𝑣
∑

𝑎2+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2

∞
𝑛=2

𝑧4

(𝑎2+𝑧2)(𝑗𝑣,𝑛
2 −𝑎2)

− 
−

𝑎2

𝑣(𝑣+1)

𝑎2𝑧2

(𝑎2+𝑧2)2−
4𝑧4

𝑣
∑

𝑎3+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2

∞
𝑛=2

(2𝑎2𝑗𝑣,𝑛
2 +𝑧2(𝑗𝑣,𝑛

2 −𝑎2))

(𝑎2+𝑧2)2(𝑗𝑣,𝑛
2 −𝑧2)2

1−
𝑎2

2𝑣(𝑣+1)

𝑧2

(𝑎2+𝑧2)
−

2

𝑣
∑

𝑎2+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2

∞
𝑛=2  

𝑧4

(𝑎2+𝑧2)(𝑗𝑣,𝑛
2 −𝑧2)

     (11) 

As a function 𝑓𝑣, the smallest root of the equation is the ra-

dius of starlikeness, denoted as 𝑟𝑓𝑣

∗ , 

1 +
𝑎2

2𝑣(𝑣+1)

𝑟2

(𝑎2−𝑟2)
−

2

𝑣
∑

𝑎2+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2

∞
𝑛=2  

𝑟4

(𝑎2−𝑟2)(𝑗𝑣,𝑛
2 +𝑟2)

 =

 
𝑖𝑟𝑓𝑣

′(𝑖𝑟)

𝑓𝑣(𝑖𝑟)
= 0 in (0, a). Thus, we have 

0 <  𝑟𝑓𝑣

∗ < 𝑎 < 𝑗𝑣,2 < 𝑗𝑣,3 < ⋯ < 𝑗𝑣,𝑛 < ⋯   (12) 

Taking 𝑣(𝑣 + 1) < 0.Then the equation (11) suggests the 

inequality shown below. 

𝑅𝑒(1 +
𝑧𝑓𝑣

"(𝑧)

𝑓𝑣
′(𝑧)

) = 1 +
𝑎2

2𝑣(𝑣+1)
 |

𝑧2

𝑎2+𝑧2| −

2

𝑣
∑

𝑎2+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2

∞
𝑛=2 |

𝑧4

(𝑎2+𝑧2)(𝑗𝑣,𝑛
2 −𝑎2)

|  −

−
𝑎2

𝑣(𝑣+1)
 |

𝑎2𝑧2

(𝑎2+𝑧2)
2|−

4𝑧4

𝑣
∑

𝑎2+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2  ∞

𝑛=2 |
(2𝑎2𝑗𝑣,𝑛

2 +𝑧2(𝑗𝑣,𝑛
2 −𝑎2))

(𝑎2+𝑧2)2(𝑗𝑣,𝑛
2 −𝑧2)2 |

1−
𝑎2

2𝑣(𝑣+1)
 |

𝑧2

(𝑎2+𝑧2)
|−

2

𝑣
∑

𝑎2+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2

∞
𝑛=2  |

𝑧4

(𝑎2+𝑧2)(𝑗𝑣,𝑛
2 −𝑧2)

|

 for every 

z∈D (𝑟𝑣
∗) 

Using 𝛿 = 𝑎2,𝜌 = 𝑟2 and v= 𝑧2 in Lemma 4, 

𝑎2

2(1+𝑣)
|

𝑧2

𝑎2+𝑧2| ≥
𝑎2

2(1+𝑣)

𝑟2

𝑎2−𝑟2 and 
𝑎2

2(1+𝑣)
|

𝑧2

(𝑎2+𝑧2)2| ≥
𝑎2

2(1+𝑣)
 

𝑟2

(𝑎2−𝑟2)2                        (13) 

Similarly, Lemma (5) and Lemma (6) imply that 

|
𝑧4

(𝑎2+𝑧2)(𝑗𝑣,𝑛
2 −𝑧2)

| ≤
𝑧4

(𝑎2−𝑟2)(𝑗𝑣,𝑛
2 +𝑟2)

 and |
2𝑧4[2𝑎2𝑗𝑣,𝑛

2 +𝑧2(𝑗𝑣,𝑛
2 −𝑎2)]

(𝑎2+𝑧2)2 (𝑗𝑣,𝑛
2 −𝑧2)2 | ≤  

2𝑟4[2𝑎2𝑗𝑣,𝑛
2 +𝑧2(𝑗𝑣,𝑛

2 −𝑎2)]

(𝑎2−𝑟2)2 (𝑗𝑣,𝑛
2 +𝑟2)2                 (14) 

Re(1 +
𝑧𝑓𝑣

”(𝑧)

𝑓𝑣
′(𝑧)

) ≥ 1 +
𝑎2

2𝑣(𝑣+1)
 

𝑟2

𝑎2−𝑟2 −
2

𝑣
∑

𝑎2+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2

𝑟4

(𝑎2−𝑟2)(𝑗𝑣,𝑛
2 +𝑟2)

∞
𝑛=2  −

 −
𝑎2

𝑣(𝑣+1)
 

𝑎2𝑟2

(𝑎2−𝑟2)
2−

4𝑟4

𝑣
∑

𝑎2+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2  ∞

𝑛=2
(2𝑎2𝑗𝑣,𝑛

2 −𝑟2(𝑗𝑣,𝑛
2 −𝑎2))

(𝑎2−𝑟2)
2

(𝑗𝑣,𝑛
2 +𝑟)

2

1−
𝑎2

2𝑣(𝑣+1)
 

𝑟2

(𝑎2−𝑟2)
−

2

𝑣
∑

𝑎2+𝑗𝑣,𝑛
2

𝑗𝑣,𝑛
2

∞
𝑛=2  

𝑟4

(𝑎2−𝑟2)(𝑗𝑣,𝑛
2 +𝑟2)

 = 1 +

𝑖𝑟
𝑓𝑣

"(𝑖𝑟)

𝑓𝑣
′(𝑖𝑟)

= 𝜑(𝑟)                                                 (15) 
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Provided that a > 𝑟𝑓𝑣

∗ > |𝑧|, where 𝑟𝑓𝑣

∗  verifies the inequal-

ities (11) 

The following equalities hold: 𝜑(0)= 1 and lim
𝑟→𝑟𝑓𝑣

∗
𝜑(𝑟) =

∞. Consequently, the equation 

1 + 𝑖𝑟
𝑓𝑣

"(𝑖𝑟)

𝑓𝑣
′(𝑖𝑟)

= 𝛼  has a real root in (0, 𝑟𝑓𝑣

∗ ).The minimal 

positive solution of the corresponding functional equation de-

rived from the normalised form 1 + 𝑖𝑟
𝑓𝑣

"(𝑖𝑟)

𝑓𝑣
′(𝑖𝑟)

= 𝛼 is denoted 

by 𝑟𝑓𝑣

𝑐 (𝛼), and this root is the radius of convexity of order 𝛼 of 

the function 𝑓𝑣. The first equality of Lemma (7) and the equal-

ity 𝐽𝑣(iz) = 𝑖𝑣𝐼𝑣(z) implies that the equation 1 + 𝑖𝑟
𝑓𝑣

"(𝑖𝑟)

𝑓𝑣
′(𝑖𝑟)

=

𝛼 is equivalent to (6). Thus, the obtained radius satisfies the 

required conditions. These results are consistent with earlier 

findings [11, 13]. 

In the following theorem, we find the mapping 𝑓𝑣 radius of 

uniform convexity. 

Theorem 3.2 

Under the same assumptions of Theorem 1, the radius of 

uniform convexity for the mapping 𝑓𝑣 is 𝑟𝑣
∗(𝛼) = 𝑟2, where 

𝑟2 is the smallest positive root of the equation [1, 15] 

2𝑟(1−𝑣)
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+
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𝑟
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Proof 
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Again, using inequalities (13) and (14), and in combination with the above inequality 
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 (17) 

Inequalities (15) and (17) imply 

Re (1 +
𝑧𝑓𝑣
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𝑓𝑣
′(𝑧)

) − |
𝑍A´´(𝑧)
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| = 1 + 2𝑖𝑟

𝑓𝑣
"(𝑖𝑟)

𝑓𝑣
′(𝑖𝑟) 

, z ∈ 𝐷(𝑟𝑣
∗) (18) 

The minimum non-negative of the equation 𝜓(𝑟) = 1 +

2𝑖𝑟
𝑓𝑣

"(𝑖𝑟)

𝑓𝑣
′(𝑖𝑟) 

= 0 in the interval (0,𝑟𝑣
∗) is denoted by 𝑟𝑣

𝑢𝑐 . Ac-

cording to (18), it is the biggest with the property that 

Re (1 +
𝑧𝑓𝑣

"(𝑧)

𝑓𝑣
′(𝑧)

) − |
𝑍A´´(𝑧)

A´(𝑧)
| > 0, z ∈ 𝐷(𝑟𝑣

𝑢𝑐) Lemma 7 and 

the equality 𝐽𝑣(iz) = 𝑖𝑣𝐼𝑣 (z) implies that the equation 1 +

2𝑖𝑟
𝑓𝑣

"(𝑖𝑟)

𝑓𝑣
′(𝑖𝑟) 

= 0 is equal to (16). Complete the proof. 

4. Corollary 

From the above formulation, both convexity and uniform 

convexity of order 
1

2
 are characterised by the same equation 

1 + 2𝑖𝑟
𝑓𝑣

"(𝑖𝑟)

𝑓𝑣
′(𝑖𝑟) 

= 0. Similar relationships have been observed 

in [1, 3] 

5. Graphical Interpretation 

The graphical analysis supports the theoretical results ob-

tained in Theorems 1 and 2. The function 𝜙(𝑟) is continuous 

and strictly increasing on (0, 𝑟𝑓𝑣

∗ ), ensuring the existence of a 

unique solution to 𝜙(𝑟) = 𝛼, which determines the radius of 

convexity. Similarly, 𝜓(𝑟) admits a unique zero in (0, 𝑟𝑣
∗), 

confirming the existence of the radius of uniform convexity. 

These visualisations validate the analytical findings and 

demonstrate the geometric behaviour of the normalised Bessel 

function [9, 10] 

 
Figure 1. Comparison of the Radius of Convexity and Uniform Con-

vexity Equation. 

6. Conclusion 

In this study, we present novel results on the geometric 

properties of Bessel functions, specifically focusing on their 
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radius of convexity and uniform convexity. By employing an-

alytical techniques and properties of special functions, we 

have established new bounds and criteria that improve upon 

existing results in the literature. These findings not only en-

hance our understanding of the geometric behaviour of Bessel 

functions in the complex domain but also contribute to the 

broader theory of univalent and convex functions. The results 

may have further implications in applied mathematics, partic-

ularly in areas involving wave propagation, heat conduction, 

and other physical phenomena modelled by Bessel functions. 

Acknowledgments 

The author expresses sincere gratitude to the Department of 

Mathematics, DKM College for Women (Autonomous), affil-

iated to Thiruvalluvar University, for providing the necessary 

support and facilities to complete this work. 

Author Contributions 

Natarajan Saraswathi: Conceptualization, Formal Analy-

sis, Methodology, Writing – original draft 

Murugesan Kasthuri: Supervision, Validation, Writing – 

review & editing 

Conflicts of Interest 

The authors declare that they have no conflicts of interest 

related to this publication. 

References 

[1] E. Deniz and R. Szász, “The radius of uniform convexity of 

Bessel functions,” Journal of Mathematical Analysis and Ap-

plications, vol. 453, no. 1, pp. 572–588, 2017. 

[2] R. Szász, “About the radius of starlikeness of Bessel functions 

of the first kind,” Monatshefte für Mathematik, vol. 176, no. 3, 

pp. 323–330, 2015. 

[3] Á. Baricz, A. Szakál, R. Szász, and N. Yağmur, “Radii of star-

likeness and convexity of a product and cross-product of Bessel 

functions,” Results in Mathematics, vol. 73, no. 2, p. 62, 2018. 

[4] Á. Baricz, “Geometric properties of generalized Bessel func-

tions,” Publicationes Mathematicae Debrecen, vol. 73, pp. 

155–178, 2008. 

[5] Á. Baricz, Generalized Bessel Functions of the First Kind, Lec-

ture Notes in Mathematics, vol. 1994. Berlin, Germany: 

Springer, 2010. 

[6] Á. Baricz and S. Ponnusamy, “itarlikeness and convexity of 

generalized Bessel functions,” Integral Transforms and Spe-

cial Functions, vol. 21, no. 9, pp. 641–653, 2010. 

[7] Á. Baricz and R. Szász, “The radius of convexity of normalized 

Bessel functions,” Analysis Mathematica, vol. 41, no. 2, pp. 

141–151, 2015. 

[8] Á. Baricz, A. P. Kupán, and R. Szász, “The radius of starlike-

ness of normalized Bessel functions of the first kind,” Proceed-

ings of the American Mathematical Society, vol. 142, no. 6, pp. 

2019–2025, 2014. 

[9] S. Bulut and O. Engel, “The radius of starlikeness, convexity 

and uniform convexity of the Legendre polynomials of odd de-

gree,” Results in Mathematics, vol. 74, p. 48, 2019. 

[10] C. Y. Liang and O. Engel, “Certain properties of the general-

ized Mittag-Leffler function,” Electronic Journal of Mathe-

matical Analysis and Applications, vol. 6, no. 2, pp. 288–294, 

2018. 

[11] Ç. Murat, E. Deniz, and R. Szász, “Radii of α-convexity of 

some normalized Bessel functions of the first kind,” Results in 

Mathematics, vol. 72, no. 4, pp. 2023–2035, 2017. 

[12] O. Engel, A. P. Kupán, and Á. O. Páll-Szabó, “About the radius 

of convexity of some analytic functions,” Creative Mathemat-

ics and Informatics, vol. 24, no. 2, pp. 155–161, 2015. 

[13] O. Engel and Á. O. Páll-Szabó, “The radius of convexity of 

particular functions and applications to the study of a second 

order differential inequality,” Journal of Contemporary Math-

ematical Analysis, vol. 52, no. 3, pp. 118–127, 2017. 

[14] G. N. Watson, A Treatise on the Theory of Bessel Functions. 

Cambridge, U.K.: Cambridge University Press, 1944. 

[15] K. Li, A. P. Kupán, and R. Szász, “New results about radius of 

convexity and uniform convexity of Bessel functions,” Axioms, 

vol. 11, no. 8, p. 380, 2022. 

 

http://www.sciencepg.com/journal/ajam

