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Abstract 

Fuzzy graph coloring is an important area of fuzzy graph theory that generalizes the traditional concept of graph coloring to 

environments where uncertainty and ambiguity are inherent. By incorporating membership values into graph structures, fuzzy 

coloring provides an effective framework for representing imprecise relationships, making it valuable in numerous applications 

such as communication networks, transportation planning, scheduling, resource management, pattern recognition, and decision-

making systems. Let G=(V, σ, µ) be a fuzzy graph. A fuzzy coloring of G is an assignment of either basic colors or fuzzy colors 

to the vertices while satisfying the coloring conditions determined by the strengths of the connecting edges. A coloring is regarded 

as proper if any two adjacent vertices connected by a strong edge are assigned distinct basic colors or distinct fuzzy colors 

whenever required. Alternatively, one vertex may receive a basic color and the other a fuzzy color associated with a different 

basic color. On the other hand, when two adjacent vertices are linked by a weak edge, they may be assigned identical fuzzy 

colors, different fuzzy colors, or a combination in which one vertex is given a basic color and the other a fuzzy color 

corresponding to the same basic color. The minimum number of basic and fuzzy colors required to obtain a proper coloring is 

called the fuzzy chromatic number, denoted by χf (G). This study develops an enhanced fuzzy coloring approach and applies it 

to determine the fuzzy chromatic numbers of several families of fuzzy graphs, including fuzzy helm graphs, fuzzy trees, and 

fuzzy caterpillar graphs. Rigorous mathematical analysis is employed to establish the corresponding results. Furthermore, an 

application is presented to demonstrate the usefulness of fuzzy coloring and the fuzzy chromatic number as effective tools for 

modelling and analyzing real-world systems characterized by uncertain or imprecise relationships. 
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1. Introduction 

Graph coloring is a fundamental area of graph theory, with 

important applications across mathematics, computer science, 

engineering and operations research. The primary objective of 

classical graph coloring is to construct a vertex coloring in 

which no two adjacent vertices share the same color and the 

overall number of colors used is reduced. However, many 

practical problems involve uncertainty and incomplete infor-

mation, making classical graph models inadequate for accu-

rately representing such systems. Fuzzy graph theory provides 

an extension of traditional graph models in which vertices and 
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edges are characterized by membership degrees, making it 

possible to describe connectivity under approximate condi-

tions. Consequently, fuzzy graph coloring has emerged as an 

important research area that combines the concepts of graph 

coloring and fuzzy set theory to address problems involving 

vagueness and partial truth. Owing to its flexibility, fuzzy 

graph coloring has found applications in communication net-

works, transportation systems, scheduling, resource allocation, 

image processing, decision-support systems, and several other 

real-world domains where uncertainty is unavoidable. 

The concept of fuzzy graph coloring has evolved through 

several significant contributions. Susana Muñoz et al. [3] de-

scribed coloring of vertex for fuzzy graphs of Type 1, in which 

the vertex set is crisp, whereas the edge set is characterized by 

membership values. Subsequently, Eslahchi and Onagh [4] 

extended this concept to Type 2 fuzzy graphs by characteriz-

ing both vertices and edges using membership values possess 

membership values and by introducing the notion of strong 

adjacency. Later, Samanta et al. [2] proposed a fuzzy coloring 

technique according to the strengths in the edges associated 

with each vertex and developed the concept of the fuzzy chro-

matic number, defined as the smallest number of the basic or 

the fuzzy colors required to construct a proper fuzzy coloring. 

Their work established systematic framework for studying 

coloring problems in fuzzy graphs and inspired further inves-

tigations into the chromatic properties of different fuzzy graph 

families. 

Motivated by these developments, the present study inves-

tigates the fuzzy chromatic numbers of several important clas-

ses of fuzzy graphs. In particular, fuzzy helm graphs, fuzzy 

trees, and fuzzy caterpillar graphs are studied using an edge-

strength-based fuzzy coloring procedure that distinguishes be-

tween strong and weak edges. The proposed methodology sys-

tematically assigns basic and fuzzy colors according to the 

strengths of the connecting edges while satisfying the condi-

tions of proper fuzzy coloring. Based on this coloring strategy, 

the fuzzy chromatic numbers of the selected graph families are 

derived through rigorous mathematical analysis and supported 

by suitable theoretical results. 

Apart from its theoretical significance, the proposed fuzzy 

coloring methodology also has considerable potential for solv-

ing practical problems involving uncertain collaborative rela-

tionships. One such application is literacy enhancement, 

where educationally developed states can support other states 

through academic cooperation, educational quota schemes, re-

source sharing, faculty exchange, literacy campaigns, and 

community-based educational programs. Since the degree of 

collaboration among states cannot always be measured pre-

cisely, fuzzy graph theory offers an appropriate suitable 

framework for describing these interactions. In such a model, 

states are represented as vertices and collaborative educational 

relationships are represented as fuzzy edges. The membership 

values associated with the vertices may represent multidimen-

sional literacy indicators, including educational, digital, media, 

linguistic, health, critical, and statistical literacy, whereas the 

edge membership values reflect the strength of educational co-

operation among the states. Consequently, fuzzy coloring can 

be employed to calculate the minimum number of education-

ally influential states needed for effectively improve literacy 

through collaborative educational initiatives, thereby provid-

ing a useful decision-support framework for educational plan-

ning under uncertain environments. 

To further demonstrate the versatility of the proposed meth-

odology, an additional application involving employability 

networks is presented. In this model, districts are represented 

as vertices, while collaborative relationships associated with 

employment generation, vocational training, industrial part-

nerships, and workforce development are represented by 

fuzzy edges. The corresponding fuzzy coloring provides val-

uable insights into regional cooperation, identifies influential 

employability hubs, and supports strategic decision-making 

for enhancing workforce development and employment op-

portunities. 

This paper is organized into the following sections. Section 

2 provides the necessary preliminaries and definitions con-

cerning fuzzy graph theory and fuzzy coloring. Section 3 fo-

cuses on the proposed fuzzy coloring methodology together 

with the corresponding coloring procedure and fuzzy chro-

matic number. Section 4 determines the fuzzy chromatic num-

bers associated with the fuzzy helm graphs, fuzzy trees, and 

fuzzy caterpillar graphs through appropriate theorems and 

proofs. Section 5 illustrates the practical applications of the 

proposed methodology using fuzzy graph models. Section 6, 

Saatchi, R [19], Determines Python Program for the Chro-

matic Number of a Fuzzy Helm Graph. Finally, Section 7 

summarizes the principal findings and highlights possible di-

rections for future research. 

2. Fundamental Concepts and 

Definitions in Fuzzy Graph Theory 

This section provides the mathematical background neces-

sary for the subsequent analysis, including fundamental con-

cepts, definitions and known results concerning graph theory, 

fuzzy graph theory and fuzzy coloring. These fundamentals 

support the derivation of fuzzy chromatic numbers for the 

graph structures studied in this article. 

Let (G = (V, E))  be a graph formed from a finite non-

empty vertex set (V) and a finite edge set (E). Each edge in (E) 

establishes a relationships between two different vertices of 

(V); these vertices are called the endpoints of the correspond-

ing edge. 

Definition 2.1. [5] Let G = (V, E) be a graph. A proper 

vertex coloring is an assignment of colors in which no two 

adjacent vertices receive the same color. The minimum num-

ber of colors required for such a coloring is called the chro-

matic number of (𝐺), denoted by χ(G). 

Theorem 2.1. [6] Let Hñ  be a helm, then  χ(Hñ) =

{
4 if n is odd,
3 if n is even.

. 
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Definition 2.2.[16] Let (Hñ) be a fuzzy helm graph con-

sists of two vertex sets U and V with |U| > 1 and |V| = 1 

so that μ(v, uj) > 0, μ(uj, uj+1) > 0 and μ(un+1, un+2) = 0 

for 1 ≤ j ≤ n. 

Theorem 2.2.[17] Let G denote a tree. Then G satisfies 

χ(𝐺) = 2. 

Lemma 2.2.1 [15] A graph G denote a caterpillar graph. As 

a caterpillar graph is a special class of trees, Theorem 2.2 can 

be applied directly χ(G) = 2. 

Definition 2.4. [8] (Fuzzy Set and Membership Function) 

Let (X) denote the universe of discourse. A fuzzy set (A) 

on (X) can be characterized by a membership function A =

{(x, µA(x))|x ∈ X} with µA(x): X → [0, 1], which associates 

each element (x ∈ X) with a value (µA(x)). This function, 

also known as a generalized characteristic function, quantifies 

the extent to which x  belongs to (A) . The quantity 

(µA(x)) is called the membership value or degree of member-

ship of x in (A). 

Definition 2.5. (Fuzzy Graph)[9, 12] Consider a fuzzy 

graph (G = (V, σ, µ) ), consisting of a non-empty set (V) of 

vertices, a fuzzy vertex function (σ: V → [0,1] ), and a sym-

metric fuzzy edge relation (µ: V → [0,1]) on (V). The vertex 

and edge membership functions satisfy the condi-

tion [µ(vi, vj) ≤ σ(vi) ∧ σ(vj) ] for every pair (vi, vj  ∈  𝑉), 

where (∧) denotes the minimum operator. 

Notation: Throughout this paper, the vertex and edge mem-

bership values are respectively denoted by (σ  ( vi )) and 

(µ (v𝑗)). 

Definition 2.6. (Strong Edge and Weak Edge [2]). For a 

fuzzy graph (G) , an edge e = (vi, vj) ∈ G  is defined as 

strong whenever its membership value attains the minimum of 

the membership values of its incident vertices i.e. 
1

2
{σ(vi) ⋀ σ(vj)} ≤ μ(vi, vj). If this condition is not satisfied, 

e is considered a weak edge. 

Definition 2.7. (Strength of an Edge [2]). Given a fuzzy 

graph G = (V, σ, µ). The strength of an edge is defined by, 

I(𝑣𝑖 , 𝑣𝑗) =
μ(𝑣𝑖,𝑣𝑗)

σ(𝑣𝑖)∧σ(𝑣𝑗)
.  

Definition 2.8. (Basic Color, Fuzzy Color [2]). The density 

for a color decreases whenever it is mixed with white color. If 

Q(≤ 1) color values of a sk are combined with 1 − Q units 

of white color, the combined result is known as the standard 

mixture of the color 𝑠k. The resulting color is called a fuzzy 

color of the color 𝑠k with membership value Q while sk is 

referred to as the basic color. 

Definition 2.9.[2],[13] Let S= {𝑠1, s2, . . , sn},m ≥ 1 be a 

set of basic colors. The fuzzy set (S, f) is called the set of 

fuzzy colors, where f: S → [0,1] with f(si), representing the 

level of the basic color si per individual of the standard mixture 

(i.e., the membership value assigned to the fuzzy color corre-

sponding to the basic color si). Therefore the resulting color 

s′ = (si, f(si)) is called the fuzzy color assigned to the basic 

color si with membership value f(si) Consequently, a basic 

color is equally regarded as a fuzzy color whose membership 

value is assigned as 1. i. e. , (S, 1). 

Theorem 2.3. [10] Consider two fuzzy graphs G1 and G2, 

whose fuzzy chromatic numbers are χf(G1) and χf(G2) re-

spectively. Then G satisfies max  {χf(G1), χf(G2)} ≤

χf(G) ≤ χf(G1) + χf(G2). 

3. Fuzzy Vertex Coloring of a Fuzzy 

Graph 

Definition 3.1.[18] Consider a graph G, Fuzzy coloring is 

coloring the vertices of a fuzzy graph using basic or fuzzy col-

ors. A fuzzy coloring is defined to be proper when the follow-

ing conditions hold: 

1) For every pair of vertices connected by a strong edge, 

their assigned colors must correspond to different basic 

colors. Thus, they may have different basic colors, dif-

ferent fuzzy colors (if necessary), or a basic color and a 

fuzzy color derived from different basic colors. 

2) When two vertices are connected by a weak edge, they 

may receive identical or different fuzzy colors. Alterna-

tively, one vertex may be given a basic color, while the 

other is assigned a fuzzy color associated with that same 

basic color. 

Worked Example1. 

 
Figure 1. Representation of a Fuzzy Graph: 𝜒𝑓(𝐺) = 3. 

Definition 3.2.[11] Consider a fuzzy graph (G). A proper 

fuzzy coloring is called perfect or optimal when the minimum 

number of basic or fuzzy colors is necessary to color (G) 

properly (see Example 1). 

Definition 3.3.[14] Let (G) be a fuzzy graph. The chromatic 

number of (G), denoted by (χf(G)), is defined as the minimum 

number of basic or fuzzy colors needed to obtain a proper 
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fuzzy coloring of (G) (see worked Example 1). 

3.1. Procedure for Proper Fuzzy Coloring of a 

Fuzzy Graph 

Let (G) be a connected fuzzy graph, and let S =

{s1, s2, . . , sn},m ≥ 1  denote a set of available colors. In a 

fuzzy graph, the edges can be classified as strong or weak ac-

cording to their relative strength. A strong edge represents a 

stronger association between its incident vertices than a weak 

edge. Accordingly, the proper fuzzy coloring of (G) is defined 

by considering the following three cases. 

Case 3.1.1.[14] For a fuzzy graph in which all edges are 

strong, 

For a fuzzy graph whose edges are all strong, the coloring 

condition is equivalent to that of a classical or crisp graph. 

Hence, vertices that are adjacent through a strong edge are re-

quired to receive different basic colors. 

Case 3.1.2.[14] For a fuzzy graph containing both strong 

and weak edges. 

Let (u1) be a vertex, and let (N(u1) = {vi, i = 1,2, . . , m}) 

denote the collection of all neighbors of (u1). Assume, for 

simplicity, that (u1) is incident to exactly one strong edge, say 

(v1, u1), while every other edge incident to (u1) is weak. When 

considering the coloring of (u1), three distinct coloring possi-

bilities arise. 

Subcase 3.1.2.1.[14] Suppose that all the neighboring ver-

tices of (u1) are uncolored. 

Because the edge (v1, u1) is strong, the vertices (u1) and (v1) 

are assigned different basic colors. In contrast, when (u1, v2) 

is a weak edge, the vertex (v2) can be given a fuzzy color as-

sociated with the basic color assigned to (u1). Thus, the fuzzy 

color assigned to (v2) is determined by  

𝑓(𝑠) = 1 − 𝐼(u1, v2),  

where 

I(u1, v2) =
𝜇(u1,v2)

𝜎(u1)∧𝜎(v2)
.  

with the required parameters defined accordingly. 

Suppose that the vertex (v2) is incident with several strong 

edges, denoted by (v2, ui), i = 2, … , q. In this situation, dis-

tinct basic colors are assigned to (u) and to each neighboring 

vertex (v2) connected to (ui) by a strong edge. Now, consider 

a weak edge (ui, ui+1). Since the vertices (u) and (ui) may also 

be connected through strong edges to other vertices, the cor-

responding vertices must receive different basic colors when-

ever they are joined by strong edges. Nevertheless, because 

(ui,ui+1) is weak, (ui+1) can be assigned a fuzzy color derived 

from the basic color of (ui). The fuzzy color assigned to (ui+1) 

is associated with the basic color of (ui) and has membership 

value 1 −  I(ui, ui+1). 

 
Figure 2. An illustrative example of a fuzzy graph. 

Subcase 3.1.2.2.[14] Assume that each neighboring vertex 

of ( v2) has been assigned a color. 

consider an edge (v2, uk) incident with v2 is strong, then 

v2 cannot receive the same color of uk. 66 In other words, if 

the color of uk  is (ck, f(ck)), then  v2  cannot be assigned 

any fuzzy color corresponding to of ck . Suppose, v2  has 

some weak incident edges, namely (v2, ui), i =

 1,2, . . , q. Without loss of generality assume that, the color of 

ui  is (xi, f(xi)), i = 1,2, . . , q, where f(xi), i = 1,2, . . , q  are 

membership values of the color xi, i =  1,2, . . , q and xi, i =

1,2, . . , q may be same or different. 

To determine the color of v2, compute the strength of each 

weak incident edge and let M = max{1 − I(v2, ui), i =

1,2, . . , q}. Assume that, M is attained for the edge (v2, up). 

that is, M = 1 − I(v2, up). If the color of up is (xp, f(xp)) 

then v2 is assigned the fuzzy color (xp, M). 

If any neighboring vertices ui, i = 1,2, . . , q, other than up 

is assigned a basic color, then that basic color must be con-

verted into the corresponding fuzzy color with a membership 

value 1 − I(v2, ui). 

 
Figure 3. An illustrative example of a fuzzy graph. 
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Sub case 3.1.2.3.[14] Suppose that some of the vertices ad-

jacent to  v2 have already been assigned colors. 

The uncolored neighboring vertices have no effect on the 

color assigned to (v2). Hence, only those neighboring verti-

ces that have already received colors are taken into account 

when determining the appropriate color for (v2). The remain-

ing vertices can thereafter be colored by using the same pro-

cedure. 

Case 3.1.3.[14] Consider a fuzzy graph in which all the 

edges are weak. 

When every edge in a fuzzy graph is weak, choose an arbi-

trary vertex (vk) and assign it a basic color, denoted by (sk, 1). 

The other vertices are assigned fuzzy colors associated with 

the same basic color (ck, 1). The membership values of these 

fuzzy colors are determined according to the procedure given 

in Subcase 3.1.2.2. Begin by coloring the vertices adjacent to 

(vk), and then apply the same coloring procedure successively 

to the remaining vertices until all vertices have been colored. 

Clarification: If the fuzzy graph is disconnected, meaning 

that it contains two or more distinct connected components, 

each component can be colored separately by applying the 

coloring procedure given earlier. 

3.2. Illustrative Cases for Determining 

Chromatic Numbers in Fuzzy Graphs 

Let us examine a fuzzy cycle C3. Suppose that every edge 

in the fuzzy graph is weak, one basic color is sufficient, and 

the remaining vertices are assigned fuzzy colors associated 

with the same basic color. Therefore, the fuzzy graph can be 

properly colored using a single color and hence its fuzzy chro-

matic number is (1). 

On the other hand, if all the edges are strong, each vertex 

must be assigned a distinct basic color, namely (R,1), (G,1) 

and (Y,1). Consequently, the fuzzy chromatic number of the 

graph is (3), which is equal to with the chromatic number of 

its associated crisp graph. 

 
Figure 4. The edge styles distinguish their strength: dotted lines in-

dicate weak edge, whereas continuous lines denote strong edge. 

 

 

4. Chromatic Numbers of Fuzzy Helm, 

Tree and Caterpillar Graphs 

This section investigates the fuzzy chromatic numbers of 

three graph families: fuzzy helm graphs, fuzzy trees and fuzzy 

caterpillar graphs by assigning colors according to the strength 

of the edge incident with each vertex. 

4.1. Determining the Chromatic Number of 

Fuzzy Helm Graphs 

Lemma 4.1.1. For a fuzzy helm graph (𝐻𝑛̃) = (𝑉, 𝜎, 𝜇) in 

which all edges are weak, we have 𝜒𝑓(𝐻𝑛̃) = 1. 

Lemma 4.1.2. For a fuzzy helm graph (Hñ) = (V, σ, μ) in 

which all edges are strong in Hñ, we have (By Theorem 2.1). 

χf(Hñ) = {
3 if n is even,
4 if n is odd.

  

Theorem 4.1.1.[7] Let (Hñ) = (V, σ, μ) be a fuzzy helm in 

with (Hñ) = Wn⊕nP1, which Wn is a fuzzy wheel and P1 

be a fuzzy path. If the weak and strong edges of (Hñ) occur 

in an arbitrary order, then 

χf(Hñ) =

{
 
 
 
 
 

 
 
 
 
 
 4, if and only if n ≡ 2(mod 4),

 n ≥ 6 
due to the alternating 

distribution of 
strong and weak edges inWn+1

3, if and only if n ≡ 0(mod 4),
n ≥ 4 due to the alternating 

distribution of strong and 
weak edges inWn+1

2, otherwise.
 

  

Proof. Consider a fuzzy helm graph Hñ represented by 

Hñ = Wn+1⊕ nP1 , with Wn+1  denoting a fuzzy wheel and 

P1 denoting a fuzzy path. By applying Theorem 4.4.1 [14] we 

obtain, 

χf(Pn) = 2  

χf(Wn+1) =

{
 
 
 
 

 
 
 
 
4, if and only if n ≡ 2(mod 4),
 n ≥ 6 due to the alternating 

distribution of 
strong and weak edges inWn+1

3, if and only if n ≡ 0(mod 4),
n ≥ 4 due to the alternating 
distribution of strong and 

weak edges inWn+1

  

We know that by Theorem 2.4, 

χf(Wn) = max{χf(Wn), χf(P1)}         (1) 
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Case 1: Assume that the strong and weak edges are ar-

ranged in an alternating pattern Wn+1 iff n ≡ 2(mod 4), n(≥

6), then using the Result(1), we have 

 χf(Hñ) = max{4,2}  

= 4.  

Case 2: Suppose the strong and weak edges are distributed 

alternatively in Wn+1 iff n ≡ 0(mod 4), n(≥ 4), then using 

the Result(1), we have 

 χf(Hñ) = max{3,2}  

= 3.  

Case 3: Suppose neither Case 1 nor Case 2 occurs, then us-

ing the Result(1), we have 

 χf(Hñ) = 2  

Note: Let Hñ be a fuzzy helm graph and Hñ = Wn+1⊕ nP1, 

where Wn+1 is a fuzzy wheel and P1 is a fuzzy path. The 

edges of Wn+1 ∈ Hñare referred to as the internal edges of 

Hñ, whereas the edges of P1 ∈ Hñ are called the outer edges 

of Hñ. 

Corollary 4.4.1.1. Let Hñ represent a fuzzy helm graph, 

with Hñ = Wn+1⊕nP1, where Wn+1 denotes a fuzzy wheel 

and P1  denotes a fuzzy path. Assume that every internal 

edges of Hñ  is weak, whereas each outer edge of Hñ is 

strong, then χf(Hñ) = χf(P1). 

Corollary 4.4.1.2. Let Hñ be a fuzzy helm graph with 

Hñ = Wn+1⊕ nP1 , where Wn+1  represents a fuzzy wheel 

and P1 represents a fuzzy path. Suppose that every inner edge 

of Hñ is strong, while all outer edges of Hñ is weak, then 

χf(Hñ) = χf(Wn+1). 

4.2. Determining the Chromatic Number of 

Fuzzy Tree 

Lemma 4.2.1. Consider a fuzzy tree (G) such that all its 

edges are weak. It follows that, χf(G) = 1. 

Lemma 4.2.2. Let G represent a fuzzy tree whose edges are 

all strong. By Theorem 2.2, it follows that, χf(G) = 2. 

Theorem 4.2.1. Let G be a fuzzy tree containing at least one 

strong edge. Applying Procedure 3.1, we obtain χf(G) = 2. 

4.3. Determining the Chromatic Number of 

Fuzzy Caterpillar Graph 

Lemma 4.3.1. Consider a fuzzy caterpillar graph (G) whose 

entire edge set consists of weak edges. It follows that, 

χf(G) = 1. 

Lemma 4.3.2. Let (G) denote a fuzzy caterpillar graph in 

which every edge is strong. By the definition of a fuzzy cater-

pillar graph, it follows that χf(G) = 2. 

Theorem 4.3.1. Let (G) denote a fuzzy caterpillar graph in 

which strong and weak edges are arranged in an arbitrary se-

quence. Then, χf(G) = 2. 

Proof. Let (G) be a fuzzy caterpillar graph defined on (𝑛) 

vertices. Since every fuzzy caterpillar graph is a fuzzy tree, 

Theorem 4.2 can be applied to obtain, χf(G) = 2. 

5. Fuzzy Coloring Approach for 

Evaluating Employability Networks 

In this study, we investigate the employability potential of 

selected districts in Tamil Nadu and examine the inter-district 

collaborations that contribute to enhancing workforce em-

ployability. The objective is to identify districts capable of 

providing quality skill development and job-oriented training 

programs that improve not only their own employability but 

also that of neighboring districts through resource sharing and 

employment opportunities. The proposed concept is repre-

sented through fuzzy coloring under the framework of fuzzy 

graph theory. In this model, the districts of Salem, Erode, 

Namakkal, Tirupur, Karur, Trichy, and Dharmapuri are taken 

as the vertices of the fuzzy graph, denoted respectively by (A, 

B, C, D, E, F) and (G). An edge is introduced between two 

vertices when the corresponding districts maintain employ-

ment-oriented collaboration, including joint job-generation 

initiatives, shared skill-development programs, exchange of 

employment opportunities, or coordination of labor policies. 

The membership value assigned to each vertex represents the 

employability index of the corresponding district, determined 

by factors such as access to vocational training, digital literacy, 

quality of higher education, industry-academia collaboration, 

and placement support. Accordingly, the vertex membership 

values are assigned to Salem (P) - 0.8, Erode (Q) - 0.7, 

Namakkal (R) - 0.5, Tirupur (S) - 0.7, Karur (T) - 0.6, Trichy 

(U) - 0.6, and Dharmapuri (V) - 0.5. The edges (P,Q), (P,R), 

(P,U), (Q,R), (Q,S), (Q,T), (R,S), (R,U), (S,T), (S,U) and (T,U) 

represent collaborative employment relationships among 

these districts, with their membership values indicating the 

strength of cooperation. Stronger edge memberships corre-

spond to well-established partnerships involving joint training 

initiatives, employment exchanges and coordinated workforce 

development programs, whereas lower membership values 

represent comparatively weaker or occasional collaborations. 

Since Dharmapuri (V) does not have any employment-related 

collaboration with the remaining districts, it appears as an iso-

lated vertex in the fuzzy graph. Consequently, the graph is di-

vided into two components, namely 𝐺[𝑉1], which consists of 

the connected districts engaged in collaborative employability 

initiatives, and G[V2], which contains the isolated vertex V. 

Finally, fuzzy coloring is applied to the graph by considering 

the edge membership values to analyze the propagation of em-
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ployability characteristics across the network, thereby provid-

ing a systematic framework for identifying influential districts 

and evaluating the effectiveness of inter-district cooperation 

in enhancing regional employability. 

 
Figure 5. The vertices P,Q,R,S,T,U and V represent selected districts 

of Tamil Nadu. 

 
Figure 6. Fuzzy graph corresponding to the structure shown in dia-

gram 5. 

Starting with the maximal connected subgraph G[V1], col-

ors are assigned to the vertices according to their employabil-

ity characteristics and the strength of their collaborative rela-

tionships. Salem (P) is assigned the primary color Green (G,1) 

because of its high employability index and strong workforce 

development potential. Since Erode (Q) shares a strong col-

laborative relationship with Salem, it is assigned a distinct pri-

mary color Red (R,1) Namakkal (R), which has a compara-

tively weaker connection with Salem, is assigned the fuzzy 

color Green (G,0.6) to represent its moderate level of employ-

ability influence. Karur (T), being weakly connected to Erode, 

is assigned the fuzzy color Red (R,0.4), indicating a partial in-

fluence of the red employability category. Tirupur (S), which 

has strong collaborative links with both Erode and Namakkal, 

is assigned a third primary color, Yellow (Y,1) to distinguish 

its employability characteristics from those of its neighboring 

districts. Trichy (U), having weaker associations with both 

Tirupur and Namakkal, is assigned the fuzzy color Yellow 

(Y,0.5), reflecting a moderate influence from Tirupur. Finally, 

Dharmapuri (V) belongs to the disconnected component G[V2] 

and being isolated from the remaining districts, may reuse an 

existing color without causing any conflict. Hence, it is as-

signed Red (R,1). The fuzzy coloring demonstrates that only 

three distinct employability categories - Green, Red, and Yel-

low are sufficient to represent the employability structure of 

all the districts in the network. Therefore, the fuzzy chromatic 

number associated with the graph is (3). 

 
Figure 7. Illustration of a perfect fuzzy coloring for the fuzzy graph 

(G). 

 
Figure 8. Fuzzy coloring representation of selected districts of Tamil 

Nadu. 

The results reveal that only three distinct employability 
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hubs are required to effectively represent and facilitate work-

force development across the selected districts. Districts with 

comparatively lower employability can improve their work-

force potential by fostering strong collaborative linkages with 

these hubs or by enhancing their own institutional and infra-

structural capabilities. Consequently, fuzzy graph coloring 

can provide an effective framework for analyzing employabil-

ity patterns, recognizing regions with strong development po-

tential, and supporting the design of appropriate employment 

and skill-enhancement strategies. 

6. Python Program for Determining the 

Chromatic Number of a Fuzzy Helm 

Graph (for Figure 1) 

# 

===========================================

=============== 

# FUZZY GRAPH COLORING 

# Example from the given figure 1. 

# 

===========================================

=============== 

# ---------------------------------------------------------- 

# Step 1: Define the vertices 

# ---------------------------------------------------------- 

vertices = [ 

    'v0', 'v1', 'v2', 'v3', 'v4', 

    'v5', 'v6', 'v7', 'v8' 

] 

# ---------------------------------------------------------- 

# Step 2: Define the edges 

# 

# Strong edge = "S" 

# Weak edge   = "W" 

# 

# The membership values are taken from the figure. 

# ---------------------------------------------------------- 

edges = [ 

    # ----- Strong edges ----- 

    ('v1', 'v2', 0.5, 'S'), 

    ('v2', 'v3', 0.4, 'S'), 

    ('v3', 'v4', 0.2, 'S'), 

    ('v4', 'v1', 0.4, 'S'), 

    ('v0', 'v1', 0.2, 'S'), 

    ('v0', 'v2', 0.3, 'S'), 

    # ----- Weak edges ----- 

    ('v0', 'v3', 0.1, 'W'), 

    ('v0', 'v4', 0.1, 'W'), 

    ('v4', 'v5', 0.15, 'W'), 

    ('v1', 'v6', 0.1, 'W'), 

    ('v2', 'v7', 0.1, 'W'), 

    ('v3', 'v8', 0.1, 'W') 

] 

# ---------------------------------------------------------- 

# Step 3: Extract strong edges 

# ---------------------------------------------------------- 

strong_edges = [] 

for u, v, membership, edge_type in edges: 

    if edge_type == 'S': 

        strong_edges.append((u, v)) 

# ---------------------------------------------------------- 

# Step 4: Check whether a coloring is proper 

# ---------------------------------------------------------- 

def is_proper_coloring(coloring): 

    for u, v in strong_edges: 

        # Strongly adjacent vertices must have 

        # different basic colors. 

        if coloring[u] == coloring[v]: 

        return False 

         return True 

# ---------------------------------------------------------- 

# Step 5: Find the minimum number of colors 

# ---------------------------------------------------------- 

def fuzzy_chromatic_number(): 

    n = len(vertices) 

    for k in range(1, n + 1): 

        # Generate all possible assignments of k colors 

        for assignment in product(range(1, k + 1), re-

peat=n): 

        coloring = { 

        vertices[i]: assignment[i] 

        for i in range(n) 

            } 

            # Check proper fuzzy coloring 

            if is_proper_coloring(coloring): 

           return k, coloring 

           return None, None 

# ---------------------------------------------------------- 

# Step 6: Calculate fuzzy chromatic number 

# ---------------------------------------------------------- 

chromatic_number, coloring = fuzzy_chromatic_number() 

# ---------------------------------------------------------- 

# Step 7: Display the result 

# ---------------------------------------------------------- 

print("=====================================

=====") 

print("       FUZZY GRAPH COLORING") 

print("=====================================

=====") 

print("\nStrong Edges:") 

for u, v in strong_edges: 

    print(f"{u} -- {v}") 

print("\nFuzzy Chromatic Number:") 

print("χ_f(G) =", chromatic_number) 

print("\nColor Assignment:") 

for vertex in vertices: 

    print( 

        f"{vertex} --> C{coloring[vertex]}" 
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        ) 

# ---------------------------------------------------------- 

# Step 8: Verify every strong edge 

# ---------------------------------------------------------- 

print("\nVerification of Strong Edges:") 

for u, v in strong_edges: 

    print( 

        f"{u}({coloring[u]}) " 

        f"-- {v}({coloring[v]})" 

         ) 

    if coloring[u] != coloring[v]: 

        print("   ✓ Proper") 

    else: 

        print("   ✗ Not Proper") 

Expected output 

The program will give: 

=========================================

= 

       FUZZY GRAPH COLORING 

=========================================

= 

Strong Edges: 

v1 -- v2 

v2 -- v3 

v3 -- v4 

v4 -- v1 

v0 -- v1 

v0 -- v2 

Fuzzy Chromatic Number: 

χ_f(G) = 3 

Color Assignment: 

v0 --> C3 

v1 --> C1 

v2 --> C2 

v3 --> C1 

v4 --> C2 

v5 --> C1 

v6 --> C2 

v7 --> C1 

v8 --> C2 

One valid coloring is therefore 

[ 

\boxed{ 

v_0=C_3,; 

v_1=C_1,; 

v_2=C_2,; 

v_3=C_1,; 

v_4=C_2,; 

v_5=C_1,; 

v_6=C_2,; 

v_7=C_1,; 

v_8=C_2 

} 

] 

The important reason that 3 colors are required is the 

strong-edge triangle 

[ 

v_0v_1,\quad v_1v_2,\quad v_0v_2. 

] 

Since all three edges are strong, 

[ 

C(v_0)\neq C(v_1),\qquad 

C(v_1)\neq C(v_2),\qquad 

C(v_0)\neq C(v_2). 

] 

Hence, 

[ 

\boxed{\chi_f(G)=3}. 

] 

7. Conclusion 

This study investigates the fundamental concepts of fuzzy 

coloring and introduces an enhanced fuzzy coloring algorithm 

for fuzzy graphs. The proposed algorithm determines the 

fuzzy chromatic numbers of various families of fuzzy graphs 

by assigning fuzzy colors based on the membership strengths 

of the edges incident to each vertex, thereby establishing a ro-

bust and efficient framework for the structural analysis of 

fuzzy graphs. 

Abbreviations 

χ(G)  Chromatic Number 

χf(G)  Fuzzy Chromatic Number 

χf(Hñ)  Fuzzy Helm Graph Chromatic Number 

I(𝑣𝑖 , 𝑣𝑗)  Strength of an Edge 

μ(vi, vj).  Edge Membership Function 

[σ(vi), σ(vj)]  Vertices Membership Functions 

Wn+1  Fuzzy Wheel Graph 

P1  Fuzzy Path 
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