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Abstract: Let 27 be a finite commutative ring with unity. Let Z be a proper ideal of # and S is the multiplicative closed
subset of .77 which is disjoint with I . The weakly S-prime ideal graph denoted by Gz(.5) is the undirected graph whose vertex
set is the set of elements ¢ of .7 such that the non-zero product ef is in I and either se is in I or sf is in I for some f in H and
the two distinct vertices ¢ and f are connected by an edge if and only if either se is in I or sf is in I for some s in S. The purpose
of this article is to investigate the graph theoretic properties of the weakly S-prime ideal graph associated with .7 . This study
focuses on rings of order 2p, 3p and pq, where p and q are distinct primes. For these rings, the weakly S-prime ideal graph is a
special type of graph and it is explained with examples. Furthermore, the graph theoretic concept of the weakly S-prime ideal
graph Gz () namely its girth, diameter, radius and size are studied. The relation between the weakly S-prime ideal graph and
annihilator ideal graph associated with a ring of order 2p is described and it is proved that these two graphs are isomorphic.
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1. Introduction

Throughout this work, the ring J# is assumed to be a finite
commutative ring with identity. There is a lot of research
relationship between graph theory and algebraic structure. The
graphs are mainly used as mathematical systems involving
groups, rings and modules etc., as well as in real-world
applications. [9] A ring .77 is defined a non-empty set with two
binary operations, addition and multiplication, where addition
makes 57 an abelian group, multiplication is associative and
the distributive laws holds.

The graph is a concept in discrete mathematics that is still
being actively developed at this time and the study of graph
from rings has become the most extensively utilized area of
research as it advances both graph theory and algebra. Let
G = (V(G),E(G)) denote a graph, where V(G) and £(G) are
the set of vertices and edges respectively. The order of G is
given by |V(G)| and the size of G is given by |£(G)|. There
are several individual graphs namely complete graphs, regular
graphs, null graph, bipartite graphs etc.,

The study of zero-divisor graphs connect algebra and graph

theory. The zero-divisor graph of 5 was first introduced by I.
Beck [3] the graph of .77 is denoted by I'g(#). Subsequently,
Anderson and Livingston [2] gave a new definition of zero-
divisor graph of a ring. The zero-divisor graph denoted by
['(s) is undirected graph whose vertices are the non-zero
zero-divisors of J# with two distinct vertices a and b joined
by an edges if and only if ab = 0.

A graph can be represented using groups such as the
generator graph, generating graph, commuting graph, cayley
graph, power graph, automorphism groups in polyhedral
graphs, solvable conjugacy class graph of groups etc., and a
graph can be represented using rings such as the prime ideal
graph, maximal ideal graph, prime intersection graph etc.,

In recent studies, Kalamani and Kiruthika [6] introduced
the new concept of the vertex-order graph of the finite cyclic
group. Further Kalamani and Ramya [7] introduced the
product maximal graph of J# . The product maximal graph
of 5 , denoted by I',,,,, () has a vertex set ¢ and the two
distinct vertices a and b are adjacent whenever ab € M, where
M is a maximal ideal and D. Kalamani and G. Ramya [8]
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introduced graph theoretical properties for I',,,,, () and the
resistance Distance Based indices. Subsequently, D. Kalamani
and C.V. Mythily [10] introduced a new graph called S-prime
ideal graph Gg, has vertex set is elements of .7 and the two
vertices a and b are joined by an edge if there exist s € .S such
that sa € S, or sb € S;. This motivation led to the definition
of a new graph.

Ahmed Hamed and Achraf Malek [15] introduced the S-
prime ideal of a ring. Further, Fuad Ali Ahmahdi et.al [1]
defined the notion of a weakly S-prime ideal of a o7 . Let
S be a multiplicative closed subset of .7# an ideal 3 of 7
satisfying BPNS = ( is said to be weakly S- prime if there exist
an element s € S such that whenever a,b € 7, 0 # ab € P
implies sa € P or sb € ‘B.

In this article, we define a new graph called weakly S-
prime ideal graph of .# for the ideal Z and it is represented as
Gz (). The properties are studied from[4] and subsequently
it is applied to Gz(#) and several new graph results are
developed.

2. Preliminaries

This section provides the basic definitions related to the ring
¢ and the graph definitions which are used in this paper.

Definition 2.1. A proper ideal o/ of a ring .77 is said to be
weakly prime ideal of JZ if a,b € 5 such that 0 # ab € o/
impliesa € &/ orb € <.

Definition 2.2. A subset Y C ¢ is multiplicative closed if
1 € U and Vu, v’ € U, then their product uu’ € U.

Definition 2.3. A graph is said to be complete if every vertex
is connected to every other vertex. The notion K,, is used for a
complete graph with n vertices.

Definition 2.4. The number of edges incident with a vertex
is called degree of that vertex.

Definition 2.5. The two graphs are said to be isomorphic if

1. The number of vertices are equal,

2. The number of edges are equal,

3. The number of sequence are equal.

Definition 2.6. The distance d(u,v) between the two
vertices u and v is the length of the shortest path between u
and v. The eccentricity, diameter and radius of the vertex in G
are defined as follows: e(v) = Maz{d(u,v) : u,v € V(G)},
diam = Max{e(v) : v € V(G)} and rad = Min{e(v) : v €
V(G)}.

Definition 2.7. The girth of a graph G denoted by gr(G)is
the length of the shortest cycle in G . If G has no cycle, then
the girth of G is infinite or gr(G) = oco.

Definition 2.8. A graph G is called bipartite if its vertex set V'
is partitioned into two non-empty subsets X and Y such that
each edge is incident with one vertex from X and the other
fromY.

Definition 2.9. The least number of colors required for
coloring the graph G is called chromatic number.

Definition 2.10. The triangular book graph with n-pages is

defined as n copies of cycle Cs sharing a common edge. The
common edge is called the spine or base of the book. This
graph is denoted by B(3,n). In other words it is the complete
tripartite graph K7 1 5.

Definition 2.11. Let S be a ring. The nilpotent graph of
 denoted by G(57) is defined as follows: the vertex set is
G(H) \ Nil9 (), where Nil9 () denotes the set of all
nilpotent elements of .7 and the two distinct vertices » and v
are adjacent if u + v is nilpotent.

3. Main Results

In this part, we introduced a new definition of the weakly
S-prime ideal graph of the ring of order n.

Definition 3.1. Let 7 be aring . Let Z be a proper ideal
of 7 and S is the multiplicative closed subset of .7 which is
disjoint with Z. The weakly S-prime ideal graph denoted by
Gz () is the undirected graph whose vertex set is the set of
elements ¢ of # such that 0 # e¢f € 7 and either se € Z or
sf € 7 for some f € S and the two distinct vertices e and §
are connected by an edge if and only if either se € Z orsf € 7
for some s € S.

In this present work, Let 7 be a ring of order n. The
weakly S-prime ideal graph and the multiplicative closed
subset of % denoted as Gz(¢) and S respectively. If d is
a divisor of n, then d denote the ideal generated by d as Z;
and its complement as I(Ii. The corresponding weakly S-prime
ideal graph G, (.¢) can be represented by G ().

4. Weakly S-prime Ideal Graph of Ring
of Order 2p

There are two graphs namely G2(.#) and G, () for the
ring of order 2p . The graph G, (4¢) forms a special type of
graph and is discussed with suitable examples in this section.
The vertices of the graphs Go(4¢) and G, (J¢) are I,; and Z,
respectively.

Theorem 4.1. Let 7 be a ring of order 2p. Then G, (/) is
a star graph.

Proof: The only vertex p of G, () is the ideal element of
7, and other vertices are non-ideal elements of 77" .

Assume ¢(or f) € I, f(or ¢) € A\{Z,} in G, (H) . The
product ¢f will be in Z,,. Since S C 7, se € I, or sf € I,,.
Thus, e(or f) adjacent to f(or ¢).  Letef ¢ S\ {Z,} in
Gp(I) .

Consider ¢ and | are the elements of multiplicative closed
subset S. The product of ¢f belongs to S but it does not belongs
0 Z,.

Claim: se ¢ Z,, and sf ¢ 7, forall s in S.

Assume se € Z, for some s € S. This implies that

sef € T, ey

Sincee ¢ Z,, , f ¢ Z,, e and f are elements of S. The product
of ef is an element of S. Thus, ¢f € S and s € S. The product
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of sef € S. This is contradiction to (1). Hence, se ¢ 7, and
sf ¢ 7, foralls € S.

There is no edge between ¢ and f. The vertex p is connected
to every other vertices of G,(.#) and hence there is no
adjacency between the vertices other than p.

Hence, it is a star graph whose central vertex is p.

Example 4.1. Let R = Z1.

The weakly S-prime ideals are Zo and Z5. The associated
graphs are illustrated in Figure 1.

(a) ()

Figure 1. (a)G2(5¢) and (b)Gs5(52).

The Gz (J) of Go(H) is a connected graph and G5(57)
is a star graph. The vertices of G2(.) is Zf and G5(.7)
is 7} where Z, and T} are the complements of Z, and Zs
respectively.

Theorem 4.2. Let .7 be a ring of order 2p. Then the graphs
Gy () and I'(€) are isomorphic.

Proof: The graphs G, (s¢) and I'(%) are star graph for
the ring of given order.

By theorem 4.1, the G () has p vertices and [11] the
['(#2) has 2p - [¢(2p) + 1] vertices which is equivalent to p.
Therefore, the number of vertices in G,(7°) and I'() are
the same.

Hence, G, (J¢) = T'(J¢)

Remark:The central vertex of both I'(7”) and G, () is p.

Theorem 4.3. Let ¢ be a ring of order 2p. Then the
diameter of G3(.7¢) is 2 and radius 1.

Proof: Let v be any vertex of G3(.7¢) and choose another
vertex vy in Ga(J7).

If v is an element of 75, then the product vv; lies in Z,.

Since § C 7, sv € I, for every s € S. Hence all other
vertices of G(7¢) are adjacent to the vertex v.

d(U,Ul) = 1forallv, € GQ(%)

If v does not belong to Z, and vy belongs to Zo, then the
product vv, € Zs. Since sv; € I, for every s € S. Hence, an
edge exists between the vertices v and v;

d(v,v1) =1

Both v and v; are not elements of Z,, then their product
vv; does not belong to 7. Thus, the vertices v and v; are not
adjacent.

d(v,v1) = 2.
1 ] el
d(v,v,) = Z.f U1 2
2 Zf U1 ¢ IQ
Hence, the eccentricity of vertex v is
1 Zf NS Iz
e(v) = .
2 otherwise

Thus, the diameter of G2(.¢) is 2 and radius 1.

Theorem 4.4. Let 7 be aring of order 2p. Then the girth of
Go(H) is
3 if vely
00 otherwise

Proof: Lete, f € Go(), where e # .

If e € 7 and § € Ty, then their product ef also lies in Zs.
Moreover, since S C 57, both se and sf are the elements of the
ideal Z, for all s € §. Thus, the vertices ¢ and § are connected
by an edge. Consequently, the ideal elements form a complete
subgraph IC(,_1y with (p — 1) vertices.

If p > 5, then the graph G4 (5¢) form a cycle. Therefore,

gr(Go()] =

gr(Ga ()] =3
If p < 5, then the graph G5 () contains no cycle. Thus,

gr[Ga ()] = oo

If e,f ¢ Z,, then the product ¢f is not in Zy. Thus, there
is no edge between ¢ and f. Hence the non-ideal elements
of Go(#2) form an independent graph with (p — 1) vertices.
Therefore, G2() has no cycle. Hence,

gr(G ()] = oo

If ¢ € Ty, § ¢ s, then the product ef is an element of Zs.
Since S C J7Z, se € I, for all s € §. Thus, there is an edge
between e and f. Therefore, each non-ideal element of 77 is
adjacent to all the ideal elements of Z in G'2(7¢) and hence it
gives a K(p_1),(p—1) With 2(p — 1) vertices.

Therefore, G2(#7) has no cycle. Thus,

gr(Ga ()] = oo

3, ifvel
gr|Ga ()] =
oo, otherwise

The following theorem determines the chromatic number of
G2(R).

Theorem 4.5. Let 5 be a ring of order 2p. Then the
chromatic number of G5 () is x[G2(S€)|=p.

Proof: Assume ¢ and § be two distinct vertices of the graph
Go () .

By the previous theorem, the ideal elements form a complete
subgraph KC(,_1y with (p — 1) vertices of the G'5(#’) and the
vertex colored with p — 1 distinct colors.

The non-ideal elements of # forms an independent graph
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of G2(.2¢) with a single color at each vertex.

Each non-ideal element in Go(.¢) is adjacent to all ideal
elements of 7 and form a K¢, _1),(p—1) With 2(p — 1) vertices.
Thus, the vertices are colored by different color for the ideal
element and non-ideal element of G2 (.77).

X[Go(A) =p—1+1=p
Hence, the chromatic number of G () is x[G2(€)] = p.

Theorem 4.6. Let 77 be a ring of order 2p. Then the degree
of G5(S) is given by

2p — 3, ifvel,
deg(v) =
p—1, ifvé¢l
Proof: Let v be any vertex of G3(.7¢) and choose another

vertex in G () .

If v is an element of Z, then the product vv; will be in
the weakly S- prime ideal Z5. Since S C 7, sv € I, for
all s € §. Thus, there are edges from all the other vertices
of G2(J€) to the vertex v. The degree of the vertex v is

|Ga(A)|-1.

deg(v) =2p—3 ifvel,

If v is not an element of Z,, then the following cases occur:

Case(i): If v; € I, then the product vv; will be in the
element of Z. Since S C J#, sv; € Iy forall s € S. Thus,
there is an edge connecting v and v; .

Case(ii): If v is not an element of Z, then the product vv;
is not an element of Z,. Thus, there is no adjacency between v
and v;. The degree of the vertex v is |Zz| -1 in G2(7) .

deg(v) =p—1 ifv ¢TIy
2p — 3, ifvel,
Hence, deg(v) =
p—1, ifve¢

Theorem 4.7. Let ¢ be a ring of order 2p. Then the size of
Ga() s 5(p — 1)(3p — 4).

Proof: The Ga(J¢) is a connected graph with 2(p — 1)
vertices.

Consider ¢ and f be the distinct vertices of the graph
Go(H7).

Since the 7 elements of G»(7¢) form a K, _1) with (p—1)

vertices, the number of edges of G5 (7¢) is w

The non ideal elements form an independent graph with
(p — 1) vertices.

Each non-ideal element of Z, is adjacent to all the ideal
elements of G2(%) and hence it forms a IC(,_1),(,—1) With
2(p — 1) vertices, the number of edges of Go(#) is (p — 1)2.

The size of G2 () is

S =)= 2) +(p— 1)?

B(G()] = (b~ 13— 4)

Theorem 4.8. Let 5 be a ring of order 2p. Then the graphs
G, () and annihilator ideal graph AG(4¢) are isomorphic.

Proof: First to prove AG(.77) is a star graph.

The vertex set of AG() is Z(.)* and hence |Z(.7)*|
contains p vertices .

In a ring of order 2p, the annihilator ideals are ann(2k) =
{0,p} where 1 < k <p—1,ann(p) = {0,2,4,6,...,2p — 2}
and ann(u) = {0} for every unit w.

If ¢ = p and f = 2k are the vertices of AG(.5), then their
product e¢f = 0 and hence ann(ef) = ann(0) = JZ. Since ¢
and f are the non-zero, ann(e) and ann(f) are the proper ideals
of . and the union of ann(e) and ann(f) is a proper ideal of
S . Hence ann(ef) # ann(e) |J ann(f). Thus, the vertices e
and f are adjacent in the annihilator ideal graph AG (7).

If ¢ and f are 2k vertices of the annihilator ideal graph
AG(H), then their product 2k;.2ks = 2k and hence
ann(ef) = ann(p). Since ann(e) = ann(f) = ann(p) which
implies ann(ef) = ann(e) |J ann(f). Thus, the vertices ¢ and f
are not adjacent in the graph AG (7).

Hence the vertex p is adjacent to every other vertices 2k in
annihilator ideal graph AG(.5¢) and it is a star graph.

By theorem 4.1, the G,(s¢) is a star graph. Since
the |G,(s€)| is p, the graphs G,(s¢) and AG(H) are
isomorphic.

5. Weakly S-prime Ideal Graph of Ring
of Order 3p

Let 7 be a ring of order 3p. The weakly S-prime ideals
of J¢ are I3 and Z,,. This section investigates the properties
of the graph of ring of order 3p through various theorems and
examples. Let G3(#) and G, () be the ideals are 73 and
T, respectively. The vertex sets are V(G3(J¢)) = I; and
V(Gy(#)) = Is.

Example 5.1. Let R = Zq5.

The weakly S-prime ideals are Zs and Zs.
corresponding graphs are shown in Figure 2.

The
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(b)

Figure 2. (a)G3 () and (b)G5 (7).

The Gz(J€) of G3(H¢) is a connected graph and G5 (7¢)
is a triangular book graph. The vertices of Gi5(5¢) is Zf and
G5() is T, where T}, and 7! are the complements of Z3 and
T5 respectively.

Theorem 5.1. Let 7 be a ring of order 3p. Then G, (57) is
a triangular book graph.

Proof: Consider the two different vertices ¢ and § in
Gyp().

If both ¢ and § belongs to Z,, in G, (7¢) , then their product
ef € Z,. Since S C 2, then their product of se € Z, and
sf € Z,, forall s € S. Thus, ¢ and § are joined by an edge.

Ife,f ¢ Z, in G, () , then their product ef ¢ Z,. Hence,
the non-adjacent vertices are ¢ and §.

If e € 7, and § ¢ Z,, then the product ¢f € Z,. Since
S C 3, se € I, forall s € S. Thus, the vertices ¢ and | are
adjacent.

Hence, each non-ideal element is adjacent to elements of Z,,
in G, () .

The graph contains only two ideal elements, each non-ideal
element forms a triangle and having the common edge with the
ideal elements.

Therefore, G, () is a triangular book graph.

The graph G, () has the ideal elements as base of the
book and non-ideal elements as the 2(p — 1) pages of the
book.

Theorem 5.2. Let 77 be a ring of order 3p. Then the degree
of G, () is given by

eglv) =
& 2, ifvé T,

ifve T,

Proof: Let v be any vertex of G, () and choose another
vertex vy in G (J€) .

If v is an element of Z,, then the product vv is in Z,,. Since
S C I, sv € I, foralls € S. There is an edge between v
and v1. The degree of the vertex v is |G, ()| — 1.

Thus,

deg(v) =2p—1 ifvel,

If v does not belong to weakly S-prime ideal Z,,, then v;
is an element of Z,, the product vv; belongs to Z,. Since
S C H,sv; € I, forall s € S. There is an edge between v
and v;. However, when v is not an element of Z;,, the product
vy does not belong to Z,,. Thus, there is no adjacency between
the vertices v and v;. The degree of the vertex v is |Z,| — 1 in
Gp (7).

Thus,
deg(v) =2 ifv¢Z,
-1, ifvel,
Hence, deg(v) =
2, ifvé T,

Theorem 5.3. Let 5 be a ring of order 3p. Then the size of
Ga(A)is (b~ 1)(50 )

Proof: The G3(s¢) is a connected graph with 3(p — 1)
vertices. Assume two distinct vertices e and § in G3(R) .

If ¢ and | are the elements of the ideal Z3, then their product
ef also belongs to Zg. Since S C 7, se and sf are the
elements of ideal Z3 for every s € S. Hence, there is an edge
connecting ¢ and f. Therefore, every pair of elements of Z3
is adjacent and hence they form a subgraph of K, _;) with
(p — 1) vertices. Thus, the number of edges of the complete

graph is 7@ — 1)2(p — 2).

If ¢ and § does not belong to Z3, then the product ef does not
belong to Z3. Hence, there exists no edge between ¢ and §.

If e € 73 and f ¢ Zs, then the product ef lies in Z3. Since
S C 4, se belongs to Z3 for all s € S. Hence, there is
an edge between ¢ and f . Therefore, each ideal element of
T5 is adjacent to all the non-ideal elements of G3(.¢) and the
number of non-ideal elements of G3(.7) is 2(p—1). Hence, it
forms a K¢, _1) 2(p—1)- Thus, the number of edges is 2(p — 1)2
Hence, the size of G3(.7¢) is

S DE -2+ (1) 2p - 1)

[B(Gs(2)] = 5 (b~ 1)(5p ~ 6)

Theorem 5.4. Let 5 be a ring of order 3p. Then the degree
of G5(47) is given by

3p_4a
deg(v) =
p_17

Proof: Let v be any vertex of G3(7) and choose another
vertex vy other than v in G3(7) .

For any v € 73, then the product vv; will be in Z3. Since
S C J,sv € Iz for all s € S. Thus,there exists an edge
between v and v;. The degree of the vertex v is |G5(52)|- 1.

if v € Ty
ifv ¢ Iy

deg(v) =3p—4 ifvel;

suppose that v ¢ Zs. If v; € Z3 then the product v;v will
be in Z3. Since S C 7, the product sv; € Z3 foralls € S
which implies v; is adjacent to every other vertices in G3(5¢)
. If vy ¢ T3, then the product v;v will not be in Z3 and no
adjacency occurs between v1 and v.

The degree of the vertex v is |Z3|-1 in G3(.7)

deg(v)=p—1 ifv¢Zs
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ifv el

ifv ¢ Ty

3p — 4,
deg(v) =
p - 1)

Theorem 5.5. Let 5 be a ring of order 3p. Then the
chromatic number of G3(.7%) is x[G3(F)] =p

Proof: The subgraph of Gs3(s#) formed by the ideal
elements is a complete graph with p — 1 vertices.

Thus, the ideal elements of G3(.7¢) are colored by distinct
p — 1 colors.

The subgraph of G3(.¢°) formed by the non-ideal elements
is an independent graph. Since the non-ideal elements are
adjacent to the ideal elements, the ideal elements and non-
ideal elements of G3(.#) do not share the same color.

Thus, the non-ideal elements of G3(#) are colored by a
single color.

X[Gs( ) =p—1+1=p

Hence, the chromatic number of G3(.) is x[G3(J€)|=

p.

Theorem 5.6. Let ¢ be a ring of order 3p. Then the
chromatic number of G, () is x[G, ()] = 3.

Proof: G, () is a triangular book graph by theorem 5.1
In a graph, the ideal elements form the base of the book and
non-ideal elements form the pages of the book.

Each non-ideal element is adjacent to the ideal elements of
Gp(J€) . The graph contains two ideal elements of Z,, which
form the base of the book and 2(p — 1) non-ideal elements
which form the pages of the book.

The base of the book is colored with distinct colors and
pages of the book are colored with single color. The base of
the book and the pages of the book are colored with different
colors.

xX[Gp(H)] =3

Hence, the chromatic number of G, () is x[G,(J€)]=
3.

6. Weakly S-prime Ideal Graph of Ring
of Order pq

The results from ring of orders 2p and 3p are generalized
to the ring of order pg. The size and degree of the graph
are derived. Furthermore, the nilpotent graph is a subgraph
of G, () and G4 () and it is explained in this section.

Theorem 6.1. Let .77 be a ring of order pq. Then the size of

Gy() s 5(a—1)2p(a— 1)~ q

Proof: The G, (4¢) is a connected graph and the vertices
of G () are the elements of I;.

Therefore, the total number of vertices is p(q — 1).

Lete,f € G, () such that e # f .

If both ¢ and § belongs to Z,, then their product e¢f € Z,.
Since S C 7, both se € Z, and sf € Z, for every s € S.

Hence, there is an edge between ¢ and f. Therefore, every pair
of ideal elements Z, are adjacent and hence these elements
form a subgraph of /Cq_1) with (q — 1) vertices.

Thus, the number of edges of the complete graph

Gy 0= 002

If both ¢ and f does not belong to Z,,, then their product
ef ¢ Z,. Hence, there is no edge between ¢ and .

If e € 7, and f ¢ Z,,, then their product ef is an element of
Z,. Since § C 5, seisin Z, for all s € S. Hence, there
is an edge between ¢ and . Therefore, each ideal element of
T, is adjacent to all the non-ideal elements of G, (%) and the
number of non-ideal elements of G, () is (p — 1)(q — 1).
Hence, it forms a K(q_1),(p—1)(q—1)- Thus, the number of
edges of the complete bipartite graph

Gy(A)is (p—1)(a — 1)?

Hence, the size of G, () is
S@-1D@=2)+ (- 1)1
B(Gy(A)] = 5a—Di2na 1)~

Theorem 6.2. Let 5 be a ring of order pq. Then the degree
of the vertex v in G, (%) defined as

deg(v) pg—p—1, ifvel,
eg(v) =
q-—1, ifv ¢ 7,

Proof: The vertices of G, (/) are the elements of Z;. Let
v be any vertex of the G, () and choose another vertex v;
inGp() .

If v is an element of Z,,, then the product vv; is an element
of Z,. Since S C S, sv is an element of Z, forall s € S.
Thus, v is adjacent to v;. Therefore, the degree of the vertex v
is |Gy ()| 1.

deg(v) =pg—p—1 ifvel,

If v ¢ Z,, then v is an element of Z,,, the product vv; will
be in the weakly S-prime ideal Z,,. Since S C 7, sv; belongs
to Z,. Hence v, is connected to all the vertices of G, () .
However, when v; is not an element of Z,, the product vv;
does not belong to Z,, which implies there is no edge between
v and v;.Therefore, the degree of the vertex v is |Z,|-1 in

Gy ().

deg(v) =q—1 ifv¢7Z,
pg—p—1, ifvel
deg(v) = ! '
q-1, ifv¢T,

Theorem 6.3. Let 57 be a ring of order pq. Then the

chromatic number of G (/) is x[G, (J€)]=q.
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Proof: The graph G, (7€) has vertex set I;.
The ideal elements of Z, in G, (%) forms a complete graph
with (q — 1) vertices by theorem 6.1. Therefore, the ideal
elements in G, (77) the vertices are colored by q — 1 distinct
colors.

Any pair of non-ideal elements are not adjacent in G, ()

The non-ideal elements are adjacent to the ideal elements of
Z,. Since the ideal elements of Z,, share the edges with all the
non-ideal elements in G, () .

Therefore, the ideal elements and non-ideal elements in
Gp(S€) are colored by different colors. Thus, the non-ideal
elements of G, (s¢) are colored by a single color.

Hence, x[G, ()] = q

Theorem 6.4. Let 57 be aring of order pq. If the component
C of the nilpotent graph G(#¢) contains an element of < p >
or < ¢ >, then it is a subgraph of the G, (%) or G4(57)
respectively.

Proof: The vertices of G(J) is S \ Nil(H).

The G(s¢) is disconnected and has Cp,C5, Cs,....Cy
components [17].

If e € G(A) , then either ¢ is an ideal element p or q or a
unit.

If ¢ €< p >, then there exist f €< p > such that ¢ 4§
belongs to nilpotent element. Thus, the pair (e,f) form a
component of G(.¢). Therefore, the element of < p > form
a @ components in G, () .

Similarly, if ¢ €< ¢ >,there are Ia)| components in

Gp() .
In G, () , the ideal elements of < p > form a complete
subgraph of G, (7).
[{p)]

Each components C; where 1 < C; < 55~ is a subgraph of

the complete graph and hence it is a subgraph of G, () .

Similarly, Each components C; where 1 < C; < @ isa
subgraph of the complete graph and hence it is a subgraph of

Gq(H).

7. Conclusion

In this paper, the weakly S-prime ideal graph for the rings of
¢ of order 2p,3p and pq are introduced and it is seen that they
are connected graphs. In particular, G, () is a star graph
which is isomorphic to both I'(J#) and AG(57) if | 7| = 2p.
It is a triangular book graph if |##’| = 3p. In a ring of order
pq, the nilpotent graph becomes the subgraph of G, (7).

ORCID

0009-0007-7974-5265 (Kalamani Duraisamy)
0009-0007-4312-4336 (Vasuki Shanmugam)

Abbreviations
H Finite Commutative Ring with Unity
S Multiplicative Closed Subset of .Z° Disjoint with Z
Gz(#)  Weakly S-prime Ideal Graph
T Proper Ideal of 7
Z,, 1, Prime Ideal of 57
7, Non-prime Ideal of 57
C; Components
G() Nilpotent Graph
NG Zero-divisor Graph

AG(s#)  Annihilator Ideal Graph

Author Contributions
Kalamani Duraisamy: Conceptualization, Methodology,
Supervision, Validation, Writing - review & editing

Vasuki Shanmugam: Conceptualization, Methodology,
Investigation, Visualization, Writing - original draft

Conflicts of Interest

The authors declare no conflicts of interest.

References

[1] Fuad Ali Ahmed Almahdi, El Mehdi Bouba and
Mohammed Tamekkante, On weakly S- prime ideals of
commutative ring. Analele Stiintifice ale Universitatii
Ovidius Constanta, 2021, 29(2), 173-186.
https://doi.org/10.2478/auom-2021-0024

[2] David F. Anderson and Philip S. Livingston, The zero-
divisor graph of a commutative ring, Journal of Algebra,
1999, 217(2), 434-447.
https://doi.org/10.1006/jabr.1998.7840

[3] I. Beck, Coloring of commutative rings, Journal of
Algebra, 1988, 116(1), 208-226.
https://doi.org/10.1006/jabr.1993.1171

[4] Balakrishnan. R and Ranganathan. K, A textbook of
graph theory. Universitext, Springer, 2000.

[5] Rahman.M, Basic graph theory, Springer, 2017.

[6] G. Kiruthika and D. Kalamani, Some aspects of vertex-
order graph, [Italian Journal of Pure and Applied
Mathematics, 2022, (1), 66-71.

[71 D. Kalamani and G. Ramya, Product maximal graph of
a finite commutative ring, Bull. Cal. Math. Soc, 2021,
113(2), 127-134.

[8] D. Kalamani and G. Ramya, Graph theoretical properties
for ', (R) and resistance distance based indices, Advan.
and Appls. in Mathe. Scien., 2022, 21(6), 3213- 3231.



Applied and Computational Mathematics 2026; 15(2): 60-67 67

[9] Dummit, David Sand Foote , Richard M, Abstract
Algebra, John Wiley and Sons Inc, Third edition.

[10] D. Kalamani and C.V. Mythily, S- prime ideal graph of
finite commutative ring, Bull. Cal. Math. Soc, 2022,
22(4), 861-872.

[11] Kholood Alnefaie, Nanggom Gammi, Saifur Rahman and
Shakir Ali, On zero-divisor graphs of Z, when n is
square-free, MDPI, 2025.

[12] Rossen K H , Discrete mathematics and its applications
(seventh Edition), Book the McGraw-Hill companies, Inc.
Newyork, 2012.

[13] L. Beaugris, M. Flores, C. Galing, A. Velasquez and E.
Tejada, Weak zero-divisor graphs of finite commutative
rings, Communications in Mathematics and Applications,
2024, 15(1), 1-8.

[14] S. Akbari and A. Mohammadian, On the zero divisor
graph of a commutative ring, J. Algrbra, 2004, 274, 847-
855. https://doi.org/10.1016/S0021-8693(03)00435-6

[15] Ahmed Hamed and Achraf Malek, S-prime ideals of a
commutative ring. Beitrage zur Algebra und Geometrie,
2020, 61, 533-542.

[16] Ayman Badawi, On the annihilator graph of a
commutative ring. Communication in Algebra, 2014, 42,
108-121. https://doi.org/10.1080/00927872.2012.707262

[17] Dhiren Kumar Basnet, Ajay Sharma, Rahul Dutta,
Nilpotent Graph. Theory and Application of Graphs,
2021, 8. https://doi.org/10.20429/tag.2021.080102



