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Abstract: The steady state magnetohydrodynamic flow of Jeffrey nanofluid with nonlinear thermal radiation, over a porous 

plate together with prescribed boundary conditions of interest was carried out via Lie symmetry group alteration. The all-

inclusive flow of the present model incorporates the Jeffrey parameters, nonlinear thermal radiation, heat generation, Brownian 

motion, chemical reaction, thermophoresis and porosity parameter. The derived governing equations of the problem are highly 

nonlinear coupled partial differential equations. The Lie group approach was used to convert the system partial differential 

equations to a system of ordinary differential equations which was solved numerically with the help of a matlab solver called 

bvp4c. The established numerical results were discussed with help of line graph. The Rayleigh number and porosity parameter 

enriched the velocity fluid. The rise of the temperature ratio parameter
 

and heat generation parameter
 

improved the 

temperature contours and is reduced by boosting the Prandtl number. Lewis number, chemical reaction parameter
 
diminished 

the concentration profile and took the opposite direction for Biot number. Equally, by improving Jeffrey parameter and 

Hartmann number weakened skin friction profile. Also, Sherwood number, and the Nusselt number were also expanded. The 

recent outcome will be useful in the automobile industry, polymer industry and so on. 
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1. Introduction 

So many researchers’ attention has been drowned on 

nonlinear thermal radiation as a result of its application in 

engineering works. However, nonlinear thermal radiation is 

very significant in processing industries that make use of heat 

to obtain a good end product. This end product can be used to 

produce gas turbines and plants for electricity generation etc. 

[1]. Scrutinized the consequence of Maxwell nanoliquid on a 

parallel plate using chemical reaction and linear thermal 

radiation. In addition, their upshot is used in the boosting 

transfer of heat, energy derived from solar, structures of 

transportation, and so on. [2]. Carried out the significance of 

nonlinear thermal radiation and thermophoresis on a heat and 

mass transfer of a mixed convective vertical channel. The 

fluid temperature is improved by raising the values of 

radiative heat flux which in turn causes the velocity and 

concentrations close to the porous surface to go up. [3]. 

Carried out the importance of nonlinear thermal radiation in a 

Walter-B nanofluid by making use of thermophoresis, 

Brownian motion, and convective boundary conditions. Their 

outcome shows that escalating the Schmidt number reduced 

the concentration of nanofluid. [4]. Investigated the 

magnetohydrodynamic transfer of heat on a parallel plate. 

Their outcome exposed how the transfer of heat and fluid 

flow upset the leading surface. 

A nanofluid is a based fluid and nanoparticles which is a 

class of fluid for heat transfer. The heat and mass transfer 

performance is improved by the base fluid. Today’s 

refrigerating rate requests to meet the thermal conductivity of 

the ordinary heat transfer liquids is inadequate. Nanofluids 

have been exposed to upturn the convective and thermal 

conductivity heat and mass transfer performance of the base 
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fluids. Brownian motions of the nanoparticles inside the base 

fluids are one of the likely devices for unusual growth in the 

thermal conductivity of nanofluids. A diversity of nuclear 

reactor projects introduced by improved safety and better 

economics are being planned by the nuclear power industry 

everywhere to more accurately solve the impending energy 

supply deficit. Nanoliquids are suspensions of nanoparticles 

in fluids that show important improvement of their 

possessions at modest nanoparticle concentrations. The 

industrial applications of nanofluids include biomedicine, 

food, transportation, nuclear reactors and electronics. 

Although, in nuclear reactors, forced convection is used to 

remove heat from fuel elements which makes it more 

significant in heat transfer procedure. Also, nanofluids have 

an advanced viscosity which agrees to an upsurge in driving 

power and display better heat transfer properties than pure 

materials. Electronic applications which use microfluidic 

applications also make use of nanofluids. Some analysis of 

nanofluids can be seen in the studies [5-11]. 

In addition, Jeffrey fluid is non- Newtonian fluid which 

has numerous applications in engineering processes. The 

multiplicity in physical nature of these fluids leads to the 

expansion of diverse constitutive dealings because all the 

features cannot be discovered through one relation. 

According to the experts such materials can be divided into 

three groups such as, integral, differential and rate types. The 

agreed model is called Jeffrey fluid which fits to the group of 

rate type materials. Such materials forecast the retardation/ 

relaxation times features. Several investigations on this 

model can be perceived [12-16]. 

Nevertheless, automotive industries, nuclear reactors, and 

transformers make use of porous material which has attracted 

so many researchers. [17]. Deliberated on the Darcy model 

for porous medium with Jeffrey nanofluid that was used as a 

based fluid. [18]. Explore magnetohydrodynamic (MHD) 

with thermal radiation and porous medium on a convective 

Jeffrey nanofluid flow. [19]. Illustrated convective heating 

conditions on the flow of Jeffrey nanofluids with combined 

porous and magnetic effects. 

This recent work intends to improve the work of [1] by 

incorporating Jeffrey parameters and porous material, 

nonlinear thermal radiation and heat generation. Also, the Lie 

symmetry group was used to alter the system of partial 

differential equations into ordinary differential equations and 

a matlab solver called bvp4c was used to solve numerically. 

2. Modeling 

The flow of Jeffrey nanofluid in a stretching porous sheet 

with nonlinear thermal radiation and heat generation was 

formulated. The permeable parallel plate creates the flow. 

Brownian motion and Thermophoresis were also considered. 

From figure 1, the fluid is assumed to flow in x-direction. 

 

Figure 1. Coordinating system for the porous media. 

The governing expressions are as [1, 22]: 
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The boundary conditions for the above models are as [ ]1 : 
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To streamline the radiative heat flux in this work Rosseland approximation is used 

44 1
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                                                                             (6) 

In order to linearize equation (6), expand 4T  about T∞  into Taylor’s series expansion gives 
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The following emerged by putting equations (6-7) into equation (3) 
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The stream function is defined as follows: 
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Together with non- dimensional variables 
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The equations below emerged by putting equations (9 - 10) into equations (1 -5) and equation (8). 
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The following boundary conditions emerged 
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Table 1 show the explanations of symbols 

Table 1. Nomenclature. 

Description Symbol Description Symbol 

Biot number Bi  Hartmann number M  

Heat source/sink Q  Lewis number Le  

Similarity variable η  Brownian motion parameter Nb  

Transverse magnetic field ( )B x  Thermal radiation parameter N  

Magnetic field strength 0B  Density of base fluid fρ  

Velocity components along x, y-axis ,u v  Temperature variable T 

Nanoparticles specific heat ( )
p

cρ  Ambient liquid concentration C∞  

Heat capacity ratio τ  Stefan-Boltzmann constant 1σ  

Nanoparticles concentration C  Non-uniform heat generation 0Q  

Mean absorption coefficient K∗  Absorption coefficient 1k  

Ambient liquid temperature T∞  Rayleigh number Ra  

Fluid specific heat at constant pressure ( )
f

cρ  Prandtl number Pr  

Deborah number β  Temperature ratio Ct  

Mass transfer parameter S Thermal conductivity κ  

Brownian diffusion BD  Termophretic diffusion TD  

Specific heat at constant pressure 1C  Porous material K  

Free stream velocity of the flow U  Reference concentration wC  

Reference temperature wT  Gravitational acceleration g  

Dimensionless velocity f  Fluid specific heat ( )
f

cρ  

Velocity of the exterior stream ( )U x  Thermophoresis parameter Nt  

Condition far away from the plate v∞  Constant b  

Chemical reaction parameter γ  Electrical conductivity σ  

Kinematic viscosity ν  Jeffrey parameter λ  

Relaxation time 1λ  Buoyancy ratio Nr  

Stream function ψ  Dimensionless temperature θ  

Dimensionless concentration φ  Thermal diffusivity α  

Volumetric thermal expansion coefficient of the base fluid δ  The fluid viscosity µ  

2.1. Lie Symmetry Group 

Using the standard Lie group approach [1, 11]. for scaling alteration group are introduced below where ε is the parameter of 

the group and α is the real number. 

3 51 2 4
: , , , ,x xe y ye e e e

εαεα εα εα εα
ψ ψ θ θ φ φ∗ ∗ ∗ ∗ ∗Γ = = = = =                           (15) 
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Substituting equation (15) into equation (11) – (13) we get: 
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Through equating different exponential expressions of equations (16) - (18) the invariant of the method emerged 
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From equation (14) the invariance of the boundary conditions becomes 

,1 3α α=  052 4α α α= = =                                                                        (20) 

Focus to the results of equation (19) applying equation (20) the group alterations (15) becomes: 
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Also, employing Taylor series expansions yields 
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Since 1 0α ≠ , rewriting equation (22) the following emerged 
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Now, in terms of differentials equation (23) becomes 
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The similarity below is achieved through integrating equation (24) – (25) 
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Where ,η  ( ),f η  ( ),θ η  and ( )φ η  are constant 

The below equations are achieved by substituting equation (26) into equations (11) – (14) 
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While the boundary conditions read: 
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2.2. Physical Terms 

The concerned physical terms are ( )C
f

,
( )Nur

, and
( )Shr

: 
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2
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−
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1
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−
′= = −                                                             (33) 

2.3. Method of Computation 

The following alteration was used to alter equations (27) – (29) into first order initial value problem 

( ) ( ), , , , , , , , , , , , , , , , , ,5 71 2 3 4 6 8 9 10h h h h h h h h h h f f f f θ θ θ φ φ φ′ ′′ ′′′ ′ ′′ ′ ′′=                                    (34) 
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The boundary conditions 
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3. Validation of Result 

The analysis for the validation of result was achieved in 

table 2 which proved an excellent agreement with that of [1, 

20, 21]. 

Table 2. Evaluation for the outcomes of ( )0f ′′  when 

0Ra S Biβ λ= = = = =
 and K → ∞ , with previous work. 

M [20] [21] [1] Present results 

0.0 -1.00000 - 1.00000 -1.00000 -1.000000000 
0.5 -1.224747 -1.224744 -1.224745 -1.224744871 

1.0 -1.414217 -1.414213 -1.414215 -1.414213562 

4. Results and Discussion 

In this study, the default values are 
1

2
Nr = , 

1

100
N = , 

1

10
S = , 

1

100
Ra = , 

1

5
Le = , 

1

5
M = , 

1

5
Nt = , 

1

10
γ = , 

71
Pr

100
= , 

1

2
λ = , 

1

5
Nb = , 

1

2
k = , 

1

5
β = , 

1

5
Ct = , 

1

100
Q = , 

1

10
Bi = . Unless otherwise detailed. 

Velocity Outline 

However, figures 2 to 4 illustrates the upshot of velocity 

outline for different values of porosity parameter ( )K , 

Rayleigh number ( )Ra  and Jeffrey parameter ( )λ
respectively. By enhancing the values of porosity parameter

( )K , and Rayleigh number ( )Ra  the velocity of Jeffrey 

nanofluid goes up and the opposite direction is noticed for 

raising Jeffrey parameter ( )λ . The porosity parameter ( )K

makes a way for heat to flow out through the outer surface. 

As a result, the particles inside the fluid will turn out to be 

solid. Physically, the Rayleigh number ( )Ra is the ratio of 

Buoyancy to the product of viscous and heat diffusion. An 

increase in the Jeffrey parameter ( )λ  signifies weaker 

retardation time. 

 

Figure 2. Velocity profiles ( )( )f η′  for porosity parameter ( )K . 
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Figure 3. Velocity profiles ( )( )f η′  for Rayleigh number ( )Ra . 

 

Figure 4. Velocity profiles ( )( )f η′ for Jeffrey parameter ( )λ . 

Temperature Outline 

In addition, figures 5 to 7 displays the influence of 

temperature ratio ( )Ct , heat source-sink parameter ( )Q , and 

Prandtl number ( )Pr on the temperature profile. The increase 

in temperature ratio ( )Ct figure 5 and heat source-sink 

parameter ( )Q figure 6 lead to an increase in the temperature 

profile while the temperature profile is depressed by 

enhancing the Prandtl number ( )Pr . Generally, more heat is 

produced by escalating the temperature ratio ( )Ct . The heat 

transfer occurrence is improved by an external heating source. 

Prandtl number ( )Pr is the quotient of momentum to thermal 

diffusivity. The higher the heat transfers the greater the 

thermal diffusivity. It is used to calculate heat transmission 

between the exterior sheet and the fluid. 

 

Figure 5. Temperature profiles ( )( )θ η  for temperature ratio ( )Ct . 
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Figure 6. Temperature profiles ( )( )θ η  for heat source-sink ( )Q . 

 

Figure 7. Temperature profiles ( )( )θ η  for Prandtl number ( )Pr . 

Concentration Outline 

Furthermore, figures 8 to 10 depict the upshots of 

concentration contour for diverse values of Lewis number

( )Le , chemical reaction parameter ( )γ , and Biot number

( )Bi  respectively. The concentration contour goes down by 

raising the values of the Lewis number ( )Le , and chemical 

reaction parameter ( )γ , and the reverse case for the Biot 

number ( )Bi . The Lewis number ( )Le is a quotient of 

thermal diffusivity to the mass diffusivity. Biot number ( )Bi

signifies the quotient of conductive resistance in solids to the 

connective resistance in the thermal boundary layer. 

 

Figure 8. Concentration profile ( )( )φ η  for Lewis number ( )Le . 
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Figure 9. Concentration profile ( )( )φ η  for chemical reaction ( )γ . 

 

Figure 10. Concentration profile ( )( )φ η  for Biot number ( )Bi . 

Skin Friction Outline 

Nevertheless, the influence of Jeffrey parameter ( )λ  and 

Hartmann number ( )M  on skin friction is disclosed in figure 

11, 12 respectively. By boosting Jeffrey parameter ( )λ  and 

Hartmann number ( )M  the skin friction diminished. 

Generally, both Jeffrey parameter ( )λ  and Hartmann number 

( )M  are reducing factor. 

 

Figure 11. Skin frictions for Jeffrey parameter ( )λ  

 

Figure 12. Skin frictions for Hartmann number ( )M . 

Nusselt Number Outline 

Also, the influence of Brownian motion ( )Nb  and Biot 

number ( )Bi  on Nusselt number is noticed in figures 13 and 

14 respectively. By strengthen Brownian motion ( )Nb  the 

Nusselt number goes down whereas the opposite situation is 

noticed for the Biot number ( )Bi . This decline is due to the 
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nanoparticles of high thermal conductivity being determined 

from the warm area to the static liquid. 

 

Figure 13. Nusselt number for Brownian motion ( )Nb . 

 

Figure 14. Nusselt number for Biot number ( )Bi  

Furthermore, the consequence of Brownian motion ( )Nb  

and Biot number ( )Bi  on Sherwood number is noticed in 

figures 15 and 16 respectively. The Sherwood number goes 

up by enhancing Brownian motion ( )Nb  and takes the 

opposite direction for the Biot number ( )Bi . 

 

Figure 15. Sherwood number for Brownian motion ( )Nb . 

 

Figure 16. Sherwood number for Biot number ( )Bi . 

5. Conclusion 

The steady state heat and mass transfer in Jeffrey 

nanofluid with nonlinear thermal radiation was analyzed. The 

following are the major verdicts: 

1. The velocity of the fluid is improved by strength of 

Rayleigh number ( )Ra  and porosity parameter ( )K  

2. The increase of thermal radiation parameter ( )N  and 

heat source-sink parameter ( )Q  in a Jeffrey nanofluid 

heats to an increase in the flow temperature and the 

opposite flow is noticed for the Prandtl number ( )Pr  

3. The concentration of the fluid goes down by growing 

Lewis number ( )Le  and chemical reaction ( )γ  and 

takes the opposite direction for Biot number ( )Bi  

4. The skin friction is diminished by enhancing Jeffrey 

parameter ( )λ  and Hartmann 

5. Number ( )M  

6. The Nusselt number shrinks with raising Brownian 

motion ( )Nb  and takes opposite direction for Biot 

number ( )Bi  

7. The Sherwood number goes up by enhancing Brownian 

motion ( )Nb  and goes down by escalating the Biot 

number ( )Bi  
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