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Abstract: Transient MHD heat transfer within radiative channel due to convective boundary and slip velocity is considered. 

Non-linear Roseland approximation was used to describe the radiative heat flux in the energy equation where the magnetic 

field is combined in the momentum equation. The solution of the governing differential equation that described the flow was 

solved using the Perturbation method in order to obtain the analytical solution which was used to confirm the validity of the 

numerical solution. The finite difference method was employed to find the numerical solution of the governing equations. The 

heat transfer device of the present work establishes the influence of Biot number, slip parameter (λ), magnetizing parameter, 

radiation parameter, temperature difference, Grashof number and time on velocity, temperature, skin friction, and Nusselt 

number. The results established were discoursed with the aid of line graphs. The steady-state solution was in perfect agreement 

with the transient form for the weighty value of time t. It is exciting to report that the convective boundary condition and slip 

velocity has a strong impact on the flow parameters. 
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1. Introduction 

Numerous scholars surveyed no-slip boundary states under 

certain circumstances. No-slip condition is not appropriate in 

some situations and is replaced by a partial slip condition. In 

their study, Venkateswarlu and Venkata [1] stated that fluid 

slip boundary situation arises in many submissions such as in 

micro-channels or Nano-channels and it is applied where a thin 

film of light oil is attached to the moving plates or when the 

surface is coated with special coatings such as thick monolayer 

of hydrophobic octadecyl trichlorosilane. Slip boundary 

conditions are also applied in the enhancing of synthetic heart 

regulators and interior crevices, fluid motion within the human 

body, etc. Many researchers, considering the application of slip 

velocity and convective boundary condition in science and 

technology conducted research on the subject matter: [2-16]. 

Thermal radiation impact on free convection heat transfer 

flow problems on MHD continues to have an exciting pact of 

apprehension. Dulal and Babulal [17] describe the radiation 

effect as quite significant at a high working temperature such 

as appropriate equipment in the designs of aircraft, missiles, 

satellites, and space vehicles. Several researchers have studied 

the influence of thermal radiation on MHD free- convection in 

combination with other flow parameters. Misra and Sinh [18] 

discussed theoretical analysis on Magnetohydrodynamics flow 

of blood in a vessel, in which thermal radiation, velocity slip, 

and thermal slip conditions are taken into consideration. It was 

found that thermal radiation (R) stands prospective to convey a 

significant change in the temperature field of the boundary 

layer. Mathematical analysis of MHD flow and heat transfer 

from a warm, electrically conducting fluid to a melting surface 
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moving parallel to a constant free stream in the presence of 

thermal radiation was deliberated by Kalidas [19]. It was 

detected that the fluid temperature and the thermal boundary 

layer thickness decline for growing thermal radiation, melting 

parameter and magnetic field whereas reverse effect occurs for 

moving parameter. Kho et al [20] debated on boundary layer 

flow of Williamson Nanofluids past over a stretching sheet in 

the presence of thermal radiation effect. It was established that 

radiation parameters influenced both temperature profile and 

the rate of heat transfer. Isah et al. [21] studied Couette flow 

under the influence of the transverse magnetic field and 

thermal radiation for a nonlinear coupled system of two 

infinite vertical plates held at different temperatures. 

Inspired by the above studies, this research intended to 

improve the work of Isah et al. [21] to incorporate velocity 

slip and convective temperature at the boundary in the 

presence of thermal radiation and to investigate their 

influences on free convective heat transfer flow of MHD 

using non-linearized Roseland approximation. 

2. Mathematical Analysis 

Formation of steady/transient laminar, non-compressible, 

and conducting fluid (MHD) flow between two vertical 

parallel plates in the existence of a magnetic field of 

strength	�� is considered. The ��-axis is taken in the track of 

main flow along with the plate and the ��-axis is normal to 

the plate. Prior to the startup (dimensional time �� less than or 

equal to zero) of the experiment the fluid and plate are 

assumed to be at rest at constant temperature	��. At startup 

(dimensional time ��  greater zero) the temperature of the 

plate situated at the left plate (y′ = 0), received a convection 

energy 	
∗ �
��������� � ����� 	 ���0, ���	 with slip velocity 

��� � �∗ ����� �	while reference temperature at the right plate 

(y′ = H) is maintained as	�� see figure 1. Under Boussinesq 

approximation and conceited the flow to be laminar and fully 

developed, the boundary-layer velocity and temperature 

equations (in the dimensional form) are respectively given 

below: 

 

Figure 1. Geometry of the problem. 

���� � � ν �"�����" # $%��� 	 ��� 	 & '(��)               (1) 

�
�� � � 	* +�"
����" 	 �, �-.���/                         (2) 

Where: 

α = thermal diffusivity, 

K = thermal conductivity, % = coefficient of the thermal expansion 

σ = fluid electrical conductivity, 

g = gravitational acceleration �� = strength of applied magnetic field. 

Initial and channel boundary situations are given as: 

�� 0 0:	234	0 0 �� 0 5, �� � 0;	�� � ��	�� 7 0:	�� � �∗ ����� , 	
∗ �
��������� � ����� 	 ���0, ���, 8�	�� � 0		�� � 0, �� � ��, 8�	�� � 5	 9                                               (3) 

The following dimensionless quantities are introduced: 

� � ��ν5: , � � ��5 , ;< � ν* , = � �� 	 ���� 	 �� , �>� � ��5
∗ , ?< � �$%5:��� 	 ����ν@ ,A: � &%�:5:Bν , 
� � ��C , � � D∗E                                  (4) 

Simplifying radiation heat flux in the problem, Roseland 

approximation is used: 

F� � GHI�
�JK
∗���                                    (5) 

Expanding ��H into the Taylor series expansion in order to 

linearized equation (5) we have: ��H � �=��� 	 ��� # ���H                       (6) 

Using equations (5) and (6) into dimensional equations (1) 

and (2) due to condition (3) the dimensionless form of the 

velocity and temperature equations are respectively found to 

be: 

��	� � �"���" # ?4= 	A:�	                        (7) 

;< �L� � +1 # HNK �O
 # =�K/ �"L��" # 4Q�O
 # =�: ��L���:  (8) 

With fresh initial and boundary conditions: � 0 0, 0 0 y 0 1:	u � 0; 	θ � 0	� 7 0, � � 0:	� � γ ���� , 	 �L������ � �>��1 	 =�,	� � 1:	� � 0, = � 0	 9          (9) 
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3. Analytical Solution 

Analytical solutions are very essential in validating a time 

dependent (numerical) solution of heat transfer flow of 

Magnetohydrodynamic. Radiative heat flux that was defined 

by the Rosseland approximation in the temperature equation 

cracks the present physical problem highly nonlinear and 

show no closed form solution. Employing perturbation series 

method one can obtained the steady state version of (7) and 

(8) by relaxing time gradients ���� , �L� ), to zero such that: 

V"�V�" + ?4= − A:� = 0                       (10) 

+1 + HNK + (O
 + =)K/ V"LV�" + 4Q�O
 + =�: �VLV��: = 0  (11) 

With new boundary conditions: 

8�	� = 0:	� = � V�V� , −	VLV� = �>�(1 + =)	
8�	� = 1:	� = 0, = = 0	 W          (12) 

Using power series expansion and disregarding QX  for Y > 1 and employ a regular perturbation method, the velocity 

(u), and temperature (=) are estimated as; 

�(�) = 	∑ QX�X(�)	[X��                        (13) 

=(�) = ∑ QX=X(�)[X��                         (14) 

Now the required steady state solution from (10) to (12) 

for the velocity and temperature equations can be achieved 

using equation (13) and (14) as: 

�(�) = 8K\]� + 8H\G]� + ^<_`]" � + ^<_"]" + Q(\�\]� + \:\G]� + a��H + a:�K + aK�:	+aH� + ab)                (15) 

=(�) = 8�� + 8: + Q(c��H + c:�K + cK�: + cH� + cb)                                                (16) 

From (15) the steady state skin frictions at the boundaries are: 

d� = V�V����� = A8K + 8H + _`]" + Q\�A − Q\:A + QaH                                               (17) 

d� = V�V����� = 8K\] − A8H\G] + _`]" + Q(A\�\] − A\:\G] + 4a��K + 3a:�: + 2aK� + aH              (18) 

Equally the steady state Nusselt numbers at the boundaries are derived from (16) as: 

g�( = VLV����� = 8� + QcH                                                                          (19) 

g�` = VLV����� = 8� + 4Qc� + 3Qc: + 2QcK + cH                                                         (20) 

4. Numerical Solution 

The present physical model (equation 7 and 8) is extremely nonlinear and coupled. To solve the said equation together with 

the initial and boundary condition (9) implicit finite difference method was used. The grid spacing (h, Y) in y and t are noted as 

(Isah et al. [21]): 

�ijk`G�ij∆ = m�in`jk`G:�ijk`o�ik`jk`
(∆�)" p + ?<=>X − A:�>X                                                              (21) 

;< Lijk`GLij∆ = +1 + HNK qO
 + =>XrK/ m�in`jk`G:�ijk`o�ik`jk`
(∆�)" p + 4QsO
 + =>Xt: uLin`j GLik`j

:∆� v:
                                  (22) 

With boundary conditions: 

 

�>G�Xo� = � mGK�in`jk`oH�ijk`G�ik`jk`
:∆� 	p	

	− mGKLin`jk`oHLijk`GLik`jk`
:∆� p 	= 	�>�s1 − =>Xt

	− mGKLin`jk`oHLijk`GLik`jk`
:∆� p 	= 	�>�s1 − =>Xt

234	8ww	h = 0

�]X = 0, =]X = 0, for	all	i = M	 ��
��
�
���
�

                                                       (23) 
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Summarizing and modifying equations (21) and (22) we have; 

���>G�Xo� +	���>Xo�+�<	�>o�Xo� =	4��>G�X −4��>o�X + (1 	 ∆�A:��>X # ∆�?4=>X                                      (24) 

��=>G�Xo� # ��=>Xo� # �<=>o�Xo� � ;4=>X # Pr 4� =>o�X 	 Pr 4� =>G�X #�:4Kq=>G�X 	 =>o�X r:                             (25) 

Since the values of ��Xo�, =�X and =�Xo�
 at y = 0 are not defined from the boundary condition (23), One can modify equation 

(24) and (25) using (23) for h � 1 to have; 

�H��K 	 :∆���KD # �c� ��Xo� # ��4 	 ��K � �:Xo� � �1 	 ∆�A:���X # ∆�=�X	                                       (26) 

+�HG:∆��i`�K # ��/ =�Xo� # +�< 	 ��K / =:Xo� # :K��∆��>� � ;<=�X # 4: +�HG:∆��i`�K =�X 	 HK=:X # :K∆��>� 	 =:X/:            (27) 

5. Result Validation 

In order to guarantee the precision of the applied 

numerical scheme the calculated values of time dependent 

(numerical) solution of velocity and temperature profiles are 

compared with the available results of analytical solution 

obtained using regular perturbation method. It can be seen 

from figures 2a and b that the two solutions remarkably 

agreed for sufficiently large value of time t. 

 

Figure 2. Consequence of time on steady state velocity and temperature. 

6. Results and Discussions 

The present work, studies the steady/unsteady state free 

convective heat transfer flow through vertical plates taking 

thermal radiation into consideration, under the impact of a 

uniform magnetic field subject to slip velocity and 

convective temperature at the boundary. The system of 

leading equations (7) and (8) with the boundary conditions (9) 

is solved using perturbation series method to obtain the 

analytical solution, whereas implicit finite difference method 

was used to obtain the numerical solution. The outcome of 

the flow governing parameters on velocity u(y, t), 

temperature =��, ��, skin friction �d�,�� and Nusselt number �g��,�� , have been discussed using line graphs as shown 

from figures 2 to 23. These results display the variations in 

the u(y, t), =��, ��, �d�,�� and �g��,�� are subjective by the 

material flow parameters that is, the magnetic parameter (M), 

radiation parameter (R), temperature difference parameter 

(O�), Prandtl number (Pr), Biot numbers ��>��, slip parameter ��� and Grashof number (Gr). Prandtl number 0.71 and 7.0, 

were used to signify physical feature of air and water 

respectively, while all other parameters are choosing 

arbitrary. 

Velocity profile: 

Figures 2 to 7 shows the upshot of dimensionless flow 

parameters on the velocity outline. Figures 2a and b validates 

the influence of time on steady state condition of velocity and 

temperature profiles respectively. The time dependent 

solution merged with steady state solution for sufficient value 

of time t which verified the strength and efficiency of the 

numerical solution. Figures 3a and b shows the sway of ?4 

on	���, ��. The value of ?4 was taken as positive, negative 

and zeros in order to show the state of the plates. ?4 7 0 

indicate outward cooling of the touching wall while ?4 �0	 specify the exterior heating of the moving wall. It is 

observed from the figure that velocity upsurge with 

growing 	?4 . As it was reported by Isah et al. [21] that 

“?4	 � 0 designate a corporeal circumstances when the flow 

is only due to the drive of one of the boundary”. Figure 4a 

and b describes the upshot of �>�  on velocity contour. It is 

observed from the figure, as �>�  decreases and approaches 
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zero the velocity also declines and diminishes. This is 

because the thermal resistance of the fluid exceed the thermal 

resistance presented by the flow wall. Figure 5a and b 

illustrates the impact of λ on the velocity profile. Velocity 

enhances with increasing λ. Consequence of M on the 

velocity distribution is described by figure 6a and b. It shows 

that velocity decline with growing M. This is because the 

magnetizing field employs impeding force on the flow. 

Figure 7a and b demonstrate the impact of R on velocity 

profile. Velocity boosts with upsurge in R. 

 

Figure 3. Consequence of Gr on u(y,t). 

 

Figure 4. Consequence of �>� on u(y, t). 

 

Figure 5. Consequence of � on u(y, t). 
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Figure 6. Consequence of A on u(y, t). 

 

Figure 7. Consequence of Q on u(y, t). 

Temperature profile 

 

Figure 8. Consequence of �>� on =(�, ��. 



 International Journal of Theoretical and Applied Mathematics 2022; 8(3): 65-77 71 

 

 

Figure 9. Consequence of R on =(�, ��. 

 

Figure 10. Consequence of O
 on =��, ��. 

 

Figure 11. Consequence of Pr on =��, ��. 
Figures 8 to 11 illustrate the effect of dimensionless 

controlling parameters on	=��, ��. Sway of �>� on =��, �� has 

been discussed in figure 8a and b. It is observed that 

temperature decays as �>�  is dropping. The reason behind 

this is that, the internal convective resistance of the 

convective wall is comparatively lower than the external 

resistance and therefore the temperature decays. Figure 9a 

and b show the upshot of Q on temperature outline and it is 

observed that temperature rises with growing R. Figure 10a 

and b defines the impact of O
 on temperature outline for air 

and water respectively. It indicates that, temperature 

enhances with increasing O
 . Sway of Pr on temperature 

outline has been discussed in figure 11. It is witnessed that 

temperature decrease with growing Pr. Obviously it is 
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exciting that the consequence of Pr is to relaxed the 

temperature of the fluid, as it upsurges and also to decline the 

thickness of thermal boundary layer. 

Skin friction 

 

Figure 12. Sway of time t with rising O
 on skin friction at convective wall. 

 

Figure 13. Sway of time t with rising �>� on skin friction at convective wall. 

 

Figure 14. Sway of time t with rising �>� on skin friction at non-convective wall. 
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Figure 15. Sway of time t with rising	� on skin friction at convective wall. 

 

Figure 16. Sway of time t with rising	� on skin friction at non-convective wall. 

 

Figure 17. Sway of time t with rising	?4 on skin friction at convective wall. 

Effects of dimensionless controlling parameters on skin 

frictions are discussed in figures 12 to 19. Figure 12a and b 

explains the sway of time and O
  on	d� . As time t and O
 

upsurge, d�  also rises and achieves steady state for large 

value of t. The Effect of �>�  and time t on d�  has been 

deliberated in 13a and b. d� declines with increasing �>� but 

boosts with growing time and attains steady state. Moreover 

influence of �>� and time t on	d�has be depicted in figure 14a 

(Pr = 0.71) and b(Pr = 7.0). d� rises with advancing �>� and 

time t and also reach a steady state for large t. Figures 15 and 

16 display the sway of � and time t on	d� and d� respectively. 

It is perceived that increase in � leads to decline in d�  but 

upsurge in d�. However, in both cases, d� and d� grow with 

growing time t. Figure 17a and b demonstrates the 
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consequence of Gr and t on d�. It is obseved that d� decrease 

with increasing Gr but upsuge with rising time and reached 

steady state for large values of t. Figure 18a and b illustrate 

the upshot of M and �>�	on d�. It is observed that for both air 

(18a) and water (18b) d�  increase with increasing M but 

decrease with increasing �>� . Figure 19a and b demostrate 

the effect of R on d� . It is observed that, skin friction 

enhances with increasing R. 

 

Figure 18. Sway of M with rising�>� on skin friction at convective wall. 

 

Figure 19. Sway of R with rising	�>� on skin friction at non-convective wall. 

Nusselt number 

 

Figure 20. Nusselt number against O
with increasing time t (Pr = 7.0). 
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Figure 21. Nusselt number against �>�with increasing time t (Pr = 0.71). 

 

Figure 22. Nusselt number against �>�with increasing Pr. 

 

Figure 23. Nusselt number against �>�with increasing R. 

Figures 20 to 23 indicate the influence of dimensionless controlling parameters on Nusselt numbers (g�� and	g��). 
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Influence of time and O
  on g��  and 	g��  is discussed in 

figure 20a and b respectively. It is observed that, at 

convective plate (y = 0), g�� decreases with increasing time 

t and O
 and reaches steady state for growing values of time t 

while other controlling parameters assume fixed values; 

whereas g�� enhances with increasing time t and O
 and also 

attains steady state for sufficient values of time t. Figure 21a 

and b displays the upshot of �>�  and time t on 	g�� . It is 

experimentally perceived that rise in �>�  lead to upturn in g��. Figure 22a and b illustrate the influence of Pr and�>� on g��. It is indicated that, at convective plate (� = 0), increase 

in Pr and �>� leads to upturn in	g��, but g�� decline when 

Pr is growing but increase with rising	�>�. Figure 23a and b 

demonstrate the sway of R on g�� and g��respectively. It 

show that, increasing R, makes g��  decrease while g��	enhances with growing R. 

7. Conclusion 

Free convective heat transfer flow of MHD within two 

parallel walls in the present of thermal radiation aided by slip 

velocity convective temperature at the boundary has been 

deliberated using appropriate fixed parameters. Effects of 

pertinent parameters on the velocity, temperature, skin 

friction and Nusselt number profiles are shown discussed 

through graphs. The findings revealed that: 

i. Numerical and analytical solutions agreed for 

sufficient value of time t. 

ii. Velocity and temperature upturn with increasing Gr, R, 

λ, O
 and �>�	but decay with increasing M and Pr. 

iii. Skin friction upturns at y = 0 with growing �h�\	�, Q,A,	and O
 but drops for increasing	�>�, λ,	and 

Gr. 

iv. Increase in �>�	8��	� at y = 1 leads to increase in skin 

friction. 

v. Nusselt number decreases with increasing time t 

and	O
 at left plate (� = 0) but increases at right plate (� = 1). 
vi. Increase in �>�	 and R lead to increase in Nusselt 

number at left and right plates (y = 0). 

vii. Nusselt number enhances at y = 0 with growing Pr but 

decreases at y = 1. 
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