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Abstract: In this paper, we study the existence of positive and negative solutions for a class of fractional Schrodinger equations.
Firstly, we give the definition of fractional Laplace operator and the conditions satisfied by nonlinear terms. This paper introduces
the previous progress in this field, and gives the definitions of space and energy functional and the positive and negative parts of
function. Then we introduce the main results of this paper. Next,we give the embedding relationship between workspace and LP
space and give the definition of inner product and norm of space. In order to obtain the existence of positive and negative solutions
of the equation, we give the definitions of functions u™, v~ and functional weak solutions. This paper mainly uses mountain pass
lemma to prove. Firstly, according to the embedding relationship of workspace and the condition of nonlinear term f, it is proved
that functional I satisfies mountain road structure. Secondly, we need to prove that functional I satisfies the (C.) condition, we
first prove that the sequence ., is bounded, then prove that UN has convergent subsequence by the definition of inner product
and holder inequality. Therefore, we prove that functional I satisfies the (C,) condition. Then,we define functional I* and its
inner product form to verify that functional I* also has mountain path structure and satisfies (C,) condition. Finally, taking u*
and v~ as experimental functions respectively, it is verified that they are the solutions of functional I. It is obtained that both u™
and v~ are the solutions of functional /. Therefore,we get the conclusion.
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1
(2m)2
be computed by the following singular integral:

1. Introduction Jgs €724 u(2)dz. If u is smooth enough, it can also
This paper is concerned with the following fractional
Schrddinger equation:

(A u(e) = O opv. [ B W) g

(=A)*u+V(z)u = f(z,u), z¢€ RN, (1) ry |z — y|NH2a

where N > 2, a € (0,1), (—A)® stands for the fractional =~ where P.V. is the principal value and Cy ,, is a normalization
Laplacian of order o, V is a positive continuous potential, ~ constant.

f : RV xR — R is a Carathéodory function. Here the In recent years, the study of nonlinear problems has
fractional Laplacian (—A)® with @ € (0,1) of a function received much attention. Fractional Schrodinger equation
u € § is defined by has become an important research object for mathematicians

and physicists, and has far-reaching influence on nonlinear
analysis, differential geometry and mathematical physics, etc.
F((=A)*¢)(&) = |§|2“.7-"(q§)(§), Vae (0,1), Chang had applied the variational methods to obtain the
existence of ground state solutions for (1) when f(z,u) is

where S denotes the Schwartz space of rapadly decreasing C*° asymptotically linear with respect to v at infinity, [1]. i.e.,
functions in R, F is the Fourier transform, i.e., F(u)(¢) =
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lim sup
t—0t

< p* < liminf
t—+oo

f(z,1)
t

Uniformly in z € RY.

When f has subcritical growth, Simone Secchi had obtained
that (1) has at least a non-trival solution by using the Mountain
Pass Theorem [2].

When f(z,u) = Alu[Pu with A > 0,p € (0, :255), N >
2. Feng had obtained the existence of ground state solutions
for (1) by using concentration compactness principle [3].

Khoutir had utilized the variational methods to obtain the
existence of nontrivial solution for (1) when V(z) which
is allowed to be sign-changing and a sublinear nonlinearity
@) [4].

In this paper, we assume

(V1) Ve CRN,R), Vy = iEI%{fN V(z) > 0.

(V3) There exists o > 0 such that, for any K > 0,
meas({x € By, (y) : V(z) < K}) — 0as |y| = 0.

(f1) f : RY x R — R is a Carathéodory function with a
subcritical growth.

|flz, )] <c(1+t)71), teR, z € RY,

where g € (2,25), 25, = 7225
(f2) f(z,t) > Oforall (z,t) € RV xRand f(z,t) = o(|t|)
as |t| — 0.

(f3) lim

|t] =00

F(x,t) = f(f f(x,s)ds.

F(z,t)
+2

= +oo uniformly for z € RY, where

f(z,1)
t

< lim sup
t——+oo

fet)

t

(f4) There exist§ > 1,5 € [0,1] s.t.

0F (x,t) > F(x,st), (z,t) € RN x R,

where F(x,t) = f(z,t)t — 2F(z,t) > 0.

The main result is as follows.

Theorem 1.1 Assume that (1), (V3) and (f1) — (f1) hold.
Then the problem (1) admits a positive solution and a negative
solution.

2. Preliminaries

Consider the Sobolev space:
HYRY) = {uec L*RY): / (|€]2*a* 4 a%)d¢ < oo}
RN
where ¢ = F(u).The norm is defined by

Jullrecey = ([ (2732 + )de)?.

In view of the presence of potential V' (x), we consider its
subspace:
E={uc H*RY): / V(z)u?dr < oo}
RN
We define the norm in E by

lulls = ([ (i + )i+ | Vi)t

where & = F(u). Moreover, by [2], E is a Hilbert space with the inner product

(wo)e = [ (€Pa©(e) + ae)o)de +

Note that, by Plancherel’s theorem we have |u||2 = ||@||2 and

—

V(z)u(z)v(z)dz, Vu,v € E.
RN

_ %Ul’2$: _ %’LL 2 — ag 2 _ 2(1&2 00 W « N.
[ I8t u@Pa = [ (B)Fueyde= [ (erae)a = [ it <o, ue HO®Y)

Together with (V7), it follows that the norm || - || g is equivalent to the norm

Jull = ([ ((=8)FuP + V@p?)ao)?.

The corresponding inner product is

(u,v) = /RN((—A)%U(—A)%U + V(z)uv)dx.

Throughout out this paper, we will use the norm || - || in E.

Associated with problem (1.1), we consider the energy functional I : £ — R defined by

1
2

() =+ /RN(K—A)%u\? +V(@)u2)ds —

F(z,u)dz, Vu € E. (2)
RN
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‘We assume that .

) = & /RN(|(_A>%u|2dx + V()

2

where ut = max{u, 0}, v~ = min{u, 0}, u =u* +u".

u?)dx —/ f(z,u*)pdz, Yu,p € E.
RN

Lemma 2.1 (see[3], Lemma 1) Let (V;) and (f1) hold. Then I € C'(E,R) and its derivative

T'w).0) = [ (8T8 T+ Voo — | f(a.wods, V.o < E.

Obviously, I* € C'(E,R), and
1

(). 0) =5 [ (~A)Fu(=8)20+ V(e)uo)do -

2

It is easily seen that the critical points of I correspond to
weak solutions of problem (1). Moreover, if u;,us are the
critical of I™ and I~, then u; > 0,us < 0 are the positive
solution and negative solution of (1).

Lemma 2.2(see[6] and [7]) E is continuously embedded
into LP(R™N) for p € [2,2%] and compactly embedded into
L (RN)forp € [2,27).

Lemma 2.3 (see [5]) E is compactly embedded into

LP(RN) for p € [2,2;) with 2}, = 2.

—
IS
<

\_l

I
Z

ut(=A)2u " dx

fz,ut)pdz, Yu,¢ € E.
RN

Definition 2.4 Let (E,|| - ||) be a real Banach space, I €
C'(E,R). We say that I satisfies the (C,.) condition if any
sequence {u,} C F such that I(uy,) — cand ||I'(un)||(1 +
lun|l) — 0as m — oo has a convergent subsequence.

Lemma 2.5 For any u € E, we have

(ut,u™) >0.

Proof. Assume that u € E,u™,u~ € E, forany u € E, we
obtain

1
%\ %\ %\
T
b
N3

_ (ut(z) —ut(y)(u (z) —u (y))
— N/]RN \xfy|N+2a dxdy
() — ot () — u-
- () — @) )
{u(2)>0} x {u(y) >0} |z —y| N+
() — ot () — u-
- () — @) @)
{u(2)>0} x {u(y) <0} |z —y| N+
() — ot () — u-
. ()~ @) )
{u(z) <0} x {u(y) >0} |z —y|Vr2e
+(z) — ut —(2) — u—
- ()~ @) ),
{u(2) <0} x {u(y) <0} |z —y| V2
— / _u(m);jg)adxdy—i—/ 7_u(x);\f(+y2>adxdy
{u(z) >0} x {u(y) <o} [T — Yl {u(@) <0} x{u(y)>0} [T =Yl

vV
o

)

Thus (u™,u~) > 0.

Remark 2.6 Under the result of Lemma 2.4, for any u € E,
we have

@) (u,u™)

(i) (w,u™)

> (ut,u’),
> (u=,u”).

3. Proof of the Main Theorems

Lemma 3.1 Assume that (V7), (V2) and (f1) — (f4) satisfy.
Then the functional I satisfying

(i) There exist §, p > 0 such that I(u) > 6, Yu € E with
[[ull = p;

(ii) There exists e € F with |le|| > p such that I(e) < 0.

Proof. (i) From the Lemma 2.2, E is continuously
embedded into LP(RY),
which implies that

[ully < cxllull?; vp € [2,25], 3)

where c, is a constant.
By (f1), (f2), there exist c¢(g) > 0, such that
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1
|F(2,u)| < e|ul® + c(e)ul?, Ve € (0, E), Y(z,u) € RY x R. (4)
1
Consequently, by (3),(4), we have
1 o
I(w) = 7/ ((=A) 5 ul® + V(2)u2)da — / F(z, u)dz
2 RN RN
1
> gl e [ juPdec) [ furds
2 RN RN
1
> —p? —cci|lul|® — coljul|?:=6 Yu€E,

2

where ¢y, ¢ € R.
It is not difficult to see that there exists p > 0 sufficiently small such that
I(u) > 6 > 0, Yu € E with ||u|| = p.
(i) By (f1), (f3).there exist v > 2 such that

F(x,u) > By|u|” — Ba, Yz € RV, (5)

Therefore, for t > 0,u € E we have

) = %/RN(K—A)%WF+V(m)(t19)2)dx— [ Pt

t2
< SI0P- [ (Bl - Bais
RN
t2 2 v v
< WP - Bl + By

where By, By, Bg > 0.
Combining the v > 2, take e = t*¢ with t* = ¢. It is easily seen that I(e) < 0.
Lemma 3.2 Under the assumptions of Theorem 1.1, the functional I satisfies the (C) condition for any ¢ € R.
Proof. We first proof the any (C..) sequence is bounded, then proof the (C.) sequence have convergent subsequence.
Let {u,} € E such that
I(un) = ¢, [ (un)l[(1 + [lunl)) =0, n — oo, (6)

This implie that
c=1I(uy) +o(1), I'(up)u, =o(1), n— . (7)

We assume by contradiction that |lu, || — co. Set v, = T (1,2,3...) Clearly, {v,} C E and ||v,|| = 1, for any n. There
exists v € F such that, passing to a subsequence if necessary, we have

VUp — U in E,
Up =V in LP(RN), pe[2,2}), (8)

vn(z) = v(z) ae z€RY.

Suppose that v # 0, in E. Dividing by ||u, || in both sides of (2), noting that I (u,,) — ¢, we obtain

F(x,up) 1 9
— dr = ~ < , 9
. mtedan =t < g

On the other hand, denote 2, := {x € RN : v(x) # 0}, by (f3), forall z € Q_., and we have

Flz,un)  Floun) |un _ Fla,un)

lunl® unl unl®  Jun?
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If || > 0, using Fatou’s lemma, we obtain

F
/ (xi’u;l)dx%Jroo, n — 0o,
Ry lun

This contradicts (9). Therefore, {2 has zero measure, i.e., v = 0 a.e. in RN . Lett, € [0, 1] such that

I(tpuy,) = tren[(s)i,)i] I(tuy,).

Then we claim I (uy,t, ) is bounded. If t,, = 0, I(0) = 0; if ¢, = 1, I(tpuy,) = I(un) — c. Hence, I(t,u,) is bounded when
t, =0,1.if 0 < t,, < 1, for n large enough

(I'(tpun), thuy) = /RN(|(—A)%tnun|2 + V(2)(thun)?)de — - flz, thuy)thupde,

d
= tn— |t=1, {(tu,) =0.
dt|ttn(u) 0

Consequently, there exists § > 1, by (f3) and (7), we have

I(tw)) < I(twun) — %(I’(tnun), botin)
= } f(IL', tnun)tnundz - / F(I, tnun)daz
2 ]RN ]RN
< / Ol () — Fa, ) (10)
1
= G[I(un) - i(Il(un)a un)]
< dy,

where d; is a positive constant. But fixing any m > d*(d* € R), we letv,, = v/2m - T = V2muy. Note that from (f1), (f2),
we see that there exist do > 0, d3 > 0 such that

F(x,u) < dolu® + ds|uP, V(z,u) € RN x R.

Then by (8) we have
lim F(2,7,)dz < lim (da[Tn|? + d3|v,|P)dx = 0.
n—oo RN n— oo RN
Then for n large enough,
I(tyuy) > I(V 2m&) =1[v,)=m— F(x,v,)dz > m,
[[un]| RN

This also contradicts (10).
Now, the sequence {u,, } is bounded, as required. Next we confirm that {u,, } has a convergent subsequence. Without loss of
generality, we assume that

U, = u in K,

Up — U in LP(RN)a b € [272Z>7
Combining this with (f1) and the Holder inequality, we see

| [ (@ un) = fl,w)](un — w)de| - < / [2¢ + e(ua P! + JulP~)]lup — ulda
RN RN

p—1 1
< 2c|un—u\2+c(/ <|un|+\u|>P>T-</ up — ul?)’
RN N

R

p=1
2cllun — ull2 + e(llunlly” + lullp™) - llun — ull, = 0 asn — oo.

IN
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Therefore,
Jtn —wll® = (I (un) = I'(w), un — u) + /RN [f(z,un) — f(2,uw)](un — u)dz — 0,

with the fact that (I’ (u,) — I'(u), u, — u) — 0, when n — oo, this implies that u,, — u € E. Hence, we prove that I satisfies

the (C..) condition for any ¢ > 0.
Proof of Theorem 1.1.
Definition 3.3 Define

Let
t

F(x,t%) = (z,uF)du.
0

We note that f(z,u™) satisfies the (f2), (f3). Hence, f(z,u™)and F(z,t*) satisfies (f4) whent > 0; when ¢ < 0, f(z,u™)

and F'(x,u™) satisfies (f4).
Let us consider the functional I* : E — R

i’U/:1 — %UQIE IIT’U/Q xXr — "E’U/i X
) =5 [ (8 P+ Vo= [ P, ()

It is easy to verify I* € C'(FE,R) and
1

() () 6) = 5 /R (=8)3u(=8)26 + V(w)ug)dz - /R (@ uF)gde, Yu,0 € B (12)

By lemma 3.1 and Lemma 3.2, we can also prove functional I* has the mountain pass geometry and satisfies (C..) condition.

Therefore, u1 is a critical point of I™; wus is a critical point of 1.
Using u; as the experimental function, By (12), (f4) and remark 2.6, we have

0 = (") (u1),uy)

= [ e e 4 Ve - [ feaduds
RN RN

= / (fA)%ul(fA)%ul_der/ V(x)(uy )*da.
RN RN

> / (—A)%uf(—A)%ufd:ch/ V(x)(uy )*de.
RN RN

= g |I?,

Which implies that u; = 0, we also obtain w; > 0. On  invaluable suggestions.
the other hand, we note that u; # 0, by Maximum principle The project was supported by National Natural

[9], we have u; > 0. In the same way, we can verify uo < 0.  Science Foundation of Shandong Province (Grant No.
Thus, uq and u9 are the positive solution and negative solution ~ ZR2021MAO087).
of problem (1), respectively.
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