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Abstract: The real quaternions algebra was invented by W.R. Hamilton as an extension to the complex numbers. In this
paper, we study various kinds of quaternions and investigate some of basic algebraic properties and geometric applications of

them.
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1. Introduction

In mathematics, the quaternions are a number system that
extends the complex numbers. They find uses in both
theoretical and applied mathematics, in particular for
calculations involving three-dimensional rotations such as in
three-dimensional computer graphics, computer vision and
crystallographic texture analysis [24]. Here, we study various
kinds of quaternions and review some important basic
algebraic properties and geometric applications of them.

2. Generalized Quaternions Algebra

A brief introduction to the generalized quaternions is
provided in [25], the subject which have investigated in
algebra [27]. Recently, we have studied the generalized
quaternion and some of their algebraic properties [1]. It is
shown that the set of all unit generalized quaternions with the
group operation of quaternions multiplication is a Lie group
of 3-dimension. Their Lie algebra and properties of the
bracket multiplication are looked for, e.g. a matrix
corresponding to Hamilton operators, defined for the
generalized quaternions, determines a Homothetic motion in

Ef,ﬂ [2]. We showed how the unit generalized quaternions
can be used to describe the rotation in three and four
dimensional space [4, 5].

A generalized quaternion ¢ is an expression of the form

q=ay+aji+a,j+ak (1)

where a, a;,a, and a; are real numbers and i, j, k are

quaternionic units satisfying the equalities

and

ki=aj=-ik, a,BOR.

The set of all generalized quaternions is denoted by H;.
A generalized quaternion ¢ is a sum of a scalar and a vector,
called scalar part, S, =a;, and vector part I7q = alf +

a,] +ask. Therefore H ap 18 form a 4-dimensional real space
which contains the real axis R and a 3-dimensional real
: 3 _ 3
linear space Egp, so that, Haﬂ =R 0O Egp-

Special cases:

1. a=[=1, is considered, then le is the algebra of
real quaternions.

2. a=1, f=-1, is considered, then Hap is the algebra
of split quaternions.

3. a=1, =0, isconsidered, then H ap is the algebra of
semi-quaternions.

4. a=-1, =0, is considered, then H ap 18 the algebra
of split semi-quaternions.

5. =0, =0, is considered, then Heop is the algebra
of quasi-quaternions( or 1/4 quaternions).

The multiplication rule for generalized quaternions is
defined as



80 Mehdi Jafari: Quaternions Algebra and Its Applications: An Overview

qp:SSp—<—,—>+SI7+S"+“x“ ()

<
<
<
<
<
<

where
S, =ay, S, =by, (V,.V,) = aah +Bah, + apasb,,

V, %V, = Blayb, —ayhy)i +a(ash —aby) ] +(ab, —aybk.

It could be written

ay, -aa; -Pa, -afas || b,

_| % ay -Ba, Ba, b
qp = N E))

a, aa, ap -aa, || b,

a3 T4 a ) by

Obviously, quaternions multiplication is associative and
distributive with respect to addition and subtraction, but the
commutative law does not hold in general.

Corollary 1. H,; with addition and multiplication has all

the properties of a number field without commutativity of the
multiplication. Therefore it is called the skew field of
quaternions.

The conjugate of the quaternion ¢ =S, + I7q is denoted by

g and defined as g =S, —I7q. The norm of a quaternion

q=(ag.a,ay,a3) is  defined by N,=qq=qq
=a; +aaj + fa; +afa; and we say that ¢, = g/N, 1s a unit
generalized quaternion where ¢#0. The set of wunit
generalized quaternions, G, with the group operation of
quaternions multiplication is a Lie group of 3 -dimension.

The scalar product of two generalized quaternions
q=5, +I7q and p=S, +I7p is defined as

<q’p>s =55y +<I7q’l7p> :S(qf))

Also, using the scalar product we can defined an angle A
between two quaternions ¢, p to be such

cosA :W. (4)

Definition 1. A matrix A is called a quasi-orthogonal
matrix if A'e4=¢cand det4=1 where

1

0
£=
0

o Q o
o o o

oD © o

00 0 ap

and @,B0R.The set of all quasi-orthogonal matrices with the
operation of matrix multiplication is called rotations group in

4-spaces E;;/; [3,9, 17].

3. Real Quaternions Algebra

Quaternions algebra was introduced by Hamilton in 1843.

In modern mathematical language, quaternions form a four-
dimensional associative normed division algebra over the
real numbers, and therefore also a domain. In fact, the
quaternions were the first non-commutative division algebra
to be discovered. The unit quaternions can be thought of as a
choice of a group structure on the 3-sphere S° that gives the
group Spin(3), which is isomorphic to SU(2) and also to the
universal cover of SO(3) [24].
A real quaternion is defined as

q=a01+a11?+a2]+a3lg Q)

where a,, a;,a, and a, are real number and Li,7.k of g

may be interpreted as the four basic vectors of Cartesian set
of coordinates; and they satisfy the non-commutative
multiplication rules

it=jr=k*=-1
and

ki =j=-ik, ijk =-1.

The quaternion algebra H is the even subalgebra of the
Clifford algebra of the 3-dimensional Euclidean space. The

Clifford algebra CI(E})=Cl,_, , for the n -dimensional non-

degenerate vector space E’; having an orthonormal base
{e;,ey,...,e,} with the signature (p,n— p) is the associative

algebra generated by 1 and {e;} with satisfying the relations

ge; te;e, =0for i# j and ¢’ = L =L p )
7o "7, ifiz=pl.aan

The Clifford

{e,e, €, 1< <i <..<i; <n} that is the division algebra of

algebra Cl,_,, has the basis

quaternions H is isomorphic with the even subalgebra Cl; 0
of the Clifford algebra Cl;, such that Cl; o has the basis

{Leyey — j,ee; - k,ee; —i}. The conjugate of the

quaternion ¢ =S, +I7q is denoted by ¢ , and defined as

q=S5, —Vq. The norm of a quaternion ¢ =(ay,4a;,a,,a3) is

defined by q7 =gq=a +a} +a3 +a; and is denoted by N,
and say that 9 =4/N, is unit quaternion where ¢ # 0. Unit

quaternions provide a convenient mathematical notation for
representing orientations and rotations of objects in three
dimensions. One can  represent a  quaternion

q=ay+ai +a,j +ak by a 2x2 complex matrix (with i'
being the usual complex imaginary);

a, +i'a
0 1
4:{

—i!
la1+a2}
- —_
i'a —a,

—
ay—i'ay

or by a 4x4 real matrix
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a4y T4 T4y ~a3
a a -a;, a
1 2 3 2
4= _ (6)
a, a3 ay a
a3 T4 4 a4

The Euler’s and De-Moivre’s formulae for the matrix A
are studied in [6]. It is shown that as the De Moivre’s formula
implies, there are uncountably many matrices of unit
quaternion satisfying 4" =1, for n>2.

In geometry and linear algebra, a rotation is a
transformation in a plane or in space that describes the
motion of a rigid body around a fixed point. There are at least
eight methods used commonly to represent rotation,
including: 1) orthogonal matrices, ii) axis and angle, iii) Euler
angles, iv) Gibbs vector, v) Pauli spin matrices, vi) Cayley-
Klein parameters, vii) Euler or Rodrigues parameters, and
viii) Hamilton’s quaternions. But to use the unit quaternions
is a more useful, natural, and elegant way to perceive
rotations compared to other methods [4].

Theorem 1. All the rotation about lines through the origin
in ordinary space form a group, homomorphic to the group of
all unit quaternions.

With Cartesian point coordinates in 3-space, a rotation in
3-space about the origin can be represented by the orthogonal
matrix

where RR" =7; and detR=1. It is known that unit

quaternions can represent rotations about the origin.
Wittenburg gives the following conversion formulae. For any
unit quaternion ¢, the entries of the rotation matrix are

2, 2 _ _

hi = 2ay tay) =L oy = 2aa, tagas), 1y = 2(aa3 —aga,),
_ 2 2 _

iy = 2aa, —agas), 1y =2(ap tay)—L, ry =2ayay +agay),
_ _ 24 2

ns =2(a1a3 taga,), s =2(ayay —aya;), ryy =2(ay +ay)—1.

Example 1. For the unit real quaternion ¢ =

5 (1,—1,0), the rotation matrix is

1 1t _1
2 2 2
1 1 1
R =|-— — -—|
a 2 2 2
IR S,
V2 2

the axis of this rotation is spanned by the vector (1,-1,0),

and the angle of rotation is @ = %T .

4. Split Quaternions Algebra

Split quaternions, or coquaternions are elements of a 4-
dimensional associative algebra introduced by James Cockle
in 1849. Like the quaternions introduced by Hamilton in
1843, they form a four dimensional real vector space
equipped with a multiplicative operation. Unlike the
quaternion algebra, the split quaternions contain zero
divisors, nilpotent elements, and nontrivial idempotents.
Manifolds endowed with coquaternion structures are studied
in differential geometry and superstring theory [26]. Some
algebraic properties of Hamilton operators are considered in
[20] where split quaternions have been expressed in terms of
4x4 matrices by means of these operators. In addition, the
homothetic motions has been considered with to aid of the
Hamilton operators in three and four-dimensional semi-
Euclidean spaces Ej [21, 12]. De-Moivre's and Euler's

formulae for matrices associated with split quaternions is
studied in [7] and every power of these matrices are
immediately obtained. Rotations in Minkowski 3-space can
be stated with split quaternions, such as expressing Euclidean
rotations using quaternions [20].

A split quaternion ¢ is represented in the form

q=ay+ai+ayj+ak @)
where q,a,,a, and a; are real numbers and i, j, k are
quaternionic units satisfying the equalities

R ]

i
f=k=—fi F--i--5

and

ki=j=-ik.

The set of all split quaternions is denoted by H'. A split
quaternion ¢ is a sum of a scalar and a vector, called scalar
part, Sq =a,, and vector part I7q = aﬁ+a2]+a3lz.
Therefore H' is the even subalgebra of the Clifford algebra
of 3-dimensional Lorentzian space.

The conjugate of the quaternion g =S, + I7q is denoted by

g and defined as g =S, —I7q. The norm of a quaternion

q=(ap,ap,a5,a3) s defined by N, =¢7=gq=
aé +al2 —a% —af and we say that g, :q/Nq is a unit split
quaternion where ¢ # 0 .

We introduce the R-linear transformations representing left
and right multiplication in H'. Let ¢ be a split quaternion,

+ -
then /i, :H' - H' and hy:H' — H' are defined as follows:

+ _
hq(x) = gx, hq(x)=xq x[OH.
Since these multiplications are linear maps from four

dimensional vector space into itself, we can find a matrix
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representation of each.

"
The Hamilton operators H and H, could be represented
as the matrices;

a4 "4 a, a3

Ifl(q): a  ay ay —a,

a a3 4y 4 ®
a3 —a 2 (11 (10
and
dy a4 4y a3
Hg =" © 5 ® ©)

a4 ~a3 4 q

a3 Cl2 _al ao
Theorem 2. If gand p are two split quaternions, A is a

n _
real number and H and H are operators as defined in
equations (1) and (2), respectively, then the following
identities hold:

. g=p e Hq)=H(p) = H(g)=H(p).
2 H(g+p)=H(q)+H(p), H(g+p)=H(q)+H(p).
3. H(Aq)=AH(q), H(Ag)=AH(g).

4 H(gp)=H(q)H(p), H(gp)=H(p)H(q).
-1

+ + -1 - -
5. H(q‘l){H(q)} : H(q*){H(q)} . (V) #0.

+ N - 7 -, 0
6. H(q)=£{H(q)} €, H(q)=£|:H(q)} e,e:{ 02 1}'
2

7. de{lg(q)} =(N,)’, de'{ljl(q)} =(N,),
0

T
+ +
8. H(g) =C[H<q)} CC= .ch=c'=cC’ =1,

o o o ~
o o L

o~ o o
- o o o

Theorem 3. Let ¢ be a unit split quaternion. Matrices
generated by operators g* and g~ are semi-orthogonal
matrices, i.e.

+ T . + + T
{H(q)} EH(q)e = H(q){H(q)} £=1,,

-, 0
e=1,, €= .
0 I

Corollary 1. Let g be a unit split quaternion. Then

T

I _ -
[H (q)} eH(q)e=H (q)‘{H (q)}

+ -
Hamilton operators h, and h, represent rotations of x in

E; [8].

5. Semi-Quaternions Algebra

A brief introduction of the semi-quaternions is given by
Rosenfeld [25]. In our previous work [11], we also studied
some algebraic properties of semi-quaternions algebra. By
representing semi-quaternions as four-dimensional vectors
and the multiplication of quarternions as matrix-by-vector
product, in [15] we investigated properties of matrix
associated with a semi-quaternion and examined De Moivre’s
formula for this matrix, from which the nth power of such a
matrix can be determined. In [14], we showed the kinematic
mapping corresponding to Hamilton operators in semi-
Euclidean 4-space is same the kinematic mapping of
Blaschke and Griinwald.

A semi-quaternion ¢ is an expression of the form

q=ay+ai +ayj+ask (10)

where a,,a;,a, and a; are real numbers and 7,j, k are
quaternionic units satisfying the equalities

it=-1, j2=k*=0,
Zj:]}:—ﬁ, EEZO:_E’
and

ki =j=-ik.

The set of all semi-quaternions is denoted by H. A semi-
quaternion ¢ can also be written as

q=2z+izy,

where z;, =a; +a, 7, zZ, =a; ta J.
We express the basic operations in terms of i j, k. The
addition becomes as
(ag +aji +ay] +ask)+(by +bi +byj +byk)
=(ag +by) +(a "'bl)l7 +(a, +b2)j +(a; +b3)];
and the multiplication as
(ag + i +ayj +ayk)(by +byi +b,j +bsk)
= (agby —ayby)
+(aby +aghy)i
+ (azbo + a3b1 + aobz - alb3 )]

+(ashy = ayby +arh, + aghy k.
Also, this can be written as

ao _al 0 0 bo
a a 0 0 ||h

a, a3 ay —a || b

ay —a, a  ay || b
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Given g =ay+aji +a,j +a3l€ , a, is called the scalar
part of g, denoted by

S(q)=a0,

and alz?+a2]'+a3l€ is called the vector part of g, denoted
by

I7(q) = alf +a2]' +a3l€.

The conjugate of q is

The norm of ¢ is
N,=99=qq =a; +a;.

If N, =1, then g is called a unit semi-quaternion.

The inverse of g with N p Z0, is

Clearly gq~' =1+0i +0j + 0Ok. Note also that % =pq

and (gp)" =p~'q”"

6. Split Semi-Quaternions Algebra

A brief introduction of the split semi-quaternions is
provided in [19]. In our previous work [10, 16, 22], we also
studied some algebraic properties of split semi-quaternions
algebra.

A split semi-quaternion g is an expression of the form

q=aytaitayj+ak

where a,, a;,a, and a; are real numbers and 7,j, k are
quaternionic units satisfying the equalities

and
ki = j=-ik.
The set of all split semi-quaternions is denoted by Hss. We
express the basic operations in terms of f,j,lg. The addition
becomes as

(ag + @i +ayj +ask) +(by +byi +b,j +byk)
= (ag +by) +(ay +by)i

+(a, +b2)]+(a3 +b3)]€

and the multiplication as
(ag + i +ay ] +ayk)(by +byi +b,j +bsk)
= (aghy + ayby)
+(aby +agh )i
+(ayby —ashy +agh, +aby) j
+(ashy = ayby +arh, + aghy k.
Also, this can be written as

a a 0 0|

a a 0 0] b

ay ~ay ay, a | b

ay —a, a; ag || b

Given g =aq, +alz7+a2]'+a3l€ , ay is called the scalar
part of g, denoted by

S(q) = aO s
and i +a,j + a3l€ is called the vector part of g, denoted by
Vig) = ai +a,j+ a3l€.

The conjugate of ¢q is

q=ay—aji —a,j —a;k.

The norm of ¢q is
N,=q9=qq =a; —a; .

If N, =1, then g is called a unit split semi-quaternion.

The trace of ¢q is

r(q)=q+q =2a,.

The inverse of g with Nq £0, is

-1

q ‘LE
Nq

Clearly gg~' =1+0i +0/ + Ok. Note also that % =pq

and (¢p)"' =p'q"".
The scalar product of two split
q==5, +I7q and p=S§, +I7p, is defined as

semi-quaternions

<q,p> =S,8, +I7q .Vq =agby —a\b;.

The algebra Hg with this product has the 4-dimensional
pseudo-Euclidean space structure ,R* with rank 2 semi-
metric.
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Theorem 4. The set Hlss of unit split semi-quaternions is a
subgroup of the group

HY, = H,, -{[0,(0,0,0)]}.

Proof: The proof can be found in [16].

7. Quasi-Quaternions Algebra

A Dbrief introduction of the quasi-quaternions (1/4-
quaternion) is provided in [25]. In [19], we studied some
algebraic properties of dual quaternions, which is similar to
the 1/4-quaternion.

A quasi-quaternion q is an expression of the form

q=ay+ai +ayj +ak

where @), a;,a, and a; are real numbers and i, j, k are
quaternionic units satisfying the equalities

= 7= =0,

U=k=—ﬁ, j/_i.z():/_{;,
and
ki =0=ik.

The set of all quasi-quaternions is denoted by Hq. We
express the basic operations in terms of f,],l;. The addition
becomes as

(ag +ayi +a,j +ask)+(by +bi +byj +bk)
=(ag tbhy) +(q +b1)?
+(a, +b2)] +(a; +b3)l€

and the multiplication as
(ag +ayi +ayj + a3/€)(b0 +byi +b,j +bsk)
= (apby)
+(ayby + aghy )i
+(ayby +aghy)j
+(asby —ayby +a,b;y +ayby k.

Also, this can be written as

Given ¢ =ay +aji +a,j +a3l€ , @y is called the scalar part
of 4> denoted by

S(Q):%a

and @i +a,; + a3l€ is called the vector part of g, denoted by
V(q)=ai +ayj + a3l€.

The conjugate of g is

q=ay—aji—a,j—ak.

The norm of ¢ is
= —_ 2
N, =99 =499 =a;.

If N, =1, then ¢ is called a unit quasi-quaternion.

The trace of ¢q is
r(q)=q+q =2a,.
The inverse of ¢ with N, #0, is

g =

1
Nq
Clearly gg~' =1+0i +0j +0k. Note also that @ =pq

and (gp)" =p~'q”".

8. Conclusion

We studied real, split, semi-quaternions, split semi-
quaternions, quasi-quaternions algebras and review some
important basic algebraic properties and geometric
applications of them.

References

[1] Jafari M., Yayli Y., Generalized quaternions and their algebraic
properties, Communications, faculty of science, university of
Ankara, Series Al: Mathematics and statistics, Vol. 64(1), 15-
27,2015.

[2] Jafari M., Yayli Y., Homothetic motions at E,‘;B, International
journal contemporary of mathematics sciences, Vol. 5 (47)
2319-2326, 2010.

[3] Jafari M., Matrix algebras in Egﬁ, and their applications, E-
journal of new world sciences academy, NWSA-physical

science, Vol. 10(1) 2015.

[4] Jafari M., Yayli Y., Four dimensions via generalized Hamilton
operators, Kuwait journal of science, Vol. 40(1) 67-79, 2013.

[5] Jafari M., Yayli Y., Generalized quaternions and Rotation in 3-
space, TWMS Journal of pure and applied mathematics, Vol.
6(2) 224-232,2015.

[6] Jafari M., Mortazaasl H., Yayli Y., De-Moivre’s formula for
matrices of quaternions, JP journal of algebra, number theory
and application, Vol. 21(1) 57-67, 2011.



International Journal of Theoretical and Applied Mathematics 2016; 2(2): 79-85 85

[7] Jafari M., Yayli Y., Matrix theory over the split quaternions,
International journal of geometry, Vol. 3 (2), 57-69, 2014.

[8] Jafari M., A Survey on Matrix Algebra in Semi Euclidean
Space, DOI: 10.13140/RG.2.1.4613.8087

[9] Jafari M., Matrix formulation of real quaternions, Erzincan
university journal of science & technology, Vol. 8(1), 2015, 27-
37.

[10] Jafari M., Split Semi-quaternions algebra in Semi-Euclidean 4-
space, Cumhuriyet Science Journal, Vol. 36 (1), 2015, 70-77.

[11] Jafari M, Molaei H., Some properties of matrix algebra of
semi-quaternios, Cumhuriyet Science Journal, Vol. 36 (5),
2015, 70-77.

[12] Jafari M., Yayli Y., One-parameter Homothetic motions in the
Minkowski 3-space, TWMS journal of applied and engineering
mathematics, Vol. 6 (1) 2016, 84-91.

[13] Jafari M., Kinematics on the generalized 3-space, NWSA:
Physical Sciences, E-Journal of New World Sciences Academy,
Vol. 10 (4), 2015, 55-63.

[14] Jafari M., Kinematics mapping in semi-Euclidean 4-sapce,
Duzce university journal of science and Technology, 3(2015)
173-179.

[15] Jafari M., Advances in the Semi-quaternionic matrices,
https://www.researchgate.net/publication/292986883

[16] Jafari M., Some results on the matrices of Split Semi-
quaternions, https://www.researchgate.net/publication
/292986884

[17] Jafari M., Homothetic motions in the generalized 3-space,

Anadolu university journal of science and technology B,
Theoretical science, Vol. 4(1), 2016, 43-51.

[18] Jafari M., Homothetic motions in Euclidean 3-space, Kuwait
Journal of Science, Vol. 41(1), 65-73, 2014.

[19] Jafari M., On the properties of quasi-quaternions algebra,
Communications, faculty of science, university of Ankara,
Series Al: Mathematics and statistics, Vol. 63(1), 1-10, 2014.

[20] Kula L., Yayli Y., Split quaternions and rotations in semi-
Euclidean space Eg , Journal of Korean Math. Soc. 44(6) 1313-
1327,2007.

[21] Kula L., Yayli Y., Homothetic Motions in semi-Euclidean

space. Proceedings of the Royal Irish Academy, Vol. 105,
Section A, 2005.

[22] Mortazaasl H., Jafrai M., A study on semi-quaternions algebras
in semi-Euclidean 4-space, Mathematical sciences and
applications E-notes, Vol. 1(2), 2013, 20-27.

[23] Pottman H., Wallner J., Computational line geometry.
Springer-Verlag Berlin Heidelberg New York, 2000.

[24] Quaternions, https://en.wikipedia.org/wiki/Quaternion

[25] Rosenfeld B. A., Geometry of Lie groups, Kluwer academic
publishers, Dordrecht, 1997.

[26] Split-quaternion, https://en.wikipedia.org/wiki/ Splitquaternion

[27] Savin D., Flaut C., Ciobanu C., Some properties of the symbol
algebras,  Carpathian  journal = Mathematics, arXiv:
0906.2715v1, 2009.



