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Abstract: We introduce a new family of distributions using truncated the Discrete Mittag- Leffler distribution. It can be
considered as a generalization of the Marshall-Olkin family of distributions. Some properties of this new family are derived.
As a particular case, a three parameter generalization of Uniform distribution is given special attention. The shape properties,
moments, distributions of the order statistics, entropies are derived and estimation of the unknown parameters is discussed. An
application in autoregressive time series modeling is also included.
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1. Introduction

Many researchers are interested in search that introduces
new families of distributions or generalization of
distributions which can be used to describe the lifetimes of
some devices or to describe sets of real data. Exponential,
Rayleigh, Weibull and linear failure rate are some of the
important distributions widely used in reliability theory and
survival analysis. However, these distributions have a limited
range of applicability and cannot represent all situations
found in application. For example, although the exponential
distribution is often described as flexible, its hazard function
is constant. The limitations of standard distributions often
arouse the interest of researchers in finding new distributions
by extending ones. The procedure of expanding a family of
distributions for added flexibility or constructing covariates
models is a well known technique in the literature.

Uniform distribution is regarded as the simplest
probability model and is related to all distributions by the fact
that the cumulative distribution function, taken as a random
variable, follows Uniform distribution over (0,1) and this
result is basic to the inverse method of random variables
generation. This distribution is also applied to determine
power functions of tests of randomness. It is also applied in a
power comparison of tests of non random clustering. There
are also numerous applications in non parametric inference,

such as Kolmogrov-Smirnov test for goodness of fit. It is
well known that Uniform distribution can be used as a
representation distribution of round-off errors, and it is also
connected to probability integral transformations. Ristic and
Popovic (2000a, b) introduced and studied the properties of a
first order autoregressive (AR(1)) time series model and
discussed the parameter estimation of the uniform AR(1)
process. Jose and Krishna (2011) introduced Marshall-Olkin
extended uniform distribution as a generalization of uniform
distribution and studied its properties.

Marshall and Olkin (1997) introduced a new family of
distributions by adding a parameter to a given family of
distributions. They started with a parent survival function
F(x):==1—F(x) and considered a family of survival
functions given by

= _ aF(x)
Gl = FO)+aF(x)’

a> 0. (1)

They constructed their family of distributions in the
following way. Let X, X,,.... be a sequence of independent
and identically distributed (i.i.d) random variables with
survival function F(x).Let N be a geometric random variable
with probability mass function (p.m.f) Pr(N =n) = a(l-a)" ",
for n = 1, 2, ... and 0<a<l. Then the random variable
Ux=min{X;,X,,..., Xy} has the survival function given by (1).
If o > 1 and N is a geometric random variable with p.m.f
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1 1\-1
Pr(N =n) = ;(1 —;) ,n = 1,2,... then the random
variable Vy = max{X;,X,,.. Xy} also has the survival function
as in (1).

Many authors have studied various univariate distributions
belonging to the Marshall-Olkin family of distributions; see
Ristic et al. (2007), Jose et al. (2010) and Cordeioro and
Lemente (2013). Jayakumar and Thomas (2008) proposed a
generalization of the family of Marshall-Olkin distribution as

ol Y
aF(x) ] , fora>0,y>0andx€R (2)

G ay) = [m

Nadarajah et al. (2013) introduced a new family of life
time models as follows:

Let X;, X, be a sequence of independent and identically
distributed random variables with survival function F(x). Let
N be a truncated negative binomial random variable with
parameters a € (0,1) and 6 > 0.

That is,

Pr(N =n) =

(9+n—1
1—a\ -1

Consider Uy = min{X;,X,,..., Xy}. Then,

Ja-ahn=12,..

Pr(Uy > x) = Gy(x)
a®

—mw 2, (511 D (CaF @)

n=1
That is,

G = S [(F@ +aF@) -1 ©)

Similarly, if @ > 1 and N is a truncated negative binomial
random variable with parameters 1/a and 6 > 0, then Vy =
max{X;,X,,...,.Xy} also has the survival function (3).

This implies that we can consider a new family of
distributions given by the survival function

_ al _ s
Gy(x;a,0) = m[(F(x) +aF(x)) - 1],
a>00>0andx €R.

Note that Gy(x;a,8) — F(x) as a—1. This family of
distributions is a generalization of the Marshall-Olkin family,
in the sense that the family is reduced to the Marshall-Olkin
family of distributions, when 6=1.

The aim of this paper is to introduce a new family of
univariate distributions by using discrete Mittag-Leffler
truncated distribution. In section 2 we introduce a new family
of univariate distributions for a given parent distribution
function F. This family contains the well-known Marshall-
Olkin family of distributions. We study some properties of this
family, including random variate generation. In section3, we
introduce a new family of univariate distribution which
contains Uniform distribution and Marshall-Olkin extended
Uniform distribution. We derive its shape properties, moments,
median, mode, quantiles, distribution of order statistics,

entropies and estimation procedure. In section 4, we discuss
the estimation of parameters of DMLU by the method of
maximum likelihood. An application in autoregressive time
series modeling is presented in Section 5. Conclusions are
presented in Section 6.

2. Truncated Discrete Mittag-Leffler
Family of Distributions

Pillai and Jayakumar (1995) introduced the discrete
Mittag-Leffler distribution and studied its properties. The
mathematical origin of the discrete Mittag-Leftler
distribution can be described as follows:

Consider a sequence of independent Bernoulli trails in
which the ™ trail has probability of success a/k with 0 <a< 1
and k=1, 2, 3,... Let N be the trail number in which the first
success occurs. Then the probability that {N=r} is given by

= =0(1- - (-5

(-D"a(a-1)(a-2)..(a-T+1)

r!

“

Probability generating function (pgf) of N is given by
Gz)=1-(1-2)* Let X}, X,,....X, be independent and identically
distributed random variables as N and let X;=0. Let M be
geometric distributed random variable with parameter p, ie.
PrM =k)=¢'p, k=0,12,...;0<p<1,qg=1-p.

Then X; +X; +... +X,, has generating function

P(2) = 2 =— (5)

1-q(1-(1-2)%) ~ 1+c(1-2)<

with p = 1/(1+c). The distribution with pgf (5) is known as
Discrete Mittag-Leffler distribution with parameters a and c.
Define now a new random variable Y such that.

L P(X =x) _
P(Y = x) = _—,X = 1,2,3,
1-po
Then
H(s) =E(s") = Zs‘y’i(f—:y)
7= Po
1 oo
= 1_—17()[;53'17()( =y)—pX =0)
1 1
= lPe -
_ 1+ [ 1 ] _1
T ¢ 1+c-s) ¢’
Therefore,
— _(1+0) 1 _l
H(F()) = [1 +c(1-— F(x))“] c’

Hence we obtain a new family of distributions with



International Journal of Statistical Distributions and Applications 2016; 2(3): 35-41 37

parameters a and ¢ having survival function

1-F%(x)

G(x) = 1+cF%(x) ° (©)
The corresponding distribution function is given by
_ (14+0F%(x)
G(x) - 1+cF%(x) (7)
Since discrete Mittag-Leffler distribution can be

considered as a generalization of geometric distribution, the
family of distributions given by (7) can be considered
appropriate for life time modeling.

From (7), the p.d.f is given by

a(1+c)F* 1(x)f (x)
[14+cF2(x)]?

gl a,c) = , a>0,c>0xeR (8)
where f(x) is the p.d.f of F(x), while the hazard rate function
is given by

g _ a(1+c)FE 1 (x)f (x) ©)
G(x) ~ [1-F2(0)][1+cF%(x)

h(x) =

The distribution belonging to (7) can easily be simulated.
For a given parent distribution function F, random variable X
with distribution function (7) can be simulated as

1

X = F—l[ (10)

Y a
1+c—cY]
where Y is uniformly distributed random variable on (0,1).

The newly constructed truncated Discrete Mittag-Leffler
distribution can be considered as a generalization of
Marshall-Olkin family of distributions since it reduces to
Marshall-Olkin family when o = 1.

In (7), when F(x) is exponential, G(x) becomes the
Marshall-Olkin generalized exponential distribution studied
in Ristic and Kundu (2015). When F(x) in (7) is Weibull,
G(x) reduces to Marshall-Olkin exponentiated Weibull
distribution studied in Bidram et al. (2015). Hence (7) is a
rich class in the sense that it leads to various generalizations
of existing distributions that have the capability of modeling
real data sets.

3. A New Family of Uniform Distribution

3.1. Distribution Function
Let X~ Uniform (0, 6) distribution, where 8 > 0. Then
F(x)=§, 0<x<86 (11)

Using (7), we get the distribution function G(x), for F(x) in
(11) as

(1+c)x%
0%+cx®

G(x) = (12)
We refer to this distribution as truncated Discrete Mittag-
Leffler Uniform Distribution (DMLU) with parameters a, ¢
and 6; and write it as DMLU(ao,c,6).
The graph of G(x) for different values of @ and ¢ for 8 =10
is given in Figurel.

2 - 6 8 10
Figure 1. Distribution function of truncated Discrete Mittag-Leffler Uniform
Distribution.(i) a. =1, ¢=2.33 (ii) o =1, ¢=3 (iii) o =1, c=1 (iv) a=1, ¢=0.01
) a=1, c=10 (vi) 0=2, ¢c=2.33 (vii) a= 5, c=2.33.

3.2. Probability Density Function

The probability density function is given by

af%(1+c)x*1
[0%+cx®]?

gl a,c,0) = (13)
for0<x<6, a>0,c>0and@d>0.

The graph of g(x) for different values of o for ¢=2.33 and
6=10 are given in Figure 2.

40 50

Figure 2. Probability density function of DMLU(a, 2.33, 10) (i) a =0.5 (ii) a
=1.5 (iii) a=2.0.

Some special cases of the DMLU(a, ¢, 6) are:
Casel: Whena=1,c=¢/p

po

q
g(x;]-;_,6>= VT
P [p6 + gx]?
0<x<6, 0<p<l1l g=1-p

This is Marshall-Olkin Extended Uniform (MOEU)
distribution studied in Jose and Krishna (2011).
Case II: Wheno=1and c— 0
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g(x;1,0,0) = % 0<x<0.

which is Uniform distribution in ( 0, 8).
In order to derive the shape properties of the p.d.f (13), we
consider the function

(@=1)(0%+cx®)—2cax®
x(0%+cx%)

(logg)' = (14)

The following shapes are possible:

1 Leta € (0,1). Then g(x) is a decreasing function with
g(0) = and g(0) = 5.

2 Let a > 1. Then g(x) is a unimodal function with mode

at x,. Furthermore g(0)=0 and g(0) =

9(1+c)
3.3. Hazard Rate Function

The hazard rate function is given by

0% (14+c)x*"1
(0%—x®) (9% +cx®)

h(x) = (15)

The shapes of hazard rate function varies with respect to o

1. If 0 < a < 1, then A(x) initially decreasing and then
moving constantly and then increasing steeply.

2. If @ > 1, h(x) is moving constantly at the initial values
and then increasing steeply. The graph of hazard
function for different values for a and ¢ when 8 = 10 are
given in Figure 3.

I I I
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Figure 3. Hazard rate function of DMLU(a,c,10) (i) a=0.1,c =1 (ii) a =1,c
=] (iii) a=10,c =2.

3.4. Moments
Suppose that X has the DMLU(a, ¢, 6). The r™ moment can
be written as
ria

EX) = ad®(1+0) [) S dx

0 (0%4cx®)2

(16)

Let x* = u, above equation reduces to

EX") = 9“(1+C)f m

From Prudnikov et al. (1986), equation (2.2.5.2) is

b (x _ a)a—l p

" (cx + d)a+n+1 X
n

(b—a)*

_ ny Bla+kn—k+1)
" (ac +d)(bc + d) kZ:(; (k) (bc + d)¥(ac + d)r¥

where a, b, ¢ and d are real numbers with
(actd)(bc+d) > 0; Real part of o > 0 and B(a, b) =

Hence if /0 is a positive integer, we have,

r(a)r(b)
r(a+b) ’

[
o (0% + cu)? U

— ;Zr/a (r/a)w

ortaiic)tta KON k (+o)k
Therefore
~ rja (1] (1+k+£,1—k+£)
E(X ) 9r(1+c)22 ( ) (1+C)k (17)
In particular,
1 1a (1/a r(1+k+)r(1-k+)
E(X) = - Y o s 18
- ms (o
F+k+ D) (1-k+2)
EXZ — 1 2/_0{ 2/0( 19
*% 9(1+c)% k_o( k) rz( )(1+C)k (19

Var (X) = E(X?) - E(X)~.
The g-th quantile of a random variable X following
DMLU(a, ¢, 6) is given through the quantile function as

Xq = G_l(Q) =

qo% e
—] ,0<g<1,
c+1—gq

where G™'(.) denote the inverse distribution function of G(.).
In particular, the median of X is given by

Median = Ll.
(2c+1)@

Finally, the mode of X is given by

1
Mode = 9[ *

c(a+1)

The mean and variance of DMLU for different values of a
and ¢ when 0 =10 are calculated (via MATHCAD) and
given in Table 1.
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Table 1. Mean and Variance of DMLU for different values of o and ¢ when 0 = 10.

cl o— 0.1 0.2 0.4 0.5 1.0 2.0 5.0 10.0 15.0 20.0
0.0 Mean 0.91 1.67 2.86 333 5.0 6.67 8.33 9.09 9.38 9.52
’ Variance 3.93 6.31 8.51 8.89 8.33 5.55 1.81 0.69 0.34 0.20
02 Mean 0.75 1.42 2.51 2.97 4.63 6.37 8.16 8.99 9.31 9.47
25 Variance 3.31 5.52 7.84 8.35 8.28 5.77 2.14 0.76 0.38 0.23
1.0 Mean 0.50 0.98 1.87 2.27 3.86 5.08 7.67 8.76 9.14 9.35
Variance 2.25 4.13 6.31 6.98 7.82 12.84 2.45 0.89 0.45 0.27

15 Mean 0.41 0.82 1.61 1.98 351 5.39 7.57 8.64 9.06 9.28
Variance 1.85 3.39 5.57 6.28 7.46 6.08 2.57 0.95 0.49 0.29

40 Mean 0.21 0.45 0.96 1.24 2.53 442 6.92 8.25 8.78 9.06
Variance 0.99 1.92 3.54 4.19 5.96 5.76 2.84 1.12 0.59 0.36

9.0 Mean 0.11 0.24 0.55 0.73 1.73 3.52 6.25 7.83 8.47 8.82
) Variance 0.51 1.03 2.06 2.53 4.26 4.96 2.90 1.24 0.66 0.42

3.5. Order Statistics

Assume X}, X,,..., X, are independent random variables having the DMLU(q, ¢, 6) distribution. Let X;,, denote the i™ order
statistic. The p.d.f of X, is

n!
i-Dln-117

_ (MDaf%(1+c)ix®i=1 (9x_xayn—i
(i-D!(n—0)!(8%+cxX)n+i

gin(x;a,c,0) = (x5 a,c¢,0)G6  (x;a,c,0)G" (x; a,c,0)

(20)
3.6. Renyi and Shannon Entropies

Entropy is, in principle, a measure of variation or uncertainty. The Renyi entropy of a random variable with p.d.f g(.) is
defined as

1 [oe]
Ir(y) = 1—f g'x)dx .y >0,y #1.
v/,

The Shannon entropy of a random variable X is defined by E[—log g(X)]. It is the particular (limiting) case of the Renyi
entropy for y —1. Let us first derive the Renyi entropy. We have

xY(@-1)
(9“+cx“)zy] x.

fow gy ()dx = [af%(1 + ¢)]Y fow [ﬁ]y dx = [a8*(1+ )] fow [

Let u=x" Then

o x¥@=1 1 (® ué[y(a—l)—aﬂl
———|dx=—| ————d
fo [(9“ + cx“)zy] x afo 0% + cu)? v

Using eq.(2.2.5.2) from Prudnikov et al. (1986) and if y — i (1 —y — a) is a positive integer, the above integral becomes

y—gd-r-a .
1 Z BClyl@a-D—a+1]+k-1y—=(1-y-a)—k-1)
pe(1 + cyalr@D-zat L (1 + c)kgratr+a-t :

Therefore the Renyi entropy is
1
9“(1 + C)%[y(a—l)—2a+1]

Ix(y) = log[a6% + (1 + o)]Y

1-y

V‘é(l_‘y_a) 1 1
Z B(;[y(a—l)—a+1]+k—1,y—;(1—y—a)—k—1)

(1 + C)k@ya+y+a—1

k=0
The Shannon entropy is

E[—logg(X)] = —log[af® (1 + ¢)] — (@ — 1)E[log(X)] + 2E[log(0% + cx%)].
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4. Estimation

Since the moments of a DMLU random variable cannot be
obtained in closed from, we consider estimation of the
unknown parameters by the method of maximum likelihood.
For a given sample X:= (x,x,...,x,), the log-likelihood
function is given by

logL(x;a,c,8) = nlog[af®* (1 +c)] + (a — 1)Y; log(x;)
—2Y;log(8% + cx;9)]

=nloga +nalogf + nlog(1l +c) + (a — 1) ¥; log(x;)
—2Y;log(8% + cx;%)] .

The partial derivatives of the log-likelihood function with
respect to the parameters are

dlogL, n log(6 + cx;
g =—+ nlog6+210g(xl) ZZM

da (0% + cx; @)’
dlogL  n z
ac  (1+c) (9a+cxa)
(')logL

na Z af® !
00 0% + cx;@)

The maximum likelihood estimates can be obtained

. . . dloglL dloglL
numerically solving the equation. 69 =0, =9,
a

ac
dlogL .
a: = 0. We can use, for example, the function n/m from

the programming language R.
The second derivatives of the log-likelihood function of
DMLU with respect to a, ¢ and 6 are given by

0% log L n " .
Haz —;+2 Z(G + cx;%) logalog(0 + cx;),
i
9% loglL n
—g — _—+ 2 Z L :
dc? (1+¢)? — (0% + cx;%)?
i
0%logl. na ) z [(a — Decx;20%2 — g2la-D
FEEE (0% + cx;%)? '

i

d%logl _n Z [(0% + cx;*) — 260(6 + cx;) 1og(@ + cx;)]

0206 6 (6 + cx) (6% + cx;%)? ’

i

9%logL _ _ZZ [x; (0% + cx;*) — x;%(6 + cx;) log(6 + cx;)]
dadc - (0 + cx) (6% + cx;*)? '
0%logL af* 1x®
90dc - (6% + cx; %)%

If we denote the MLE of B:= (a, ¢, 6) by, B = (&,¢, 9),
then the observed information matrix is given by

[62 logL d%logl 02 logL]

da? dadc dadb
2 2
1(B) = |6 logl, 0d“logL 0 10gL|
dadc dc? 20dc |
[azlogL 0%logL azlogLJ
dadl d00dc 062

and hence the variance covariance matrix of the estimate
vector B would be T1(B).
The approximate (1- &)% confidence intervals for the

parameters o, c, 0 are & +Za,/V(a) +Zs,/ ©),0 +

Zs ’V(H) respectively, where V(&),V(¢) and. V(@) are the
2
variances of &, ¢ and 8, which are given by the diagonal
elements of I''(B), and Zs is the upper (g) percentile of
2

standard normal distribution.

5. Autoregressive Time Series Modeling

Time series models with uniform marginal distribution are
studied by various researchers (see Ristic and Popovic
(2000a,b) and Jose and Krishna (2011)). Here we develop an
AR(1) model with DMLU as marginal distribution, which is
considered as a generalization of the existing time series
models with uniform marginal.

Consider the AR(1) process

€, With probability a
=1 @)

" lmin(X,_,, €,) with probability 1 — a,
where 0 <a <1,n =1and {€, }is a sequence of i.id
random variables with power function distribution in (0, 6).

Theorem 5.1: Consider the AR(1) structure given in (21)
with X, distributed as a DMLU(a,c,6) distribution. Let

c= 17711 Then {X,, n > 1} is a stationary Markovian

autoregressive model with DMLU(a,c,0) marginals iff {€,, }is
distributed as power distribution in (0, 6) with survival
a

function 1 — (g) .
Proof: From the above expression (21), it follows that

FXn(x) = aﬁsn(x) + (1 - a)FXn_l(x)an(x)

Using the fact that X, has DMLU(a, 6) distribution
and €; has a power distribution in (0, §) with distribution

a
function (g) ,we obtain, that forn =1,

() = [a+(1-a)Fy, 0]F,@©
= a+(1—a) Ml——
T ga + (T)xa 0% + cx®’
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which means that X; has DMLU(a,c,0) distribution

where ¢ = 1?7‘1 Assume that X, ; is distributed as
DMLU(a,c,0). Then by induction method we can establish
that {X,} is distributed as DMLU(a,c,0).

Hence the process {Xy} is stationary.

Conversely, if {X,,n>1} is stationary with DMLU(q, 6)
marginal’s, it can be easily shown that {€, }has power

a
distribution, F(x) = (g) ,0 < x < 6. Hence the theorem.
Even if X) is arbitrary, it is easy to establish that {X};} is
asymptotically stationary.

6. Conclusion

Marshall and Olkin (1997) introduced a way of expanding
a given family of distribution by adding a parameter. In this
paper, we introduced the Discrete Mittag-Leffler truncated
distribution as a generalization of Marshall-Olkin family of
distributions and studied its properties. This class is a rich
class in the sense that some of the recently investigated
distributions are members of this family; see Ristic and
Kundu (2015), and Bidram et al. (2015). As a particular case,
a three parameter generalization of Uniform distribution was
given special attention. The shape properties of the
distribution were studied. The expression for moments,
distributions of the order statistics and entropies were also
derived. Moreover, we discussed the maximum likelihood
method of estimation of the distribution’s parameters. An
application on the autoregressive time series modeling was
also presented.
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