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Abstract: The exponential distribution is applied to a very wide range of life analysis models, therefore, the research on it is 

of great significance in the practice of life. Based on the basic theory of general reliability and fuzzy reliability, on account of 

the Marshall-Olkin binary exponential distribution model, by establishing the fuzzy probability density function of the linear 

combination of two - dimensional random variables, this paper gives the fuzzy reliability function of the linear combination of 

the most widely used two - dimensional exponential distribution in reliability engineering. 
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1. Introduction 

The exponential distribution has been widely used in 

reliability theory and life analysis because of its memoryless 

and other properties [1]. So far, the research on the 

distribution of one dollar index and its application has been 

quite rich [2]. The exponential distribution is applied to the 

failure distribution of a product with a constant failure rate, 

such as most electronic equipment.The exponential 

distribution can be used to describe the failure distribution of 

mechanical or electromechanical products with little 

influence on wearout failure during the service life. The 

exponential distribution can be used as the failure distribution 

of mechanical or electromechanical products for regular 

maintenance, repair or replacement of parts. The exponential 

distribution can be applied to the life and reliability analysis 

of a mechanical or electromechanical device or system 

consisting of a number of components with an initial failure 

rate of zero [3]. In recent years, a variety of literature has also 

proposed a variety of exponential distribution of 

two-dimensional extension [4], Zhang Ping [5] conducted a 

statistical analysis of various binary exponential distributions. 

Marshall-Olkin is the only multivariate exponential 

distribution with no memory. It can also be said that the 

Marshall-Olkin type binary exponential distribution is the 

only binary exponential distribution with exponential edge 

distribution and no memory [6]. For a given random variable 

X, Y that obeys the Marshall-Olkin two-dimensional 

exponential distribution ,  the distribution of this linear 

combination form of X Yα β+  is significant in quality 

engineering and reliability engineering [7]. In reliability 

engineering, there will be a lot of uncertain information, The 

traditional reliability theory is based on the uncertainty of 

randomness. However, in practice, because the data we have 

insufficient information, or the presence of expert experience 

and subjective factors, for this kind of uncertain information 

processing, experience more difficult to apply the probability 

method, the application of fuzzy analysis method is more 

suitable to deal with [8]. The fuzzy reliability analysis 

method considers more factors than the classical reliability 

theory. It can be said that the fuzzy reliability theory is an 

extension and development of the traditional classical 

reliability theory. In the field of fuzzy reliability, Li Tingjie 

and Gao He [9] give fuzzy reliability function of general 

variables if they are independent random variables. Guo 

Yunfei [10] gives the reliability function of two-dimensional 

random variables under non-independent conditions without 

fuzzy. Based on this consideration, this paper gives the fuzzy 

reliability function of random variable Z X Yα β= +  under 

non - independent condition. 



 International Journal of Management and Fuzzy Systems 2017; 3(2): 28-31 29 

 

2. Pre-knowledge 

Definition 2.1 If the random variables ( ),X Y  obey the 

Marshall Olkin−  binary exponential distribution model 

with parameters 1 2,λ λ  and 3λ , then the joint survival 

probability [11] is 

( ) ( ) ( ){ }1 2 3, , exp max , , 0, 0F x y P X x Y y x y x y x yλ λ λ= − − −≜ ≻ ≻ ≻ ≻                    (1) 

Among this 1 2 3, , 0λ λ λ ≻ , denoted as 

( ) ( )1 2 3, , ,X Y BVE λ λ λ∼ . 

Definition 2.2 If the random variables ( ),X Y  obey the 

Marshall Olkin−  binary exponential distribution model 

with parameters 1 2,λ λ  and 3λ , according to the joint 

survival probability [12], it is true that marginal survival 

probabilities of X and Y are 

( )
( )

1 1 3

2 2 3

{ } exp{ ( ) }, 0

( ) { } exp{ }, 0

F x P X x x x

F y P Y y y y

λ λ

λ λ

= = − + ≥

= = − + ≥

≻

≻
     (2) 

Therefore, the marginal distribution of survival of X and

Y are exponential distribution. 

Definition 2.3 If the random variables ( ),X Y  obey the 

Marshall Olkin− binary exponential distribution model with 

parameter 1 2,λ λ  and 3λ , then the joint probability density 

function of X  and Y  is [13] 

( )
( ) ( ){ }
( ) ( ){ }

( ){ }

1 2 3 1 2 3

2 1 3 2 1 3

3 1 2 3

exp ,

, exp ,

exp ,

x y x y

f x y y x x y

y x y

λ λ λ λ λ λ

λ λ λ λ λ λ

λ λ λ λ

 + − − +

= + − − +


− + + =

≺

≻   (3) 

3. Text 

Taking the fuzzy factors of the non-independent random 

variables X  and Y  be 1µ  and 2µ  respectively, it can 

set the fuzzy factor as a function of 1µ  and 2µ , that is 

( )1 2,f µ µ  for their joint distribution. 

Theorem 1 When random variables ( ),X Y  obey the 

Marshall Olkin−  binary exponential distribution model 

with parameters 1 2,λ λ  and 3λ , then the fuzzy joint 

reliability function of X  and Y  is 

( )1 2 1 2 3
~

( , ) ( , ) , exp{ [ max( , )]}F x y F x y f x y x yµ µ µ λ λ λ= = − + +  (4) 

Proof: Since the fuzzy factor µ  of the joint distribution 

of ,X Y  is independent of ,X Y , and µ  is not a random 

variable. So it can be assumed that ( )1 2,fµ µ µ= . According 

to the relationship between general reliability function ( )F t  

and fuzzy reliability function 
~

(t)F [14], we can know that 

~
(t) ( )F F tµ= , so the fuzzy joint reliability function of X  

and Y  can be known. 

Theorem 2 The random variable ( ),X Y  obeys the

Marshall Olkin− binary exponential distribution model with 

parameters 1 2,λ λ  and 3λ , then the fuzzy joint distribution 

function of X and Y  is that 

( )1 1 2 2 1 2
~

(x, ) 1 ( ) ( ) , ( , )F y F x F y f F x yµ µ µ µ= − − +    (5) 

Proof: When ( ) ( )1 2 3, , ,X Y BVE λ λ λ∼ , the joint 

distribution function [15] of ,X Y is that  

1 2( , ) { , } 1 ( ) ( ) ( , )F x y P X x Y y F x F y F x y= = − − +≺ ≺ , 

then the expression of 
~

(x, y) F(x, y)F µ= can be obtained by 

fuzzy, which represents 1 2(x), (y), (x, y)F F F  were blurred 

separately.  

It is known that 

1 1 1 2 2 2 1 2
~~ ~

(x) (x), (y) (y), (x, y) ( , ) (x, y)F F F F F f Fµ µ µ µ= = = , 

the type （5） can be got finally. 

Theorem3 The random variable ( ),X Y obeys the

Marshall Olkin− binary exponential distribution model with 

parameters 1 2,λ λ  and 3λ , then the fuzzy joint density 

function of X and Y is ( )2

~
F X Y∂ ∂ ∂ , which is 

( )
( ) ( ) ( ){ }
( ) ( ) ( ){ }
( ) ( ){ }

1 2 1 2 3 1 2 3

1 2 2 1 3 2 1 3
~

1 2 3 1 2 3

, exp ,

, , exp ,

, exp ,

f x y x y

f x y f y x x y

f y x y

µ µ λ λ λ λ λ λ

µ µ λ λ λ λ λ λ

µ µ λ λ λ λ

 + − − +

= + − − +


− + + =

≺

≻  (6)  

Theorem4 The fuzzy reliability function of Z X Yα β= +
is 

( )1 2
~

(z) (z) , ( )F F f F zµ µ µ= =          (7) 

Proof: Given the joint density function of X and Y , the 

probability density function of Z X Yα β= + can be 

obtained by using the Jacobian determinant. 

Assume Z X Y

U Y

α β
β

= +
 =

, deformation can be obtained 

Z U
X

U
Y

α

β

− =

 =


  

Because , 0X Y ≻  and 0 u z≺ ≺ , Jacobian determinant 

is 
1

αβ
 by calculating, so the joint density function of Z

and U  is  
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( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

1 2 2 1 3
2 1 3

1 2 3 1 2 3

1, 2 1 2 3

1 2 3

,
exp ,

1
, , , exp ,

exp ,
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u

z u u u z
P z u P f u

f z u u z
u
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αβ β α α β

βµ µ λ λ λ λ
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αβ α β α β

  +  −  − + +   +    


   − = = − + + =    +   
 +   −  − + +   +   

≺

≻

            (8) 

Thus, the marginal density function of Z  is 

0
p ( ) ( , )

z

z z p z u du= ∫               (9) 

( ) ( ) ( )1 2 2 1 3
2 1 3

0

,
exp

z
f u z u

du

β
α βµ µ λ λ λ

λ λ λ
αβ β α
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∫
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exp

z

z
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λ λ λ

αβ α β
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∫
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( )
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( ) ( )
( )

1 2 1 2 3 2 3 2 31

1 2 3

,1
exp exp

1 1

f
z z z

µ µ λ λ λ λ λ λ λλ
αβ α β α β βλ λ λ

α β

 +  +   +  − − − − −    + +     − +

It can be seen that the fuzzy reliability function of Z  is 

( )F Z
ɶ
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( )

( ) ( )
( )

~

1 2 2 1 3 1 2 3 1 3

1 3 2

1 2 1 2 3 1 2 3 2 3

1 2 3

(z) P(Z z)

,
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,
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z

z

F
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∞

∞

=

 +  + +  +  = − − −    + − +     

    +  + +   +  − − − −       − + +        

∫

∫

≻

                    (10) 

Finishing can get 

( ) ( ) ( )
( )

( ) ( )
( )

1 2 2 1 3 1 3 1 2 3

~
2 1 3 1 3 1 2 3

1 2 1 2 3 1 2 3 2 3

2 3 1 1 2 3 2 3

,
exp exp

,
exp exp

f
F z z z

f
z z

µ µ λ λ λ λ λ λ λ λα α β
αλ β λ λ λ λ α λ λ λ α β

µ µ λ λ λ λ λ λ λ λα β β
α λ λ βλ λ λ λ α β λ λ β

 + +  + + + = − − −   − + + + + +    

 +  + +   + ++ − − −    + − + + + +    

       (11)  

Reliability function [16] of Z X Yα β= + is that 

( ) ( )
( )

( )
( )

2 1 3 1 3 1 2 3

2 1 3 1 3 1 2 3

1 2 3 1 2 3 2 3

2 3 1 1 2 3 2 3

exp exp

exp exp

F z z z

z z

λ λ λ λ λ λ λ λα α β
αλ β λ λ λ λ α λ λ λ α β

λ λ λ λ λ λ λ λα β β
α λ λ βλ λ λ λ α β λ λ β

 + +  + + + = − − −   − + + + + +    

 +  + +   + ++ − − −    + − + + + +    

            (12) 

So ( ) ( ) ( ) ( )1 2
~

z ,F F z f F zµ µ µ= =        (13) 

4. Conclusion 

Exponential distribution is one of the commonly used 

distributions in reliability analysis [17]. With the 

development of research, people found many practical 

engineering problems not only exist randomness, but also 

have a wide range of fuzziness [18]. Therefore, the fuzzy 

theory is introduced into the research of reliability, the 

research of fuzzy reliability is carried out [19]. In recent 

years, a variety of binary index distribution has also been 

proposed, the model Marshall-Olkin is a very useful binary 

exponential distribution model [20]. In the study of reliability 

function, it is known that the fuzzy reliability functions of the 

general variables under relatively independent conditions and 

the reliability functions of the two-dimensional variables 

under non-independent conditions are all completed. 

Therefore，based on the Marshall-Olkin binary exponential 

distribution model, this paper gives the fuzzy joint reliability 

function of X and Y ，the fuzzy joint distribution function 

of X and Y , the fuzzy joint density function of X and Y

and the fuzzy reliability function of Z X Yα β= +  in the 

case of ,X Y  non - independent, which is of great 
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significance to practice. Of course, we will discuss the 

distribution of Z X Yα β= + when ,X Y subject to other 

types of distribution in the future work. 
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