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Abstract: This paper is a continuation of our works concerning Linear Canonical Transformations (LCT) and Phase Space
Representation of Quantum Theory. The purpose is to study the spinorial representation of some particular LCT called
Isodispersion LCT (ILCT) and to deduce a relation between them and some properties of the elementary fermions of the
Standard Model of Particle Physics. After giving the definition of ILCT for the case of a general pseudo-Euclidean space and
constructing their spinorial representation, we consider the particular case of a pentadimensional space with signature (1, 4).
We then deduce a classification of quarks, leptons and their antiparticles according to the values of electric charge, weak
hypercharge, weak isospin and colors after the introduction of appropriate operators defined from the generators of the Clifford
Algebra corresponding to the ILCT spinorial representation. It is established that the electric charge is composed of four terms,
the weak hypercharge of five terms and the weak isospin of two terms. Existence of sterile neutrinos and the possibility of
describing a fermions generation with a single field are suggested.
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euclidian space with signature (N,, N_). Then, we apply this
study to a pentadimensional pseudo- euclidian space, signature
(1,4). We find that it permits to describe the properties of the
fermions belonging to a single generation of the Standard Model
and their antiparticles. This pentadimensional space may be
considered as the ordinary Minkowski space corresponding to
relativistic spacetime, signature (1, 3), with an additional fifth
dimension. It may be expected that this fifth dimension is related
to mass. The choice of the number five for the dimension is
related to the fact that the total numbers of particles and
antiparticles for a single generation is equal to 2°=32 (table 1).
The introduction of a right-handed (sterile) neutrino and its
antiparticle is suggested by our study to complete this list of 32
particles and antiparticles.

Our method may be considered as an extension of the

1. Introduction

In our previous works [1-8], we have performed series of
studies on a phase space representation of quantum theory and
Linear Canonical Transformations (LCTs). One of the results
obtained is the conception of a spinorial representation of the
LCTs [6, 8]. In the present works, our purpose is to highlight a
relation which can be established between the LCTs and the
elementary fermions of the Standard Model of Particle Physics
[9-14] i.e. quarks and leptons. In this regard, we consider a
particular case of LCTs called Isodispersion Linear Canonical
Transformations (ILCTs).

First, we give the definition of the ILCTs and study their
spinorial representation in the case of theN-dimensional pseudo-
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approach developed by Zenczykowski for nonrelativistic
phase space [15-16]. He obtains that the weak hypercharge is
the sum of three terms. In our case, it is composed of five
terms (see relation 18).

As in our previous works [1-8], we use for tensorial and

matricial calculations the notations developed in the reference [17].

2. Spinorial Representation of
Isodispersion Linear Canonical
Transformations

2.1. Isodispersion Linear Canonical Transformations

We have established that LCTs corresponding to a N -
dimension pseudo-euclidian space Ey with signature (N, N_)
can be defined as the linear transformations which leave
invariant the canonical commutation relation defining
coordinate and momentum operators [5, 6, 8]. They can be
described with the elements of the pseudo-symplectic group
Sp(2N,,2N_). In the reference [6], we have introduced the
following parameterization for an LCT

A+u (p—B)

@ *)=(@ *)e("”" An ()

in which pand % are the 1 X N matrices which admit as
elements the components g, and x,(u = 0, ..., N — 1) of the

reduced momentum and coordinate operators [5, 6].
A, u, @, 0are N X N matrices verifying the relations
6" =n"on =nbn
" =n"on =nen
u' =n"pn = nun 2
AT==n"n=-nin
Spur(d) =0

n being the N X N matrices admitting as elements the
components 7, of the symmetric bilinear form defining the
inner product on the pseudo-euclidian space Ey.

lifu=v=01,..,N, -1
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The infinitesimal form of the LCT in relation (1) is

A+ (p—9>]

¢ =@ BG40,
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For y =0 and ¢ = 0, we have
(/1"‘# <P—9)=(/1 —0)
o+60 A-—u 6 2
The following relations can be deduced from relations (2)
(/1 —H)T __ (77 0) (/1 —9) (77 0)
6 A 0 n/J\& A/\0 n

Spur (/91 _/10) =0

)

y!
the Lie algebra so(2N,,2N_) of the pseudo-special

A -6
orthogonal group SO(2N,,2N_) i.e. the matrix 6(9 /1)
belongs to SO(2N,,2N_)

4 Dy e (1)

0 7

The relations in (2) means that (/; ) is an element of

(6)

Det[e(é1 _/19)] =1

The relations (1), (5) and (6) imply that the LCT
1 -6
corresponding to 6(9 2 ) leaves invariant the operator

at = pvat =l M.V( + )
n uv 47] Pubv T X%y

The 3;{1, are the reduced dispersion-codispersion operators
introduced in the reference [5]. Explicitly, we have

@ =@ o Doar=a @

Relation (7) can be checked using the relations (6) and the
relations

0
3 =3l = o py t ) = (P ®) (g n) @ A" ()

We define the LCTs corresponding to a matrix of the form

1 -6
e(a 4 ) € SO(2N,,2N_) as the Isodispersion Linear
Canonical Transformations (ILCTs). This definition is in line
with the study performed for the case of one dimensional
quantum mechanics [3]. As we show in the reference [8], for
6 =0 (1 #0)an ILCT gives a Lorentz-like transformations.
For the case A = 0 (8 # 0), we have fractional Fourier- like
transformations.

2.2. Spinorial Representations
. ) (/1 —9)

As an ILCT is defined with an element e'\® 1/ of the
special pseudo-orthogonal group SO(2N,,2N_), it can be
also represented spinoriarly with an element S of the spin
group Spin(2N,,2N_) which is the double cover of
SO(2N,,2N_). To construct this spinorial representation, we
introduce the operator [6]

P =akp, + Bl (€))

in which a* and S* are the generators of the Clifford algebra
€ (2N,,2N_) i.e. they verify the following anticommutation
relations:

ata¥ + avat = 2n*
BEBY + BYBH = 2nt¥
atB¥ + BYa* =0

(10)

The spinorial representation can be defined explicitly by a
mapping o, from SO(2N,,2N_) to Spin(2N,,2N_), which
2 -6

associates e(e 1 )to an element S of Spin(2N,, 2N_):
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The operator S acts on the elements 1/7 of a spinor space S

P =8P e Pt =SiyP (13)

The couple (S, @) define the spinorial representation of an
ILCT, S being the representation space and o the group
morphism.

3. Deduction of the Properties of the
Elementary Fermions

We consider the case of a pentadimensional pseudo-
Euclidian space with signature (1, 4). The Clifford algebra
and spin group corresponding to the spinorial representation
of ILCTs are then respectively € (2,8) and Spin (2,8). From
the generators a* and S* of the Clifford algebra € (2, 8), we
define the operators

L

Yo =L[a® p°] = %mo‘b)o

4

Y = é[al‘ﬁl] — %ialﬁl

{Y? =<[a? p?] = S ia?p? (14)
Y3 = é[a3’ﬁ3] — gm3‘33
Yt = i'[a4’ﬁ4] — %ia4,84
The operators Y*# satisfy the following properties
{ww=ww=iww=ww=ww=@m
[V~ Y] = YryY* =Y Y¥ = 0

i. The eigenvalues of Y° and Y* are — % and%

ii. The eigenvalues of Y1, Y2, Y3 are — % and§
iii. These operators commute and are simultaneously
diagonalizable
These results can be directly and easily checked if we
choose appropriate matrices representation of the a* and S*.
Let us choose

a0:01®0_0®00®0_0®0_0
al=ic3 Q' R®i° R’ R®a°
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0
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(16)

BP=-ic)QR*QRc*®c’ QR0
p*=-ic*QRc*QRo*Ro3Ro

in which ¢ is the 2 X 2 identity matrix and o1,02%, 03 are

the Pauli matrices

=D =G o) =0 ) o=G 2)

The operators Y# are represented by the following
diagonal matrices

y0=—la3®00®00®00®00

2
y1=_§00®03®00®00®00

1

'y2=—500®00®03®00®00 (17)
y3=_§00®00®00®03®00
y4=—§ao®00®00®00®03
Let us now define the following operators
1 1
Iy =3Y°—>Y*
Yw =Y +Y + Y+ Y + Y (18)

1 1 1
L Q=Y+ Y + ¥ +39°

As it is seen in the Table 1, these three operators
correspond respectively to the electric charge, the weak
hypercharge and weak isospin of quarks and leptons
belonging to a fermions generation of the standard model and
their antiparticles. It may be checked easily that we have the
relation

¢
Q=5+ TW

The Table 1 corresponds to a single fermions generation.
The example of the first generation is considered: e is the
left-handed negaton and € is its antiparticle (positon).egis the
right-handed negaton and ey its antiparticle, v, and v}, are
respectively the left-handed neutrino and its antiparticle. As
it is well known, there is no right-handed (sterile)
neutrino, vy, in the Standard Model but their existence is
suggested by this table 1.

The up and down quarks are respectively denoted u and d
and their antiparticles # and d. The lower script refers to
chirality (R for right- handed and L for left-handed) and the
upper script are colors (blue, green or red).

The existence of the three possible quarks colors is
described by the combinations of the eigenvalues of the
operators Y1, Y? and Y3.

4. Description of a Fermions generation
with a Single Field

The Table 1 suggests the possibility of describing a

fermions generation with a single spinor field 1/7 having 32
components. If we denote S the spinor space to which

belongs the spinor 1/7, we may write:
$S=S.DS, DS, DSy (19)

in which: S, is the subspace of S composed by the electron-
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type field, S, the subspace of neutrino-type field, S, the
subspace of up quark-type field and S, the subspace of quark
down-type field. Explicitly, we have for a general field

Pitself
lﬁ‘:waga:lﬁe"'lﬁv"'lﬁu"'lzd = (ne+nv+nu+nd)lﬁ (20)

in which {fa}, (a =1to 32), is a basis of S constituted by

Y YLYEL YR YL Yy and Q. ey, Py and g are
respectively the electron-type field (1/78 € S,), neutrino-type
field a (Y, € S,), up quark-type field (¢, € S,,) and down
quark-type field ( l/jd €S,; ). I,I,,I,andIl,; are the
projection operators corresponding to the subspaces
Se,S,,S, and S; . These projection operators can be
expressed as polynomials of Y°, Y, Y2and Y3.

the eigenspinors {a of the operators

Table 1. Classification of quarks, leptons (and their antiparticles) belonging to a generation according to the eigenvalues of the operators Y°,Y*,Y2,Y3, Y*,

I3, Yy and Q.
N° Y° Yt Y? Y3 y* I3 Yy Q Particle
1 -172 -1/3 -1/3 -1/3 -1/2 0 -2 -1 er
2 -172 -1/3 -1/3 -1/3 1/2 -1/2 -1 -1 e,
3 -172 -1/3 -1/3 1/3 -172 0 -4/3 -2/3 e
4 -1/2 -1/3 -1/3 1/3 1/2 -1/2 -1/3 -2/3 e
5 -1/2 -1/3 1/3 -1/3 -1/2 0 -4/3 -2/3 agreen
6 -172 -1/3 1/3 -1/3 1/2 -172 -1/3 -2/3 gJreer
7 -1/2 -1/3 1/3 1/3 -1/2 0 -2/3 -1/3 dped
8 -172 -1/3 1/3 1/3 1/2 -172 1/3 -1/3 dred
9 -172 1/3 -1/3 -1/3 -1/2 0 -4/3 -2/3 uRed
10 -1/2 173 -1/3 -1/3 1/2 -1/2 -1/3 -2/3 T
11 -1/2 173 -1/3 1/3 -1/2 0 -2/3 -1/3 agreer
12 -172 1/3 -1/3 1/3 1/2 -172 1/3 -1/3 asee
13 -1/2 173 1/3 -1/3 -1/2 0 -2/3 -1/3 e
14 -1/2 173 1/3 -1/3 1/2 -1/2 173 -1/3 e
15 -172 1/3 1/3 1/3 -172 0 0 0 Vg
16 -172 1/3 1/3 1/3 1/2 -1/2 1 0 7
17 172 -1/3 -1/3 -1/3 -1/2 12 -1 0 7
18 1/2 -1/3 -1/3 -1/3 172 0 0 0 Vg
19 1/2 -1/3 -1/3 1/3 -1/2 1/2 -1/3 1/3 dpiue
20 1/2 -1/3 -1/3 1/3 1/2 0 2/3 1/3 g
21 1/2 -1/3 1/3 -1/3 -1/2 1/2 -1/3 1/3 asee
22 1/2 -1/3 1/3 -1/3 1/2 0 2/3 1/3 agree
23 1/2 -1/3 1/3 1/3 -1/2 1/2 173 2/3 e
24 1/2 -1/3 1/3 1/3 1/2 0 -4/3 2/3 T
25 1/2 1/3 -1/3 -1/3 -1/2 1/2 1/3 1/3 dyed
26 1/2 1/3 -1/3 -1/3 1/2 0 2/3 1/3 dred
27 1/2 173 -1/3 1/3 -1/2 1/2 173 2/3 uJreen
28 1/2 1/3 -1/3 1/3 1/2 0 -4/3 2/3 ugreer
29 1/2 173 1/3 -1/3 -1/2 1/2 173 2/3 e
30 1/2 1/3 1/3 -1/3 1/2 0 -4/3 2/3 e
31 1/2 1/3 1/3 1/3 -172 1/2 1 1 e
32 1/2 1/3 1/3 1/3 1/2 0 2 1 eg

From the table 1, we can deduce
i. The electron-type field

l»l_;e = Hellj =PI + P20 + 310y + P32,

M = (1-29°)(1-3y")(1-3y*)(1-3Y?) +(1+zyo)(1+3y1)(1+3y2)(1+3y3)
o =

16

ii. The neutrino-type field

16

l»l_;v = Hvllj = Y1505 + P10 + YT, + P18,

M = (1-2y%a+3yHa+3y»Ha+3y®) n 1+2y9a-3yHa-3y»Ha-3y%

v 16

iii. The up quark-type field

16

dju = Hullj = 1/J353 + 1/)454 + lpsfs + wﬁze + 1/J959 + lpmfm + 1/J23523 + 1/J24524 + l/)27527 + lngfzs + lngzzc) + 1/J30530

m, = (1-24")(-3yH(A-3Y*)(A+3Y%) |

1-2Y%(1-3YyH(1+3Y?)(1-3Y3) " (1-29°)(1+3y*)(1-3Y?)(1-3Y3)

16

16 16
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n A+2y9A-3yHa+3y3(a+3Y3) n A+2y0a+3yHa-3y3a+3y3) n A+2y9a+3yHa+3y»Ha-3y3)

16

iv. The down quark-type field

16

16

I:Bd = Hdllj =970+ Y80 + Y0 + W20, + Y1305 Y1, + Y000, Y2000 + PP n + Y2200 + Y2505 + Y200

M = (1-2y"(-3yH+3yH(1+3Y3) + (1-2y")+3yH(-3yH(1+3Y3) +(1—zy°)(1+3y1)(1+3y2)(1—3y3)
4=

16

16

16

n A+2y"a-3yHa-3y3(a+3Y3) +(1+2y°)(1—3y1)(1+3y2)(1—3y3) n A+2y%a+3yHa-3y3»(a-3y3)

16

5. Discussion and Conclusion

Table 1 shows as expected that it is possible to deduce
some properties of the elementary fermions of the Standard
Model from the spinorial representation of ILCT
corresponding to a pentadimensional pseudo-euclidian space
with signature (1,4).

According to the relations (18), the values of electric
charges, weak hypercharge, weak isospin and colors charges
can be considered as corresponding to the eigenvalues of
linear combinations of the operators Y* defined in the
relation (14) from the generators a* and S* of the Clifford
algebra € (2,8).

Our study suggests the existence of right handed (sterile)
neutrino. Interests are currently being brought to these
particles even on the experimental side [18-20]. According to
Table 1, the standard model parameters (weak isospin, weak
hypercharge and electric charge) corresponding to these
kinds of particles are, as expected, equal to zero.

As discussed in the section 4, our work introduces also the
possibility of describing a fermions generation with a single
field. The fields corresponding to each type of particles can
then be seen as just components of this single field.

This work brings some new point of views concerning the
relation between spacetime, momentum, energy and particles.
It shows that phase space in quantum theory, linear canonical
transformations and particles are deeply linked.

The results may be exploited and extended to build a new
theory of particles interactions beyond the Standard Model. It
is worth pointing out that LCTs permit at the same time to
describe linear mixing of spacetime and momentum-energy
and the change of particles flavours.
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