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Abstract: This paper is mainly focused on the description of an approach for establishing a spinorial representation of linear
canonical transformations. It can be considered as a continuation of our previous works concerning linear canonical
transformations and phase space representation of quantum theory. The said method is based on the development of an
adequate parameterization of linear canonical transformations which permits to represent them with special pseudo-orthogonal
transformations. Obtaining this pseudo-orthogonal representation makes it possible to establish the spinorial representation
exploiting the well-known relation existing between special pseudo-orthogonal and spin groups. The cases of one dimension
and general multidimensional theories are both studied. The design of the pseudo-orthogonal transformation associated to a
linear canonical transformation is achieved by introducing adequate operators which are linear combinations of reduced
momentum and coordinate operators. It is shown that a linear canonical transformation is equivalent to a special pseudo-
orthogonal transformation defined in the set formed by these adequate operators. The spinorial representation is then deduced
by defining a composite operator which is linear combinations of the tensorial products of the generators of the Clifford
algebra with the adequate operators defining the special pseudo-orthogonal representation. It is established that unlike the case of
a spinorial representation associated with an ordinary commutative vector space, the main invariant corresponding to the
transformation is not the square of the composite operator but a higher degree polynomial function of it.

Keywords: Linear Canonical Transformation, Special Pseudo-Orthogonal Transformation, Clifford Algebra, Spin Group,
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representation of LCTs. The approach consists mainly of
associating a special pseudo-orthogonal transformation to a
LCT. Then, the well-known relations existing between special
pseudo-orthogonal and spin groups [10-12] are exploited to
establish the spinorial representation of LCTs.

In the work [2], we have introduced operators defined from
the momentum p and coordinate operators x of a particle.
Some of these operators will be used throughout the present
paper. These operators are the reduced operators  and %, the
reduced dispersions operators 2%,27 and 2% and their
multidimensional generalization 19!,_,96!,_,3;1,,3;1, and 3;;1,. The
notations that we use throughout this paper are inspired from
[13]. Operators defined from the momentum and coordinate
operators are written in bold.

1. Introduction

In our previous papers [1-4], we have performed a series of
study on a phase space representation of quantum theory and
Linear Canonical Transformations (LCTs). LCTs have already
been studied in various contexts [5-9] but our work is focused
on their study in the framework of quantum theory. In the
paper [2], we have established that there is an isomorphism
between the dispersion operator algebra and the Lie algebra
sp(2N,, 2N_) of the Lie group Sp(2N,, 2N_) corresponding
to the set of LCTs associated to a pseudo-euclidian space of
signature (N, N_). This isomorphism permits to establish an
unitary representation of LCTs. In this paper, our main goal is
to describe a method for the establishment of a spinorial
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2. Special Pseudo-Orthogonal
Transformation Associated to a LCT

2.1. Case of One Dimension Theory

In the framework of one dimension quantum mechanics, a
LCT is a linear transformation of the form [2]

p' =1Ilp + Ox b (0 E
{x'=3p+Ax=’(f’ =@ (g ) M
which leaves invariant the canonical commutation

relation: [x',p'] = [x,p] =i . The consequence of this

g A) which describes the

transformation must have a determinant equal to 1. gbelongs
to the Special Linear group SL(2). The Lie algebra sl (2) of
the Lie group SL(2) is the set of 2 X 2 square matrices with
trace equal to zero. We choose the parameterization

o=(5 D=ewi(,ty “20) &)

To establish a spinorial representation, we have to find a
special pseudo-orthogonal representation corresponding to a
LCT. We define the following operators

condition is that the matrix g = (

(19+=%(01®19+02®%)
¥ =20 ®x—02Qp)
|%+=%(al®x+az®p)
P =50'®p-0"®%

&)

in which ¢! and g2are the generators of the Clifford algebra
€(2,0) = €(2) (for instance the Pauli matrices). From the
relations (1), (2) and (3) we deduce that for an infinitesimal
LCT, the laws of transformations of *, %™, x* and p~are

*7=—0p" +x7 —uxt+ pp”
xt=ppt —pux" +x7 —0p~
N pT=upt +ox +0xT +p

pr=p"+0x 4+ oxt +up”
(4)

The infinitesimal transformation (4) can be put in the
matricial form

I+ r— I+

@ ¥ T P =" ¥ x p U+ X) (5

in which I, is the 4 X 4 identity matrix and X is the 4 X 4
matrix

0 -6 ¢ u
_|6 0 —H 9

X =  —H 0 6 ©)
uw 9 -6 0

It is easy to verify that X belongs to the Lie algebra
$0(2,2) of the Special pseudo-orthogonal group S0(2,2)i.e
exp(X) € S0(2,2). It follows from the relations (1) (2) and
(3) that the special pseudo- orthogonal transformation
defined by exp(X) is associated with the LCT g defined by

(1) and (2). This correspondence defines a representation of

the LCT group with special pseudo-orthogonal
transformations on the operator space
E={(" * *" p»)}

2.2. Case of N —Dime Nsional Theory

As in our work [2], we consider the case of a general linear
canonical transformation

p, = p, + 0%,
%, = Eip, + A%,

@ H=¢ 9 5 O

which leaves invariant the canonical commutation relations

[pu. 2] = [Pupy]-=0
[, %] = [%u%]-=0 ®)

up;t '*1,/]_ = [Pw*v]— = inuv

In these expressions, we have 4 = 0,...N — 1. p and x are
the 1 X N row matrices (covectors) with components p,,and
%,.11,Z,0 and A are N X N square matrices and 7, are the
covariant components of the bilinear form with a signature
(N4, N_) with N, + N_ = N. Following our paper [2], the

2N X 2N matrix g = (g 7\

symplectic group Sp (2N,,2N_). g can be written in the
form

) belongs to the pseudo-

o=@ Doen(2h 9T o

in which 0, ¢, u and 1 are N X N matrices which satisfy the
following relations

( 0T =non
T
¢ =nen
r_ (10)
w =nun

AT = —nAnand Tr(2) =0

The relation (9) is the multidimensional generalization of
the parameterization (2). To associate a special pseudo-
orthogonal transformation to the LCT defined by ¢, as
generalization of the relations (3), we introduce the operators

(pi =5 (0" @put 0’ ®x,)
%, =%(‘71®*u_02®p#)
l%;“ =%(‘71®*u+02®p“)
i =5 (0" ®@p—0” ® =)

(11

If we denote p*,%7,%%,p~ the 1 XN row matrices
(covectors) which admit respectively the operators g, %, , %,
and p,, as components, we can deduce from the relations (7),
(9) and (11) that for an infinitesimal LCT, we have
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pt=Uy+Dpt+0x + ox" +up”
%" =—-0p" + (Iy +Dx™ —ux* + pp~
xt=ppt —ux"+ Uy + Dxt —0p~
p=upt+ox  +0xT + (Iy + Dp~

(12)

in which Iy is the N X N identity matrix. The infinitesimal
transformation (12) can be put in the matricial form

P =@ ¥ x p )Ly +X)(13)

in which I,y is the 4N X 4N identity matrix and X is the
4N X 4N square matrix

(19,+ %' %l+

A -0 @ U
_(8 A —H @

X = ¢ —u 12 0 (14)
u o9 -6 2

The matrix X belongs to the Lie algebra so(2N, 2N) of the
Special pseudo-Orthogonal group SO(2N,2N) ie e* €
SO(2N,2N). The relation (11) then leads to a correspondence
between the LCT g defined by (7) and (9) and the special
pseudo- orthogonal transformation defined by exp(X).

3. Spinorial Representation of a LCT
3.1. Definition of the Spinorial Representation

As established in the previous section, any LCT can be
associated with a special pseudo-orthogonal transformation.

But any special pseudo-orthogonal transformation has a
spinorial representation (a spin group is a double cover of a
special orthogonal group). It follows that we can construct a
spinorial representation of an LCT too. To do so, we
introduce the operator

P=(,®p " +4. Q%+ Qx"+a_Qp7) (15

in which the operators ¥, %7, %% and p~ are the operator
defined in the relation (3) and a,,f,,B_,a_ are the
generators of the Clifford algebra €(2,2). They satisfy the
relations

(a)?=(B)? =1
(B)? =(a)’ =-1
afy+pray =0
) af_+pa, =0
a,a_+a_a, =0
Bra_+a p,=0
BiB-+ BB+ =0
Boa_+a_f =0

(16)

where I is the identity in the Clifford algebra €(2.2). From
the relation (16), it can be established that the operators
ay, B, B, a_ satisfy also the following commutations
relations.

laiBrar]o = =2B, [ayBy,Be]- =2a, [ayf,B-]1-=0 [a,fia]-=0
lasB,ay)- = =2 [a,f-,Bi]-=0 [a,fp_,p-]-=—-2a, [a,f_,a_]_=0
laja_,ay]- =-2a_ [aya_,B,]-=0 [aya_,B]-=0 [a,a_,a]_=—2a, (17)
[Bra_,ay]-=0 [Bia_,fi]l-=—2a_ [Bia_,f_]-=0 [Bia_,a_]_-=-2B,
(BiB-iar]l-=0 [Bif-,Bi]l-=—2B_ [B+B-,B-1-=—2B,[Bsf-,a_]-=0
B-a_,a;]l-=0 [Ba,fi]l-=0 [fa_,f]-=2a [fa_,a ] =-2p

Let us denote Spin(2,2)®I, = {§ = exp(9)®I, } in which exp (V) is an element of the group Spin(2,2) and I, the 2 X 2

identity matrix. It is easy to remark that the group Spin(2,2)®I, and Spin(2,2) are isomorph. Let g = exp (

U <p—9)
p+0 —u

be the element of the LCT group SL(2) corresponding to an LCT (15) and S the element of Spin(2,2)®I, associated with g.
This correspondence between g and § can be described with a mapping g between the LCT group SL(2) and n(2,2)®I, .

S=o0(9) &

Scan be put in the form

S = exp(IRI,) = exp[(9ta, By + 92a,f + Pa,a_ +9*B. B +9°Bra_ +9°F_a ) @ I,]

¢ =@ g=0 Ve,
P =Sps

2 <p—0)

—u (18)

(19)

Using the relation ' = SpS~! and the relation (19), it can be deduced that the law of transformation of  for an

infinitesimal linear canonical transformation is

P =p+[IQL,pl-

(20)

Taking into account the expression (15) of  and the relations (17) and (20), we deduce the relations
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[ p't =pt +20%% — 202+ — 20%p~

¥~ =20t +x7 — 20%*T — 205"

I+ 2,1 4,.— + 6,,— (21)
¥'T = =20%" — 20%" +x" — 29
p'™ = —203%p+ — 209%™ + 20%%* +p~

The identification of the relation (21) with (4) permits to deduce the expressions of 9%, 92,93, 94,9° and 9° in terms of 6, ¢ and u

or=2 92=-2 g3=_"
2 2 2
gr=t 95=_2 go=1 22
2 2 2
The expression (19) of § becomes
0
S = exp(9®1,) = exp{[> (@, By + fa_) = S (B + Bra) =2 (ara_ = BBl ® I} (23)

The operator S can be considered as acting on the element 1,[7 of a spinor space S
P =SW) &P =SgyP 24)
The couple (S, 0), in which g is the mapping in (18), then define a spinorial representation of the LCT group.
3.2. Expression of the Invariant as Polynomial of the Operator
Let us consider the operator  defined in the relation (15) and calculate its square
B2 =(0, @p" +4: @x +L. Qx +a_®p7)? (25)
From the expression (3) of ¥, %™, %", ™, we deduce the relations

E)*+E ) - D - () =20°

[p*,%7]_ = (p*x~ —x"p*) = —4ia%o® — i

[p*,%%]_ = (p*x* —x*pt) = 43703

[p*p7]- = ("~ —p ") = —4i2%0° (26)
[, %T]. = %" —xT%") = 4i2%03

[x7,p7]_ = (" —p %) =4ia 70>

[T, p7]_ = (p %" —xtp) = —4iatod +i

in which 2%,27 and 2* are the reduced dispersion operators [2]
1
(3% =2[®? + ]
=1 )? - ®7 @7
(2 = [px + ]

Using the relations (16), (26) and (27), we can deduce the expression of ()2
®?2=B+2Qc3—i(a,f,—P-al)RL (28)

in which B is the operator

B =—4i[(a;fs +f_a) ® 0> @2 — (e - + f1a ) Q> Q@2 + (aa_ — B,) ® 0° @ 2] (29)

I is the identity operator in the Clifford algebra €(2.2) and I, is 2 X 2 identity matrix. If we introduce the operators
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U, = %(a+ﬁ+ +f-a_)®q®

O_ = - (a,B- + Bra)®a?
: (30)
| Uy = 2 (aya_ — BB )R
(0, == (a,8. — B-a)®0®
we obtain as expression of
B =-8i[U0, 83" —U_®2™ + U,03%] (€20
using the fact that (¢3)? = I,, we may write also for the expression (29) of ()? and the expression (23) of §
®)?=P+2(1Q¢*)IA R I, —iU,) (32)
§ = exp(I®1;) = exp[(0U, — pU_ — pU,)(I Q@ 0%)] (33)
It can be deduced from the relations (16) and (30) that the operators U, U_, U, and U, satisfy the relations
VI2=2(e-D Q1
) ==3(C-D®L
V)2 ==2(e-D QL
(V) =—2(e+D®L
] 5 (34)
U,0_=-0_0, =0 ¢V,
U_U,=-0,0_=-10Q c®U,
0,0, =-0,0,=1Q c3)U_
0,0, =0,0,=0
U_0,=0,0_=0
0,0, =0,0,=0
in which
eE=a.ppa_ (35)

According to the relation (19), the law of transformation of g is ' = SpS~1. It follows that we have for the law of

transformation of ()2
B =p'p =SpS ISPS T =S(E)’S I =SBST + QI Q )UI R L — iU,) (36)

as we have SBS™1 = B, it follows that ()% # ()2 i.e ()2 is not an invariant. However, it can be shown that an invariant is

the polynomial of 4™ degree (p)* + 4(I ® o*)(p)? i.e we have the relation

@) +40Q a*)(P)? =SIE)* + 40 R a*)®)?’IS™! = (@ + 41 ® 0*)(p)* (37
3.3. Case of Multidimensional Theory

According to the relations (12), (13) and (14), the special pseudo-orthogonal transformation corresponding to the LCT
defined by the relations (7), (8) and (9) is an element of the group SO(2N,2N) so the spin group which is to be used to
construct the spinorial representation is Spin (2N, 2N).Generalizing the relation (15), we introduce

P=aQ@pl +BL Qx, + B Q% +a’ Qp, (38)

in which g, %, , %, and p, are the operators defined in the relation (11) and the 4N operators al,pt, B*, at(u=0,1,...,N —

1) are the generators of the Clifford algebra €(2N, 2N). They are characterized by the relations.
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(abal +a¥ak =21 BLRY + BYBL = 2T

BEBY + BYBH = =2n*'T  atal + a¥at = —2n*V1

aiBy + BYal =0 alBY + Braf =0 (39)
ala? +a’ak =0 BYBY + BB =0

Bhar +a¥Bl =0 BlaY + aB* =0

in which I is the identity of the Clifford algebra €(2N, 2N). It can be established that the operators @, B, B#, a* satisfy the

following commutations relations

[alay,al] =2nPal [akal,pf] =0 [alal,pPl-=0 [afal al’]_=0
[Bipy.af]_=0 [pipr. L] =2n*PpY [BLBY.BL1- =0 [BLpY af]_=0
[B#B¥,af] =0 [B*BY.BY] =0 [B*BY,BP1. = —2n"PBR* [B*BY,af]_ =0
[ata’,al] =0 [ata?,B?] =0 [ata, BP]_=0[a*a”,af] = —2n"Pa*
[aha¥,af] =-2ntPa?  [aka¥,Bf] =0 [aka?,pPl. =0[ala, a?]_ = 2n"Pal
[alBt,af]_ = —2qepy [, B7] = 2n"Pal [atBY.pP). =0 [a'BYar]. =0 40
[aipr,a?] =—-2n*pY [akB¥,BY] =0 [aipY prl- =-2n"Pal [alB¥,aP]_=0
[BLBY.al]_ =0 [BLBY.BY]_ = —2ntPBY [BLBY.BP]- = —2n"PBY [BLBY,aP]_ =0
[Btar,al] =o0[pta?,p?] =2n*Pa? [Bha,pPl- =0 [Bia¥,al]_ = —2n"PBY
[Brar,af] =0 [B*a¥,al]_ =—2n"PBY [BFa¥,BP]l_ =20 aY [B aY,BP]_ =0
Let us consider the set
Spin(2N,2N)QI, = {§ = exp(9)Q®I, = exp(IQL,)}
in which exp(9) is an element of Spin(2N,2N) and I,the 2 x 2 identity matrix. Let g = exp[(i —_:__Z f:z)] be the

element of the LCT group Sp(2N,,2N_) corresponding to an LCT (21) and § the element of Spin(2N, 2N)®I, associated
withg. The correspondence between g and S can be described with a mapping o between the LCT group Sp(2N,,2N_) and
Spin(2N, 2N)®I,.

’ ’ A+ uop- 6)]
= ®)g = x
P =SpS
For an infinitesimal LCT, the law of transformation of p is
P =g+ [98L,pl- (42)

Using the fact that 9 belongs to the Lie algebra of Spin(2N, 2N) and taking into account the relations (11), (12) (38), (40)
and (42) we can find the following expression for ¥

9P P uP 2P
9 =1, [7” (@XBY + BYat) — f(afﬁl’ + flak) + 7“ (aka? + BYBH) + f(afal + BBy — pHBY — a‘_‘aZ)] (43)
then we have for §
P P P P
§ = explin, |2 (@B + rat) — 22 @By + BYak) + 2 (ala? + BYAM) + 2 (altay + BUBY — BLBY — ata¥)|@L)  (44)
The operator § can be considered as acting on the spinors 1,[7 belonging to a spinor space S
V=S e P =iy (45)

The couple (S, 0) define a spinorial representation of the LCT group.
Using the relation (25), it can be established that the operators p,;, ¥, , %; and ,; satisfy the relations
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. 1 ) 1
prpy =230, + 103(3,71; -3,) - 50317,“, =23, +2i0%3), — 50317,“,
wy = 230, 103 (@, — ) — 50N = 235, + 2i0%35, — 200,

. 1 . 1
%1%y =235, — 103(3,’;, —ijﬂ) + 50317,“, =23f, — 2ic%3), + 50317,“,

_ . 1 , 1
pupy = 235, — 103(3,71; - Qﬁu) + 50317,“, =23f, —2ic%3), + 50317,“,

[ % 1- = P, — %Py = —4i0°3, +iny (46)
(B, %5 ]- = Py —%/p; = 4io°3y,
(B, Bv]- = Bupy —Bvbn = —2i0° (3, +3y),) = —4ic®3),
[%,, %5 1= = %, %} — %%, = 2i0° @), +3,) = 4ic>3;,
(%), 8. ]- = %P, —Pux, = —4i0°3,
[, P ]- = %Py — Puy = —4i0°3, — iy,
in which [2]
1
;‘Iv = 2 (pupv + %u%v)
— 1
;‘uv = 2 (pupv - %u%v)
1
2, = " (pu%v + %vpu) =35+ 47)
1 1
= 3 (ijv +37,) = 3 (pu%v + %8, + ¥, + %upv)
1 1
Ay = > (Qﬁv - Qﬁu) =3 (pu*v +X%Py — ¥y — *MPV)
From the relations (46) and (47), we have for the square (§)? of the operator
@) =(af @pf +BL Qx; + Qx +a* ®p; )> =B -2 R >HI(NI® I, — in,,U,") (48)
in which
B =-8i[0) @3, - 0¥ ® 3, + U @35, — 3, @ U] (49)
1
Oy = [(afpy + Brat) ® o]
oW =~ [(alBY + plat) ® o]
{ow = %[(afaz +BYBH) ® 07 (50)
O = [(akal + BLBY — BEBY — ata¥) ® o7
1
Uy = [(afpy - Brat) ® o7
Using the relation (50), the expression of the operator § in (44) may be written in a compact form
§ = explny, (6,04 — 9O + piuly + ;0N A ® )] (51)
The operator B defined by the relation (49) generalizes the  follows from the fact that, using an adequate

one defined, for one dimension, in (29), (31). It is obvious to
note that the operators(fp)? and B are not invariant. The case

parameterization, it is possible to associate with a linear
canonical transformation a special pseudo-orthogonal

of one dimension theory, studied in the section 3.2, suggests
that an invariant may be polynomial function in § with a
degree greater than or equal to 4.

4. Conclusion

The approach described in this work shows that it is
possible to establish a spinorial representation of Linear
Canonical Transformations. As it is shown in the sections 2
and 3, the establishment of this spinorial representation

transformation in an operator space. Then the spinorial
representation can be established easily using the relations
between special pseudo-orthogonal group and spin group.

A main result thus obtained is the explicit expression of the

operator § which corresponds to the representation of an
LCT in a spinor space. It is given in the relation (23) or (33)
for the case of one dimension theory and in the relation (44)

or (51) for the multidimensional case.
Our study leads to the introduction of the operator f which
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is given respectively for one dimension theory and
multidimensional cases in the relations (15) and (38). As
shown by the relations (18) and (41), this operator is useful to
write the explicit expression of the transformation
corresponding to the spinorial representation of the LCT.
According to the relation (37), the invariant is not (), as it
may be expected for a spinorial representation associated to
an ordinary commutative vector space, but a higher degree
polynomial function in f . This result is probably a
consequence of the fact that the space on which the LCT is
defined is a noncommutative operator space.

According to our works [14] and [15], LCTs can be linked
with many interesting physical problems like the
generalization of Fourier and Lorentz transformations in the
framework of a relativistic quantum theory and the study of
the properties of elementary fermions of the Standard Model.
Following this way, we have, for instance, established in [15]
a new approach to explain the charges (electric charge,
hypercharge and colors) of the elementary fermions. It was
shown that the electric charge can be written as the sum of
four terms, the weak hypercharge of five terms and the weak
isospin of two terms. These facts suggest us to expect that the
results established in the present paper may have many
interesting application in quantum theory and related
domains.
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