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Abstract: Fertility governs central and positive role in the study of human population dynamics. The age-specific fertility
pattern has a distinct shape for all human population, to describe which, a number of parametric models have been proposed.
The purpose of this study is to develop a mathematical model for fitting age-specific fertility rate pattern of various states of
India. Skew-logistic probability density function is used for building the model. The real data, to which this model has been
fitted, is obtained from National Family Health Survey- III (2005-2006). The used model is very flexible in nature and hence is
useful for modeling diverse fertility patterns which are observed across different states of India. The parameters of the model
have been estimated through the method of non-linear least square. By fitting the model it is observed that the proposed model

fits well on the fertility pattern for almost each state of the country.
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1. Introduction

Fertility is one of the three main demographic features for
any population (the others being mortality and migration).
The growth of a human population depends solely on human
fertility. Fertility represents the actual level of reproduction
of a population based on the number of live births to a
woman. Fertility levels are the determinant of the age
structure of population which in turn governs the socio-
economic and demographic characteristics of the population.
Fertility, being a very complex phenomenon, affected by
various social, biological, psychological, environmental and
political factors, has always been a concern for
demographers. Some of them were interested in finding the
possible factors which govern fertility pattern such as age at
marriage, gender preference, education, nutritional status of
women, contraceptive use, current family size, desired family
size, occupation, religion etc. and some were interested in
finding estimates of direct (Crude Birth Rate, Age Specific
Fertility Rate, General Fertility Rate, Total Fertility Rate,
Gross Reproduction Rate, Net Reproduction Rate) and
indirect (age-sex composition, Child-women ratio, female

mean age at marriage) measures of fertility. The other way of
measuring fertility is using mathematical functions (models)
to assess the fertility pattern of any population by which one
can reflect the true picture of it for any population. Various
types of mathematical modeling such as parametric, non-
parametric and polynomial models have been used in
previous studies. Modeling is useful in analyzing fertility
pattern as well as it also provides population projections,
which might be helpful in framing government policies.

2. Modeling Age-Specific Fertility Rate
Pattern

Generally, the typical fertility curve is somewhat bell-
shaped, having its peak at around age 25 for females in
reproductive age period. Fertility level starts slowly at around
age 15, which is the beginning of the reproductive age,
reaches its peak for the women of age group 25-30 years, and
after that, starts to decline and has very low value for females
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after age 35 and usually ends at age 49, which is the end
point of reproductive age span.
The general form of a fertility curve is given as follows [1]

,0r) (M

where h(x; 0,,...,0,) is the probability density function
(pdf) on real line having r — 1 parameters, 8’s are the
parameters of model, R,which is the " parameter, is the total
fertility rate (TFR). Using different functions in place of
h(x; 0,,...,0,) like Beta and Gamma [1], Coale and Trussell
[2,3], Inverse Gaussian, Hadwiger distribution [4, 5, 6] pdfs,
different fertility models have been proposed by these
authors. Some of these models, which represent the unimodal
fertility pattern, show very good fitting to single year fertility
rates [1]. In addition to above functions, the Pearson Type |
curve [7, 8] and Type III curves [9], the Brass procedures
[10, 11], the Gompertz curve [12] and polynomial models
[13] have also been applied on real data. Islam (2009) [14]
has suggested a third degree polynomial model to fit the
fertility pattern of Bangladesh which can be given as:

g(x; R, 62, 63, ""6‘!‘) = R.h(x; 62, 63, e

f(x) =a+ bx +cx?+ dx3 )

Brijesh P. Singh et.al. [15] suggested a polynomial model
with the inverse of x, to fit the fertility pattern of Uttar
Pradesh (India) which can be mathematically represented as:

f(x)=a+b(§)+c(xi2)+d($) 3)

Kaushalendra et. al. [16] compared different mathematical
fertility models for India as a whole and some of its selected
states. In recent years the fertility pattern of some developed
countries has deviated from classical bell shape, it showed a
little hump in the left part of fertility curve which may
correspond to teenage fertility i.e. high fertility for early ages
[17]. Some authors have tried to give mathematical models
which can fit the bimodal fertility curve of these countries
which are having two modes, one in early age group and the
other in age-group 25-30 years. Assuming the population as
the mixture of two population exhibiting different fertility
rates, Chandola et al. [18] has given the mixture of two
Hadwiger function which has six parameters. The Hadwiger
function is expressed as

sano =2 F oot (+i-2) @

provides a good fit to fertility pattern of modern population.
It has three parameters. The Hadwiger mixture model is
given as:
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Kohler [19] added an additional parameter to this model.

Later, Peristera and Kostaki [17] suggested a mixture of
normal distribution having different variance parameter
before and after mean age which is represented as follows:

90 = meep{-(ZL) ] + mew{- (2] ()

Schmertmann [20] proposed piecewise quadratic spline
function which shows very good fit to wide forms of fertility
pattern but has 13 parameters. Azzalini [21] introduced a new
type of skew-normal curve which includes the normal one.
The model proposed by Azzalini has an extra parameter,
setting which to 0 the curve reduces to normal density
function. A Skew-Normal density is the generalization of
Normal one with a skewness parameter. In general, the skew-
normal density can be given as follows

h(x) = 29 (x)¢(ax) ()

where ¢@(x) is the pdf and ®(x) is the cumulative distribution
function (CDF) of standard normal distribution and a being
the skewness parameter which is a real number. If a is taken
as 0 then the above equation reduces to the density of
standard normal distribution, thus the latter one is the
particular case of skew-normal distribution.

The above model in (7) is unimodal curve [22]. Mazzuca and
Scarpa [23] used the generalized skew-normal, which is termed
as Flexible Generalized Skew-Normal (FGSN) distribution to fit
bimodal fertility schedule. The model is given as:

f;gew,a,B) =201} (?) .®{a (?) + B (?)3} (8)

The above model can have at most two modes, and as the
degree of odd function w(x) increases, the number of modes
allowed in the pdf increases. The skew-normal density is the
key representative of skew-symmetric family. For more
insight into the properties of this family, the readers may
refer to Genton [22] and a review paper of Azzalini [24].
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The model (9) was used by Asili et. al. [26] for fitting age-
specific fertility rates of Ireland and Greece. The fertility
curve fitted by them has bimodal shape. They observed that
this model fits better than skew-normal distribution used by
Mazzucco and Scarpa [23].

The beautifulness of skew-symmetric density based
fertility model lies in the fact that it can fit unimodal,
bimodal as well as multi-modal fertility patterns effectively.
The skewness parameter can change the symmetric curve
into asymmetric one if it is required. Initially, it has three
parameters, the number of skewness parameters can be
increased accordingly to make the curve suitable for multi-
modal fertility schedules. Thus, the skew-symmetrical
models are flexible enough to fit a wide variety of fertility
schedule. The previously proposed models are quite reliable
but include some complexity in estimating the parameter(s)
of the model. Here, in this study, the Skew-logistic
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probability distribution is used to study the age-specific
fertility pattern of India.

3. Skew-Logistic Distribution Based
Fertility Model

Azzalini [21] proposed a formula for skewing the
symmetric distribution which is given as:

f) = 2fo(x)G(w(x)) (10)

Where, fy(x) is any symmetric probability density
function, G(.) is the cumulative distribution function of
symmetric density and f(x) is the density function for any
odd function w(x).

The cumulative distribution function and probability
density function of skew logistic distribution are as follows:

(11)
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F(x) =
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= 12
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Putting A=1,f(x) in place of fy(x) and F(x) in place of
G(x)and w (x) = ax in the equation (10) we get the skew-
logistic distribution function as follows:
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13)
where o is the skewness parameter and x € R.

If we transform x into (y — p)/o, in which p is the
location parameter and o is the scale parameter, from (12) we
get
20— (Y=H
fsl (y' a, i, 0) = ( _(u)>(2<a ) _a(ﬁ)>
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Function in (14) is used to model the fertility pattern of
India as it is observed that the Indian fertility curve has only
one mode for almost all states (as shown in Figure 1) so the
model (14) would be appropriate for Indian fertility schedule.

—— Meghalaya —&— West Bengal

~=@=-=lammu & Kashmir

ASFR

AGE IN YEARS

Figure 1. Graph showing observed Fertility Pattern for females of Some
States.

For estimating the parameters of fitted model the method
of non-linear least square has been used. The estimated
parameters are obtained by minimizing the residuals sum of

squares which is mathematically represented by the
following equation:
Sres = Z e
xX=a

r2=(g(x) - fx)"

forx = a,...,b where a and b are the lower and upper age
limits of reproductive age span respectively, g(x) is the fertility
rate at age x obtained by the proposed model and f(x) is the
real or observed fertility rate at age x. From Figure 1 it is clear
that Indian states have very diverse fertility pattern. States like
Uttar Pradesh has high age-specific fertility rates for women in
all reproductive age-groups while on the other hand states like
Goa has low age-specific fertility rates for women belonging to
each age-group in reproductive age span. Some states like
Goa, Jammu & Kashmir, Meghalaya, Nagaland and Manipur
have highest value of ASFR for females in age group 25-30
years while others have observed highest ASFR in age group
20-24 years. For the analysis as well as comparison purpose
states are divided into two broad categories based on their
value of TFR being high or low as compared to TFR for India
which is 2.66 (NFHS-III). Further, some states have almost
equal ASFR in the age groups 20-24 and 25-29 years. The
fertility patterns exhibited in these states have a flat peak.
These states are again grouped together in both categories.
Table 1 shows the classification in four categories formed

according to the fertility pattern of the state.

Table 1. Classification of Indian States as to their fertility level.

States which have TFR>2.66  States which have TFR<2.66

Group 1% Group 2** Group 1* Group 2**
Bihar, Andhra Pradesh, Assam,
Arunachal Chhattisgarh, Gujarat, Himachal
Pradesh, Jharkhand, Delhi, Goa,  Pradesh, Karnataka,
Meghalaya, Madhya Jammu & Maharashtra, Orissa,
Mizoram, Pradesh, Kashmir, Punjab, Sikkim, Tamil
Nagaland, Rajasthan, Kerala Nadu, Tripura,
Manipur Uttar Pradesh, Uttarakhand, West
Haryana Bengal

* For this group the fertility level is almost equal for females belonging to
age-group 20-24 and 25-29years

** For this group the fertility level is different in age groups 20-24 and 25-
29 years

By this classification, one may provide more clarity to the
considered problem. Though it is observed that the model fits
the fertility pattern for almost all states of India, in this study,
one state from each group has been considered for analysis
purpose. The selected states are Meghalaya, Uttar Pradesh,
Kerala and West Bengal. The whole calculation and analysis
are done through SOLVER in Microsoft Excel software, for
graphics Microsoft Excel is used.

4. Result and Discussion

The fertility model considered in this paper is fitted to the
real fertility data for various states of India.
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The data has been obtained from National Family Health
Survey- IIT (NFHS-III) [25]. This is the latest report available
on NFHS and hence appropriate for estimating the current
fertility pattern. The age-specific fertility rate for
reproductive age group i.e. 15-49 years has been taken for
study purpose. This survey provides data and estimates for
fertility, mortality, family planning practices, maternal and
child health, reproductive health, HIV/AIDS and awareness,
nutritional status, utilization and quality of health and family
planning services across 29 states/union territories and also
India as a whole. India is a diverse country in respect of

fertility level. Some states have high fertility level and they
are Bihar, Jharkhand, Haryana, Madhya Pradesh, Rajasthan
and Uttar Pradesh (having TFR > 2.66). Goa, Kerala,
Manipur, Sikkim and Tripura are the states having low
fertility levels (having TFR < 2.66). Some states like West
Bengal have high level of fertility for the females in of early
age group i.e. 15-19 years age interval. This may be because
of the prevailing custom of early age marriage in these states.
Table 2 shows the actual and fitted age-specific fertility
rates for women in age group 15-49 years for the states
Meghalaya, Uttar Pradesh, Kerala and West Bengal.

Table 2. Observed and Estimated values of ASFR for the Different States.

Meghalaya Uttar Pradesh West Bengal Kerala

Age-group(in  Mid-Value Observed Estimated Observed Estimated Observed Estimated  Observed Estimated
Years) (x) ASFR ASFR ASFR ASFR ASFR ASFR ASFR ASFR
15-19 17 0.054 0.054 0.096 0.096 0.121 0.121 0.035 0.035
20-24 22 0.190 0.190 0.268 0.268 0.178 0.178 0.144 0.144
25-29 27 0.197 0.195 0.212 0.213 0.101 0.101 0.141 0.141
30-34 32 0.136 0.142 0.112 0.111 0.036 0.037 0.052 0.051
35-39 37 0.100 0.092 0.053 0.050 0.012 0.011 0.012 0.013
40-44 42 0.055 0.055 0.019 0.021 0.003 0.003 0.001 0.003
4549 47 0.027 0.032 0.003 0.009 0.003 0.001 0.000 0.001
TFR 3.79 3.80 3.81 3.84 2.27 2.26 1.93 1.94

. Itis clear. ﬁom the Table 2 that for all states in this study, the Uttar Pradesh
highest fertility level is observed for the females of age group

20-24 years and the lowest one is observed for the females of

age group 45-49 years. After observing Table 1 and Figure 1, we OO?'E o

see that the pattern of ASFR is unimodal for all states, it - O; F X

increases slowly from age 15 years, reaches its peak for the - 0.15 /’ N

females of age group 20-24 years, and then again it starts to < 01 | ¢ L

decline sharply and reaches to zero for the females after age 50 0.05 e :

years. These states have a different level of fertility in different 0 e
age-groups and have different TFR. Among these states, Uttar 15 25 35 45 55

Pradesh has the highest level of fertility and Kerala has the
lowest level of prevailing fertility. It is also observed that though
Meghalaya and Uttar Pradesh have almost equal level of TFR,
their ASFR for different age-groups are totally different. Uttar
Pradesh has a high level of fertility in early age-groups whereas
Meghalaya has a high level of fertility in late age-groups.
Figures 2, 3, 4 and 5 show the fitting of the model to the real
age-specific fertility rates of Meghalaya, Uttar Pradesh, Kerala
and West Bengal respectively. Among these states, West Bengal
has the highest level of early-age specific fertility and Kerala has
the lowest level of early-age specific fertility. From the figures, it
is clear that the model has a very good fit for the fertility pattern
of women of all considered states.
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03
0.25
e U2 -..——(\
o 0.15 -
< 0.1 / i
0.05 & \)“‘X)
15 25 45
Age in years
—8— Obsereved ——#=—Estimated

Figure 2. The Plot of Observed and Estimated ASFR of Meghalaya.
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Figure 3. The Plot of Observed and Estimated ASFR of Uttar Pradesh.

Kerala
0.3
0.25
o D
% 04 P \\
0.05 | o \D“““--...,
0 r——e
15 25 35 45 55
Age in yers
—®— Obsereved ~—#— Estimated

Figure 4. The Plot of Observed and Estimated ASFR of Kerala.
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Figure 5. The Plot of Observed and Estimated ASFR of West Bengal.

India is a very diverse country concerning fertility pattern.
In some states fertility is still very high and in some states, it
has declined considerably. After analyzing the model for
each state in the study, we see that the model fits for each
state in all the categories despite the high or low level of
prevailing fertility pattern.

From the Table 2, it is clearly evident that the actual and
estimated fertility are very close to each other, which shows
the good fitting of the model for Indian fertility schedule.
The goodness of fitting for any model can be checked by
various techniques and tools. Some of them are, comparing
the current model with existing models which have been
proven for their good fitting. Here, the method of non-linear
least square is used for model fitting, so the value of the sum
of squares due to residuals is taken as an indicator for model
fitting. The less is the sum of squares due to residuals; the
better is fitting of the model to given data. Table 3 shows the
error sum of squares from the least square method for states
in all four categories.

Table 3. Error Sum of Squares for the Different States.

Table 4. Estimated Parameters of the Model for the Different States.

Location Scale Skewness
R Parameter (un) Parameter () Parameter (o) TFR
Kerala 22.31 3.26 0.79 1.95
Meghalaya 19.37 8.23 4.29 4.02
Uttar Pradesh  18.94 5.53 2.69 391
West Bengal  18.16 4.09 1.15 2.40

Sr. No. States Error sum of square
1. Meghalaya 1.34E-04
2. Uttar Pradesh 4.72E-05
3. Kerala 5.39E-06
4. West Bengal 4.83E-06

From the Table 3, we see that the sum of squares due to
residuals is less than of order 10™* for all states. Thus,
indicating a good fit to the fertility pattern of these states.

The quality of demographic models not only depends on
how good they fit the data but also on the demographic
explanation of the parameters used in the model. The
parameters of the Skew-logistic model are not of straightway
explanation. The location parameter is not the mean of the
distribution; it is a linear function of mean age at first birth.
Similarly, the scale parameter is not the variance of the
distribution; it can be explained as a function of the standard
deviation of age at first birth of females in the study. Nothing
can be explicitly said about a, the skewness parameter. Table
4 shows the estimated parameters of the model for each state.

From Table 4, it can be observed that for each state, the
skewness parameter o comes out to be positive which is
obvious because fertility curve is positively skewed. It is also
observed that the value of a lies within 0 to 5.

5. Conclusion

It is clearly observed from the tables and figures that the
estimated values from the proposed model fits the data of
observed fertility pattern for almost all Indian states
considered. The observed age-specific fertility rates obtained
by the NFHS-III data are very close to the values estimated
by the proposed model. The advantage of this model is that it
is very flexible and shows a very good fitting to different
fertility patterns. India is very diverse country, the
demographic profile of its states varies from state to state, but
this model fits the age-specific fertility rate patterns of all
states effectively. The previously proposed models have
some complexity in terms of estimating the parameters of the
model and their interpretation. As the Hadwiger mixture
model incorporates with estimating six parameters. The
model used in this study deals with only four parameters
thus, it is better from the previously proposed models in this
sense. Moreover, the model considered here is more flexible
than other proposed models. The advantage of using skew-
logistic model is that it can fit a variety of fertility patterns
observed in the human population. It is equally appropriate
for unimodal as well as multi-modal fertility schedule.
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