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Abstract: Scaled Effective Medium Theory (ScEMT) is applied to predict magnetic resonant and relaxation frequency in 

polymer-magnetic particle composites with favorable comparison to measured data. A single scaling function is identified that 

uses magnetic particulate resonant and relaxation frequencies, or magnetization and anisotropy field, volume fraction and DC 

susceptibility as predicted by ScEMT. Previous publications demonstrated that ScEMT improved the prediction of DC 

susceptibility as compared to classical models. Maxwell-Garnett (MGT) and Coherent Model Approximation (CMA) serve as 

theoretical baselines for comparison. However, both require separate scaling functions in their prediction of resonant and 

relaxation. Measured data are presented that suggest a single scaling function of ScEMT is sufficient to calculate both 

parameters. The paper emphasizes the application of the models and shows a wide range of particulate chemistries. ScEMT 

calculates susceptibility, resonant and relaxation frequency that agree with measurement. The paper concludes by predicting 

dispersive permeability that represents improvement over both CMA and MGT models. Future studies will address formulation 

of an EMT model (s) that describe mixtures of hard and soft magnetic materials mixed in a polymer composite. EMT for 

composite dielectric properties will be expanded to address the chaining. Early results of that effort will be reported in a 

separate paper. 
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1. Introduction 

Composites formed as mixtures of magnetic and 

nonmagnetic materials are applied in a wide range of modern 

RF technologies. New ferrite compositions, such as those for 

bio-magnetics, are in constant development and these provide 

new candidates for forming new ferrofluids; materials to 

reduce electromagnetic interference; application in wideband 

antennas and microwave devices such as isolators. Example 

applications are listed [1, 2]. Composites with desired 

electromagnetic frequency dispersive parameters have 

historically been developed by experimentation using an 

iterative process of formulation-measurement-formulation-

measurement, etc. This procedure introduces a latency in the 

design process for identifying optimized material 

formulations and purely empirical approaches can investigate 

only a limited parameter space. This lag time and additional 

effort can be reduced and parameter spaces fully investigated 

by using accurate predictive models of electromagnetic 

mixture parameters. 

This paper is an extension of the previously developed and 

experimentally tested volumetrically scaled effective medium 

theory (ScEMT) [3, 4]. ScEMT demonstrated significant 

improvements in the prediction of low frequency composite 

magnetic susceptibility as compared to other effective 

medium models and preliminary results showed promise for 

predicting composite resonant frequency. In the current work, 

the predictive accuracies of ScEMT, MGT and CMA, models 

are further tested [4-6]. The models are applied to predict 

functionality and magnitude of resonant and relaxation 

frequency in composites containing magnetic particulate 

volume fractions from 10 to near 100%. It is shown that the 
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ScEMT’s ability to predict DC susceptibility can be 

translated to improved prediction in frequency parameters 

and thus an improved prediction in frequency dispersive 

susceptibility. Knowledge of DC susceptibility, resonant 

frequency and relaxation parameter (time) can be applied in 

Landau-Lifschitz-Gilbert models. which can then be 

exercised to make composite formulation trades and optimize 

frequency dispersive composite designs for application 

without having to fabricate and empirically test each 

candidate formulation (LLG) [7]. 

This paper begins with a short review of ScEMT and 

comparisons to MGT [5], CMA [6] and LLG [7]. The three 

models’ predictions of resonant and relaxation frequency 

are compared to measured data for a range of ferrites. MGT 

and CMA serve as theoretical baselines of comparison. 

MGT and CMA use different power laws in particulate 

volume fraction and susceptibility, to predict resonance and 

relaxation. Measured data are presented that argue for a 

single power low. The ScEMT scaling of resonant and 

relaxation frequency uses a single scaling parameter that 

predicts both frequency parameters of composite with good 

accuracy. 

2. ScEMT Review 

ScEMT is built upon the Bruggeman effective medium 

theory, BEMT [8]. BEMT was modified to include a 

nonlinear dependence of magnetic demagnetization factor on 

volume fraction. The approach is supported by publications 

by Chevalier and Le Floc’h M. Anhalt, et al., C. Alvarez and 

S. H. L. Klapp J. L. Mattei and collaborators, [9-14]. 

Magnetic constitutive equations for the CMA, BEMT and 

MGT describe two-phase composites, Equations 1-3. CMA 

and MGT equations have been simplified from their standard 

format by specializing them for nonmagnetic matrices. 

Subscripts e, p and m indicate composite, particulate and 

matrix parameters respectively with �p being volume fraction 

of the particulate, and χp as the particulate’s magnetic 

susceptibility. �� is demagnetization factor which is 1/3 for 

spherical particulates. 

���: �	 = ��
/���
��(����
/�)�� = ����

��
/����������
/���       (1) 

���: �	 = �����
�����������                      (2) 

����: �� �����
���������� ! + �1 − ��� ����%

���(�%���) ! = 0  (3) 

The BEMT equation for spherical particulates describes a 

binary system whose microstructure changes from 

differentiated to symmetric near a volume fraction of 1/3, the 

percolation threshold �' . J. P. Clerc, et al. notes that when �� = 1/3 , )	  in the denominator of Equation 3 becomes 

multiplied by the factor 2 [15]. In general, the multiplier is * − 1 where * is system dimensionality (* − 1=2 in 3D and * − 1 =1 in 2D). It represents demagnetization due to 

composite morphology. Dimensionality is connected to the 

percolation threshold by �' ≅ *��. 

Concepts in percolation theory suggest insight into a 

nonlinear coupling between demagnetization, geometry, 

particulate volume fraction, particle-matrix magnetic 

properties and percolation threshold [15]. In a composite, the 

largest cluster size ,(-, ��, �/) is approximately 

,�-, ��, �/� = -(�� − �/)�0                      (4) 

where - is the characteristic dimension of a single particle 

and 1 is a non-integer exponent that changes with dimension 

of the composite. Demagnetization is a function of magnetic 

cluster size and shape. That physics combined with Equation 

4 implies that demagnetization has a non-linear dependence 

on volume fraction. 

Demagnetization in a composite also has a magnetic 

component. Particulate and matrix are assumed to have 

different susceptibilities. Magnetic poles are formed at 

particulate-matrix interfaces and produce an opposing 

internal demagnetization field within particulates. Formation 

of poles and demagnetization changes with particulate 

agglomerate shape, size and magnetic coupling that produces 

chaining of magnetic particulates. Chaining was 

demonstrated to have large impacts on permeability in 

measurements of [16]. In summary, demagnetization is a 

function of particulate susceptibility, particulate cluster sizes 

and shapes, and the media susceptibility that surrounds the 

particulate. This complex dependence supplies second need 

for nonlinearity in the system as demagnetization is itself a 

function of composite susceptibility, which changes with 

particulate volume fraction, etc. 

Numerical simulation, and cluster experiments were used 

to identify a geometrical based function, ��, that related an 

average particulate cluster size to demagnetization via 

volume fraction of [3]. �� replaces the classical BEMT 

demagnetization constant, * − 1 = ���2
�2 , by the ratio  �� =

�� 3
 3 , to produce the ScEMT equation, 

,4���: �� �����
 ������ + �1 − ��� ����%

 �����% = 0       (5) 

where 

�/ = �561. −���1 − ���08 and �� = 9�� 3
 3 :.     (6) 

These equations express one relationship between 

volume fraction, cluster size and percolation threshold via 

its relationship to demagnetization. Magnetic particulate 

percolation (i.e. clustering) is not random but is biased by 

internal magnetic fields that couple particulate poles. Strong 

coupling between particulates increases probability of 

particulate chaining which reduces the overall system 

energy especially for particle susceptibilities of large 

magnitude. 

The free parameters, A0, A1 and γ were determined by 

fitting the ScEMT Equation 5 to measurement of non-

dispersive, low frequency (< 10 MHz) susceptibilities of 

composites made from 10 - 40 );, multi-domain Ni 0.31 Zn 
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0.58 Cu0.08 F2.03 O4. Samples were made with ferrite volume 

concentrations of 18, 20, 21, 30, 32, 45, 57 and 64%, [3, 4]. 

A 100% dense control sample was also measured and found 

DC susceptibility of 863. The 100% data supplied the base 

input for model testing. Composite and solid samples were 

cut to size for a 7 mm coaxial transmission line test fixture. 

Complex reflection and transmission measurements were 

measured and from those permittivity and permeability 

were calculated. Those data were then fit to a Landau-

Lifshitz-Gilbert resonance equation. DC susceptibility, 

resonant frequency and relaxation parameters could be 

inferred from that fit. Details of measurement and 

procedures can be found in along with measured data of the 

100% dense ferrite [17]. 

The fitted values for the ScEMT scaling function are near 

unity with numerical values of: A0=0.975, A1=0.923 and 1 = 1.210, when rounded to the nearest thousandth. Even 

though parameter values from one data fit the model has 

been successfully applied to a wide range of ferrite 

chemistries. 

Magnetic data for 12 ferrite and ferromagnetic particulates 

were found in publications and used in this study. These were: 

1. NiZn, MnZn Ferrite industrial powders [22, 23], 2. Mn
.53

 

Zn
.41

 Fe
2.06

 O
4
, [26], 3. Ni

.24
 Zn

.65
 Fe

2.04
 O

4
 [26], 4. Fe

3
O

4 
[24-

27], 5. Ni Mn
.02

 Fe
1.9

 O
4 

[26], 6. (MnO)
.25 

(ZnO)
.2115 

Fe
2
 O

3
 

[27] 7. BaCoZn Fe
16

O
37 

[28], 8. NiFe, e.g. Fe
53

Ni
47

, [29, 34, 

18], 9. Fe, [30-33], 10. Ni
.36

 Zn
.64

 Fe
2
 O

4
, [34]. 11. Ni

.7
 Zn

.3
 

Fe
2
 O

4
, [7, 9], 12. Ni

.3
 Zn

.58
 Cu

.08
 Fe

2.03
 O

4
 and Ni

.24
 Zn

.65
 

Cu
.07

 Fe
2.04

 O
4
, [17, 35]. 

The majority of publications included information on bulk 

susceptibility, resonant, relaxation frequencies and composite 

microstructure. Figure 1 show examples of ScEMT predicted 

and measured susceptibility. ScEMT susceptibility predictions 

continue to show better agreement with measurement than 

BEMT, MGT and CMA models at mid volume fractions (10 – 

100%) and large susceptibility particulates. 

  

Figure 1. EMT model predictions for (a) left Fe particulate and (b) right Mn.53 Zn.41 Fe 2.06 O4 composites. Fe data were taken from a range of commercial 

EMC products. The Mn.53 Zn.41 Fe 2.06 O4 has a DC permeability near 4000. 

3. Composite Resonant Frequency and Relaxation Time Constants 

In the case of negligible external field, the frequency dispersive ferrite or ferrite – polymer composite LLG model is given in 

Equation 7. It uses the DC susceptibility of particulate, subscript p, or composite subscript c. There is also an anisotropy field 

and a relaxation factor. 

��(=) = ��,>6�.�?@�=/�0AB,��8
��C D

EFB,�G
H

�?I@�=/�0AB,��
. 

�/(=) = �2,>6�.�?@2,�=/�0AB,2�8
��J D

EFB,2KH�?I@2,�=/�0AB,2�
                                                                      (7) 

LM,/,� is the anisotropy field of composite or particle; �/,�,5 is the DC susceptibility of composite and particle, N is radial 
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frequency at which properties are calculated. The parameter 

combination 
@2,�

�0AB,2�, is a relaxation parameter or relaxation 

time. Its inverse is a relaxation frequency and is proportional 

to the ½ width of the imaginary part of the susceptibility at 

resonance. 

It is assumed that bulk susceptibility, resonant and 

relaxation frequency will be available as input to any 

calculations. Accurate prediction of composite susceptibility 

is the first step in calculating frequency dispersive spectra of 

mixtures. That first step uses the ScEMT model, Equation 5. 

The second and third steps are prediction of resonant 

frequency and relaxation frequency. Their calculation 

leverages the improved accuracy of ScEMT. 

The prediction of composite resonance, and relaxation 

frequency, are approached by insertion of an analytical 

equation for composite susceptibility (i.e. MGT or CMA) in 

the LLG equation [6]. The resulting dispersive models take 

forms that easily identify equations for composite resonant 

frequency, OP/ and relaxation, OQ/ where both OP/ and OQ/ are 

proportional to particulate bulk resonance OP5 and relaxation OQ5. The MGT and CMA derived relations for the resonance 

and relaxation parameters are shown in Equations 8-11. 

Both equations and ScEMT, support experimental 

observations that magnetic particulates placed in a 

nonmagnetic matrix, produce materials whose resonance is 

shifted to a higher frequency compared to that of the 

particulate. This reflects physics of internal field formation 

arising from the many poles set up at particle-particle and 

particle-matrix interfaces. However, when compared to 

experiment Equations 8 and 10 often under predict the 

volume fraction induced shift in composite resonant 

frequency and DC susceptibility magnitude for particulates 

with large magnitude susceptibility. 

��� [6]: UV2
UV> = {1. +�� 91 − ��



�:}�/I          (8) 

��� [6]: UY2
UY> = {1. +�� 91 − ��



�:}             (9) 

And 

��� [6]: UV2
UV> = {1. +���1 − ���}�/I         (10) 

��� [6]: UY2
UY> = Z1. + ��������

� [              (11) 

Though the arguments 1. +���1 − ��� -\* 1. +�� 91 − ��


�: 

are both used in calculating resonance and relaxation 

frequencies, the power laws used in calculation of resonance 

and relaxation differ. Resonant frequency contains a square 

root and relaxation is linear. CMA and MGT also differ in 

their dependence on volume fraction; CMA using the 1/3 

power and MGT is linear in volume fraction. The model 

volume fraction scales are not consistent with measured data 

for many magnetic polymer composites. 

Figure 2 shows resonant and relaxation frequency as 

functions of magnetic particulate volume fraction for two 

ferrite composites. For much of the volume range, below 

(60%) the logarithmic plot of relaxation and resonance 

frequency are parallel when plotted versus volume fraction. 

The data suggests that nearly identical functional forms can 

be used to predict both resonant and relaxation. The differing 

½ power and linear dependence proposed in Equations 8-11 

are counter to this observation. 
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Figure 2. Plots of measured resonance frequency and relaxation for a BaCo ferrite (upper figure) and lower figure Mn.53 Zn.41 Ferrite. 

Rozanov, Koledintseva et al. took another approach to 

determine resonance, [19, 20]. The authors apply integral 

relationships that leverage Snoek’s law [21]. The ScEMT 

resonance and relaxation model shown below also applies 

Snoek’s law but applies DC susceptibility as calculated from 

ScEMT. 

A form of Snoek’s law should apply for multidomain 

particulate isotropic composites such as those that are topics 

of this of this paper. Thus it is assumed that the product of 

susceptibility and resonant frequency are equal to a constant 

multiplied by the material magnetization, i.e. ��NP = 4^�_ 

where Ms is the magnetization and ��  is the bulk 

susceptibility or ��NP = � where C is a constant. 

��NP= 4^�_, �_ is magnetization and �� `s bulk suseptibility ab ��NP= � where � is a constant. 

We assume that composite bulk value of magnetization can 

be linearly scaled with volume fraction. Simple algebra 

shows composite susceptibility, χc, will be related to 

composite relaxation frequency, NP,/  bulk susceptibility, �� , 

volume fraction, Pp, and bulk resonance frequency, NP, by, 

NP/ = ��=V
�2  ��. 

The biggest impact of ScEMT in the calculation is the 

improved prediction of χc. Since ScEMT predicts 

susceptibility better than other EMT in the mid- to high-

volume fraction range, it is not surprising that improvements 

are apparent for other magnetic parameters like resonance 

frequency. 

A small algebraic modification facilitates the step toward 

calculation of relaxation frequency. The composite should 

exhibit an anisotropy field, LM,/ , that is also assumed 

proportional to composite bulk resonant frequency, NP,/. The 

effective anisotropy field of the composite can be calculated 

from 

1LM,/ = NP/ = ��=V�
�2  �� .                   (12) 

In Equation 12 the DC susceptibility, volume fraction and 

resonance of the particle, ��,5, �� -\* NP�  are known from 

bulk data. Composite susceptibility, �/.5  is predicted from 

ScEMT. In practice ScEMT has improved predictions other 

EMT, for large susceptibility particulates in the 10 – 100% 

volume fraction range. In Equation 7 we note that the 

composite anisotropy field is a denominator in both resonant 

and relaxation contributions. Equation 12 supplies that 

parameter for composites. 

Empirical evidence, i.e. Figure 1, suggested that resonance 

and relaxation appear to scale with volume fraction. That 

guides an initial test for an equation for relaxation. We use 

the ansatz that composite relaxation parameter, c  will be 

proportional to that of the particle in the bulk. It is assumed 

constant and can be determined from the ratio of resonant to 

relaxation frequency in the bulk. 

c/ = d@�
0AB,2 = c� �2

��=V,���                       (13) 

With these substitutions the equation for dispersive 

susceptibility becomes 

�/(=) = �2e�.� ?=@� f2g�DV,�f�h
�� J Df2g�DV,�f�KH� ?I=@� f2g�DV,�f�

              (14) 

0.4 0.5 0.6 0.7 0.8 0.9 1

Volume Fraction

10-4

10
-3

10-2

10-1

100

101
Mn.53 Zn.41 Ferrite

Measured Resonance

Measured Relaxation



20 Ricky Lamar Moore:  A Scaled Effective Medium Theory for Calculation of Resonant and  

Relaxation Frequency in Magnetic Composites 

The model is tested by using measured dispersive 

susceptibility data. Data were taken from publications on the 

twelve magnetic composites presented in the previous section. 

Each composite had a single magnetic compound distributed 

uniformly in a nonmagnetic polymer and thus made an 

isotropic mixture. Ferrite particulates had susceptibilities that 

arranged from 10 - 5000. Figures 3 and 4 are representative 

of prediction and measurement. Figure 5 shows an Equation 

14 prediction of permeability for four volume fractions of the 

Figure 4 NiZnCu ferrite. 

Since MGT and CMA predictions are often close, only 

CMA is shown for comparison to ScEMT. ScEMT is most 

accurate in the prediction of resonant frequency (Equations 8 

and 10) and especially for composites using a pigment with 

large susceptibility values. The NiZnCuFerrite plot is the 

only one in which digital data were available. Other data 

were acquired by reading values from plots. 

 

 

Figure 3. ScEMT, and CMA model predictions for measured resonant and relaxation frequency of composites. (a) upper figure is composites of susceptibility 

of 4000 and (b) lower figure  is with susceptibility 1200. 
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Figure 4. ScEMT and CMA model predictions compared to measured resonant and relaxation frequency of composites for high susceptibility particulates: (a) 

upper figure susceptibility 863 and (b) lower figure susceptibility is 20. In this case, CMA predicts the relaxation better than ScEMT; however, its resonant 

prediction is poor. 
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Figure 5. The figure shows an example prediction of composite permeability where NiZnCu ferrite pigment of Figure 3 has been used at volume fractions of 

1.0, 82, 57 and.25. 

Figure 6 brings the ScEMT modeled parameters together 

to illustrate the frequency and volumetric prediction of 

complex permeability. The model produces the characteristic 

increase in resonant and broadening of the resonance as 

magnetic particle fraction is reduced. Figure 6 is a 

comparison of Equation 14 predictions using two data sets. 

The ScEMT prediction applies parameters calculated from 

Equations 5, 12 and 14. The real “Data Fit” uses the 

measured values of DC permeability, resonant and relaxation 

frequencies for the same chemistry ferrite composite. Volume 

fraction is 30%. Agreement is typical of ferrite composites 

studied in this effort. 

 

Figure 6. ScEMT and predicted and measured dispersive permeability. 

4. Conclusions and Path Forward 

Maxwell-Garnett Theory (MGT), Coherent Model 

Approximation (CMA), and Scaled Effective Medium 

Theory (ScEMT) were applied in this paper to predict 

magnetic susceptibility, resonant and relaxation frequency in 

polymer-magnetic particle composites. Model and 

measurement comparisons of resonant frequency were 

followed by model and measurement comparisons for 

relaxation frequency. CMA, MGT and ScEMT with various 

volumetric scales are used in the relaxation frequency study. 

Though ScEMT susceptibility, resonant and relaxation are 

not perfect in prediction of measurement, they demonstrate 

significant improvement over other historical EMT in 

composites that use particulates with large susceptibility. The 

improved accuracy of ScEMT for large susceptibilities is 

supported by numerical studies [11]. The publications 

suggest that spherical particulates with large magnetization 

and large susceptibility, are more likely to attract one another 

and their attraction will exceed frictional drag of media 

surrounding the particles. Particles assemble into chains and 

large structures and therefore volume fraction scaled models 

are necessary to reflect the fundamental physics. This physics 

is reflected in the ScEMT demagnetization scaling. Recent 

and future studies will be shifted to formulating an EMT 

model which describes mixtures of hard and soft magnetic 

materials mixed in a polymer composite. Early results of that 

effort will be reported in a separate paper. 
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