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Abstract: In this paper, we study a class of the long-time behavior of solutions to initial-boundary value problems for higher
order equations with nonlinear source term and strong damping term. First of all, give some space and marks as well as the basic
assumption of stress and nonlinear source term, take the inner product on both sides of the equation and obtain a priori estimate of
the global smooth solution of the equation by using Holder inequality, Yong inequality, Poincare inequality and Gronwall
inequality. Then prove the existence of the global solution of the equation by using the Galerkin finite element method. The
uniqueness of the global solution of the equation is proved, and then the bounded absorption set of the solution semi-group is
constructed by a priori estimate. It is proved that the solution semi-group is uniformly bounded and completely continuous in the
interior, thus the global attractor family of the equation is obtained. Then the original equation is linearized, and the
differentiability of the solution semi-group is proved, and the line is further proved. The decay of the volume element of the
sexualization problem is studied, and the finite Hausdorff dimension and Fractal dimension of the global attractor family are
obtained.

Keywords: Kirchhoff Equation, The Existence and Uniqueness of Solutions, Global Attractor Family, Hausdorff Dimension,
Fractal Dimension

scholars have devoted themselves to the study of Kirchhoff
equation. In 1997, Kosuke Ono [2] studied the
initial-boundary value problem of the nonlinear Kirchhoff

1. Introduction

In this paper, we mainly study the higher order Kirchhoff

equation with strong nonlinear damping term
o+ (raff JeaYu+ paya + el = () )

%=0,i=1,2,D]IDn—l,xDaQ,t>0 @)

v

u(x,t) =0,

u(x,O) =u, (x), u, (x,O) =u, (x), x0QOR" (3)

where m>1,Q is a bounded rejion on R" with smooth

. 2| . .
Dirichlet boundary dQ and g u| u is a non-linear source

term.
Since Kirchhoff[1] proposed the Kirchhoff rope model for
studying the free vibration of elastic strings in 1883, many

wave equation with strong dissipation term
=D 8=, =l
d0) = 1y 11, 0) =
ul,, =0

by using the modified potential well method and concave

method, it is proved that when the initial energy
_ 1 +) 2 +
Eug,u,)= "”1"2 +m”Du0"2 y+1) - [l Zé related to

the equation is non-negative and small enough, a unique
(weak) solution exists globally in time and has a certain
attenuation characteristic; when the initial energy E (uo ,U, ) is
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negative, the solution will explode in a certain time.

In 2007, Xiaoming Fan and Yaguang Wang [3] studied the
low-order stochastic wave equation with nonlinear damping
and white noise existence and fractal dimension of compact
random attractors.

Uy +au, +h(u)ut —Au+f(u,t)—g(x,l‘) =‘1(X)W

In 2010, Zhijian Yang and Yunqing Wang [4] studied the
long-term behavior of solutions of low-order Kirchhoff
equation with strong damping term

=MDl =, + e, )+ ) = ().

where M(s):1+s%,1SmsL+, when N =
(v-2)

equation does not contain dissipation term -y, to describe

1, the

the small vibration of elastic strings. On this basis, in 2011,
Zhijian Yang and Jianling Cheng [5] once again studied the
long-term behavior of solutions of low-order Kirchhoff
equation with strong damping:

=MDl =8+ )+ o) = 1),
u|6Q =0 ’

u(x,0) = 1o () e (%,0) = 1 (),

where M (s) =1+s2,m=21 . For more information on
Kirchhoff equation, please refer to references [6-20].

On the basis of the lower-order Kirchhoff-type equation
studied by previous scholars, this paper studies the global
attractor family and its finite dimension estimation for the
higher-order Kirchhoff-type equation with strong non-linear
damping terms. The structure of this paper is as follows: The
first part is mainly about some basic assumptions; the second
part is to prove the existence and uniqueness of the global
solution by using prior estimation and Galerkin method, and
prove that the global solution is unique. In the third part, we
first prove the differentiability of solution semi-groups, and
then estimate the finite Hausdorff dimension and Fractal

dimension of global attractor family.

2. Basic Assumptions

For narrative convenience, define the following spaces and
marks:

D=p , #H=£Q) , #rQ=#"@NH(Q)
H(Q)=H" Q)N H(Q). C,C,(i =1,2,[TI21) is a constant

greater than 0, E, = B (Q)xHL(Q), (k=012--m) .

when k=0,E, = H!*xL*(Q).
Definitions (.,.) and ||[n]: ||[n]L2 represent the inner product

and norm of H , respectively

(u,v) = Iu(x)v(x)dx,(u,u) = ||u||2
Q

Let A, bea weak global attractor family from E, to E,,
and B, be a bounded absorption set from E, to E,,
where k=12[Lm.

Kirchhoff stress term M (s) satisfies the following
condition:

(4) M(s)oC(@):

d | e |2
1<,uOSM(s)S/11,/1= Ho» %“D +ku“ 20.
w. Hpfeo

. 2 . . .\
Nonlinear term gUu| )u satisfies the following condition:

(B) Let gUur)u be locally bounded and measurable,
guur)D c? (Q) )

3. Existence of Global Attractor Family

In this part, we first estimate the solution of problem (1) - (3)
a priori, then prove the existence and uniqueness of global
solution by Galerkin method. Finally, problem (1) - (3)
generates solution semi-groups and obtains global attractor
family by the properties of solution semi-groups.

Lemma 1 Assuming that the Kirchhoff stress term M (s)

and the non-linear term gQuF)u satisfy the conditions (A)
and (B) , f(x)OH , (up.u)0E, (k=0.12000) ,
v=u, +a,£>0, respectively, the
(u,v)l]Ek of the initial-boundary value problem (1) - (3)
satisfies the following inequality

smooth  solution

||(u,vl|2EA = "Dm”‘u”2 +||D"v||2 S@0)e™ + C(l - e_"),

therefore, there exists a non-negative real number C(R;) and
1=1,(Q)>0,

E E

m — 2 y-m _ 2 _ -m
y:min{—’g/]1 -2&-¢? 2epy e A" BECA 26},

such that

Proof By taking the inner product of
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(-A)'v=(-A)u, +(-A) &« and equation (1), we can get

ke, + Ml )y + Ba)a, + gl Joo(-a) )= (1) (o))

The items in successive processing (4) are as follows:

2 o AT

oY) =3 S0 = el +2 (0t .0*v) 25 oo D

according to hypothesis (A) we can get
bl )y ot o) sl s+ evlorad Jom 2 Ly s +emaforof

according to Holder inequality, Young inequality and Poincare inequality, there are

(ﬂ(—A)mut,(—A)kv):,3||Dm+kV||2—IBg(D'"+ku,Dm+kV) >4 ﬁ/‘l "D " +PAT ,8/11 ||D2k ”2 'BTSZHD'"HC“”Z

by assuming (B) and Poincare inequality, we have

el -0 ) = o)L o« b ool 2 22 el -

because f [H , according to Holder inequality and Young inequality, can obtain

(b e 5l + 245 o

substitute formula (5) - (9) into formula (4), we have

Cl)ll

ot ) [ B 2e-e o +loemeetan g lornf

e2elf ol <2 o <.

ﬁMk

where 2& y,—&* A" = Be*~C A" >0, and we can get
%{p(t)+ )< c

where 2€ 4~ 2 7" =B -Ci A" >0, 4lt) = HDkVH2 +,uHD"‘*"uH2 +gﬂu‘2)HDkuH2 , then by Gronwall inequality, there are

o)< do)er +E(1-)

4
Because 4 >1,min{l, 1} =1, so we can get
[, = +[p*f < g0y + cli-e7)

where & =0,1,2,[[[,m . Therefore, there exists a nonnegative real number C(R;) and ¢=¢,(Q) >0, such that

il <7 =Clr) (> 1)

[

m+k ||2

CA | et + sl ool
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Lemma 1 is proved.

Theorem 1 (Existence and uniqueness of solutions) Under Lemma 1, then the initial boundary value problem (1) - (3) has a

unique smooth solution (u,v) or” ([0,+00); E, ) .

Proof Let u,v be the two solutions of equation (1), let w=u—v be introduced into equation (1) and the inner product with

W, , can obtain

(e loratfeayu-s(jon Yoo+ st-a)

Formula (14) is dealt with item by item as follows:

( tt’wf)

(14)

el b=l )=

Ly as

(6(-2)"w,.w,) = Alp™w| (16)

according to assume (A) and differential mean value theorem, we can get

(koo u-m(jomf -
Lol ol =5 o™ = So -5

Yol —pare)

Dmu

= |

A)"v, Wtj

(amn

by hypothesis (B), Holder inequality, Poincare inequality and differential mean value theorem, we have

elPhe=ebth ) =leb e wele @l i)z SE S ielomd { S+ S el

substitute formula (15) - (18) into formula (14), we conclude that

2
2 —[Q'FQAI_WI +C4£ Al—m] D
UoH U

Dm

(sl +4

o )es-c)

w112
W

~(c,+c, ) <0

because when [ is large enough, if 28-C, =0, then (Z,B—Cz)"D"’wt"2 can be omitted temporarily, so the above

formula can be written as

b8 o) 5[ S S o i o (el

If we take o =min {(Cu

C3/] Cae /llm] C3+C4£2}’
uoou U

then we have

L)+ ov()so (19)
Where N(t) =||Wt "2 +,L1ﬂDmW”2 , by using the Gronwall

inequality, we get
N()< N(0)e@ =0 (20)

so w =0, the uniqueness is proved.
Theorem 2[9] Let £ be a Banach space, and the

semi-group S (t): E - E satisfy the following conditions:
(1) The semi-group S (t) is uniformly bounded in £, 1i. e.
OR >0, and there exists a constant C(R), so that when

||u||E < R, there is

Is(e)u, < c(r)

(2) There exists a bounded absorption set B, in E;
3 S (t) (t = 0) is a fully continuous operator. Then
semi-group S(t) has compact global attractor 4, .

(0 O0,+e0)) 1)

By replacing Banach space E in Theorem 2 with Hilbert
space E, , the following theorem of global attractor family is

obtained:
Theorem 3 Supposes that the global smooth solution of the
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problem (1) - (3) satisfies the condition of lemma 1, then the

problem (1) - (3) has a global attractor family A , that is there

exists a compact set 4, such that

t— 00

lim dist(S(¢)B, 4,) = sup| inf||S()x =], |~ 0.t —
x0B k

(1) S() 4 = 44,1 >0;
) }112 dist(S (t)B, A,{) =0, (DB O Ek), where

(22)

yo4,

S (t) is the solution semi-group generated by problem (1) - (3).

Proof It is necessary to verify the hypotheses of Theorem 2 (1), (2), (3). Under the hypothesis of Theorem 2, there exists a

solution semi-group S (t ) :

S(t): E, - E,

By Lemma 1, for 0B, U E, and contained in{"u"H,,,M @) +||V

2

”S(t)(“o + VOX

s =l
E‘_u

+[
I (Q) V

where =0, (uo, vo)[l B, , this shows that {S (t)}(t > 0) is uniformly bounded in E, . By Lemma 1, there is further

”S(t)(”o v, ]

so B, 1is bounded absorption set of semi-group S(t).

. =l
Ek_u

Because E, [0 E, is compact embedded, that is, bounded set
in E,(k=12,00m) is compact set in E, , so operator
semi-group S(t) is totally connected to =0 , then the
equation has a global attractor

4, =a(B,, )= N US[)B,, (k =1,2,0m) .

2021

family

4. Dimension Estimation

In this part, we first linearize the equation (1), then prove
the Frechet differentiability of the solution semi-group, and
finally prove the Haudorff dimension and Fractal dimension
of the finite dimension of the global attractor family.

Linearization of equation (1) - (3) is obtained

vl oo w2 o o pro)-a)

sBlayu el +elflu=0 @6
Ulx,6)=0, x00Q,t>0 (27)
U(x0)=¢,u,(x0)=n (28)

where (&.7)0E, ,(u,u,)=S)(u,y,u,) is the solution of
problem (1) - (3) obtained by (ug,u,) A4, .

Given (uq,u,)0A4,,S#):E, - E,, we can prove that for
any (£,7)0E, | the linear initial-boundary value problem (26)
- (28) has a unique solution (U(¢),U,(t)) O L*([0,+);E,) .

Lemma 2 For any ¢>0,R>0 | the mapping
S(@):E, - E, is Frechet differentiable on £, . The

2
[
(@) "I

(23)

it (Q)}S R, bounded set
e = ol ol )= &2 4)
Zg(o) <R} t21,=14,(R,) (25)

differential on &= (u,,u,)"
F:(&n" - U@),U, )", where U(¥),U,(t) are solutions
of the problem (26) - (28).

Proof Let ¢, = (uo,v0 )T Ok, , @, = (uo +&,v, +/7)T OE, ,
and "¢°"Ek <R, %"Ek SR | we define (uyv) =S()g, ,
(ﬁ ,V)T =S (t)ﬁo , can obtain Lipchitz property of bounded set
S(l) on £, ie.

is a linear operator on

IsO)g,-s@a;, <e(en);, (29)
let @=ii—u—U be the solution of equation
o, +mlp|-af o+ p(-aya=n o)
6(0)=,(0)=0 31)
Let s = ”D"’u |2,E = ||Dmt7|2 , then we can get

=M (s)- M) (-a)@ +20 (s)p"u, 0"U)(-2)"u
+ gl Ju=ela )i+l o+l Ju . 32

by taking the inner product of both sides of equation (30) and
Ht , We get

1d 1d
S el +m (S)EZ”D'”H"Z +B|p"e| =(n6).33)

let u =u —u , then by supposing (A), adding one item twice,
subtracting one item and generalized differential mean value
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theorem, we can obtain

[(M(s>-M<s))(—A)’"a+zM‘(s)(D”’u»D"'U)(—A)’"u,a]

=M'(as+<1—a)s)((D”’u,D”’u)—(D”’ﬂ,D’"a))[(—A)’”a,e,]+zM'<s)(D”’u,D”’u)[(—A)”’u,e,]

2 2

p"a| |p|p°)

+M (s)

sCSM"(c)HDmL_t D™u+D™i| |D"|D"8,

m 2

2M'(s)\D"6||D"||D"i|| D", =m ()|\D"| |D"|D"6,|+*|D"8||D"{|D"7| D" 8,

<c ol |pra) + ¢ (pral +|oellos) +c.p il +|p-el)oe] 649
according to hypothesis (B), differential mean value theorem and Holder inequality, we can get
(el el )i +{e 4 o+ alef o) < o @) lad 2 ) ellelod +|elor ). tetlon < ol +lel)el @9

so according to (34) - (35) formula and using Young's inequality, we have

2 2
(o)< 2ol ({5 G fof +gloaff o GO

Formula (36) is now substituted for formula (33), and according to hypothesis (A) , can obtain
2 14
o+ o). \off + lpef |+ el (37
Then by using Gronwall inequality, we conclude that

lo)f + D" < Cruec oDl dr < cmefwfu(an)fu; (38)

so from formula (38) we can getin E,, let B(t) = (U(t),Ut (t)) , when H({,/])T‘r - 0, we have

|#()-()-BLY;
[y,

Ciot
< Clge“’

)], o (39)

Lemma 2 is proved.
Theorem 4 Under the condition of Theorem 3, the global attractor 4, of the problem (1) - (3) has Hausdorft dimension and

Fractal dimension, and d, (Ak) < én,dF (Ak) < %n .

Proof Let A=-A, equation (1) can be written as

M”+M( Asu jAmu+ﬂA’”u,+g6u|2)4=f(x) (40)

let W=R.@=(u,v),p=(u,u,),v=u,+E&u, Rgi{“’u,} R {“’u,””} be an isomorphic mapping, so equation (40) can be written

as

WAAW+gW) = f (41)
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&l -1

2

where W ={u e’ 2(®)={o,eluf f 7 = {0/} A = M (|42 ) - pe)A” +£21  pa™ el |

m
A?u

W= FW)=f-AW-g(W) (42)

Lemma 2 shows that § (t) :E, - E, isaFrechet differential, then the linearized equation (42) can be written as

P+AP+g (W)P=0 (43)

where P, =F(W),P=(U,u,+eU)g (W)= (0, (g Qu\z)ﬂ u* +g&u\2))U). U is the solution of equation (41).
For a fixed (uy,vo)UE:, let &,&,++,&, be n elements in E, . Let U,(#),U,(t),~--,U,(!) be n solutions of linear
equation (43) with initial values U,(0) = ¢,U,(0) =¢,,---,U,(0) =&, . By direct calculation, we can obtain

[0, AU OA-AU, @, =[EAEA---¢,

g, xp([ 1 (WD) D, (D)d ) (44)

where /A denotes the outer product, ## denotes the trace of the operator, and Q,(7) denotes the orthogonal projection of
subspaces generated by E, to U,(¢),U,(?),--,U, ().

For a given time 7 , let w(7) =(Zj(r),/7j(r))T,j=1,2,---,n be the standard orthogonal basis of space
span{U,(1),U,(t),---,U,(t)} . Define the inner product on E,

(&) = (D™, D" ) +(D*n. D)) - (45)

To sum up, we can get

trF,(W(0) D, (T) = i(Ft(‘P(T)) O, (Nw, (1), w, (1)),
fj (46)
= é(E(LP(T))w,-(T),wj(T))Ek ,

where (F,(W(D)w,(7),w,(1)),, =—(/\£a)/.,a)/)—(;(W)w/.,a)/). From Poincare inequality and hypothesis (A), we can
obtain

_(Agwjawj) = _((ng ‘Uja(M( Au )_IBE)AM(] +‘92Zj +BAm,7j — €&l )’(Zja”j))

2

,6’£+1—M(HA%u

)
<-epe [ + (e[ sl a y+& ot [ o fr-slorn [ +elon

2
2 2
ﬂe+g2A;m+1—M(‘A%u )-2¢ (2/3+M(‘A%u )= BT A7 )
< : lpm¢ )| - ; e
<=2 (o [ +[pta ) (47)
-1 \/(,3—2)2“‘4/1{’" (M(\ A1 -(8-2)
where <g<

B 20"
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Cy = min{—(ﬂ£+gz/1;"1+1—M(‘Ayznu

)—28),(2ﬂ+M(‘

m
A2u

)—,35—1)/1{”—52—28}-

According to the definition of inner product over E, , Holder inequality and hypothesis (B), we can get

('),

=0 le )+l M)

=l el )+ el Jo, .t )

>{Jelr)

2o

According (46),(47) and (48), we have

(F (WD) (1), ;1)) < _%(

2 k
+HD n;

m+k
D <

Because  w,(1)=({,(1),n,(1))",j=12,---,n are the
standard orthogonal bases of space
Span{Ul (t)a U2 (t)a T Un (t)} » SO

2 2
<.+l =1 (50)

then have

Z(R(W(r))w/(f),w,-(r))@ <=1 rZ:"Dk/]/." 1)

n 2 n
For almost all 7, there is Z"D’WL" < Z/l‘;_l, so there
=1 JA

have
_hCn 2s-1
ok, (W) 10, (1) < - r3A; (52)
j=l
Let g,(¢) = sup sup(ljltrFl S(HW,) O, (1)dr) (53)
w,04n,0E t°°
I Jst
and have
g, =limsupg, (1) (54)
then from formulas (53) and (54), we can see that
q, < —M+ri/]j._l. (55
j=1

Therefore, the Lyapunov exponent of A, is uniformly
bounded

C 2 -
21 s-1
01+02+--~+0 < +r /‘j

S (56)

2
)*+r

2
Tt ot
(48)
f 2 C21 2 2 k 2
pif <S¢ Aot @
then there exists a s D[O,l], such that
_nC21 < s-1 < s-1 nCz] 5’7
(4,), SRR AT S 2 AT s = (57)
where A, are the eigenvalues of 4" , and
A, <A, <X A, , then there have
n 2 LA 5
q, = (2721[1 né /Zz“l/]/‘» l]S—MnCN (58)
21
s0
q .
max( ])*Sé (59)
1<j<n ‘q”‘

Then we can get conclusion ¢ (A)<%n,dp (A)<%n .

The proof is complete.

5. Conclusions

On the basis of previous studies on global attractors, this
paper studies the global attractor family on space
E (k=12,0lm) , and further studies the dimension

estimation of global attractor family. However, the proof of
the global attractor family in this paper is not sufficient, so the
proof of the global attractor family needs to be further
improved. It is suggested to further study and expand the
global attractor family on this basis.
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