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Abstract: For any bounded open interval X in the Euclidean space E', let JUSC(X) and |C(X) be the families of all
hypographs of upper semi-continuous maps and continuous maps from X to I=[0,1], respectively. They are endowed with the
topology induced by the Hausdorff metric of the metric space YxI, Y is the closure of X. It was proved in other two papers
respectively that |USC(X) and |C(X) are homeomorphic to s and ¢, respectively, where s=(-1,1)* and c;={(x,)0(~1,1)":

lim,_.x,=0}. However the topological structure of the pair (JUSC(X), |C(X)) was not clear. In the present paper, it is proved in

the strongly universal method that the pair of spaces (JUSC(X), |C(X)) is pair homeomorphic to (Sw,cow) which is not

homeomorphic to (s, cg). Hence this paper figures out the topological structure of the pair (JUSC(X), |C(X)).
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The Property of Strongly Universal

1. Introduction

For a Tychonoff space X and a subspace L of the real line R
with the usual topology, let C(X, L) denote the set of all
continuous maps from X to L. C(X, L) can be endowed with
different topologies which are interesting for topologists.
There are many research results in this field. In 1966 and 1991,
two classical results were proved respectively which are listed
below.

Theorem 1 [Anderson-Kadec Theorem] [1]. Cy(X, L) is
homeomorphic to (=) the Hilbert space L,=s=(-1,1)" [2] if X is
an infinite compactum (a compactum means a compact metric
space) and L=I=[0, 1] or L=R, where Cy(X, L) is C(X, L)
endowed with the uniformly convergence topology.

Theorem 2 [3]. Cp(X, L)=c, if X is a countable non-discrete
metric space and L=R or L=I, where Cp(X, L) denotes C(X, L)
endowed with the pointwise convergence topology, and
co={(Xn) (-1, 1)" : lim,_.x,=0}.

In [4] to [7], C(X, I) was endowed with another topology. To
introduce this topology, it is necessary to recall the knowledge
about hyperspace. For a metric space (M, d), the hyperspace
Cld(M) is the set consisting of all non-empty closed subsets of
M endowed with Vietoris topology. Hausdorff distance dy

defined as follows:
du(A, B)=Inf{e: B4 (A, €)2B and By4(B, €)DA} (1)

for any A, BE€ CId(M). It is well-known that if M is compact,
then dy is a metric and deduces Vietoris topology on Cld (M).

Let X be a space. A (single-valued) function f: X — R is
called upper semi-continuous if f'(—o, t) is open in X for
every t ER. For a Tychonoff space X and LCR, let USC(X, L)
denote the family of all upper semi-continuous maps from X
to L. For convenience, USC(X, I) and C(X, I) are abbreviated
as USC(X) and C(X) respectively.

For every f €USC(X), let |f be the region below of f, that
is, [f={(x, ) EXXL: A< f(x) } then |f €CId (XxI).

Hence |USC(X)={|f: fE USC(X)} and |C(X)= {|f: fE
C(X)} can be topologized as subspaces of the hyperspace
Cld(XxI). |C(X) can be considered as C(X) endowed with
another topology which is different with the two former
topologies ([4, Corollary 1]).

For two pairs of spaces (X;, Y;) and (X5, Y;) with Y, C X,
and Y,CX,, the symbol (X;, Y)=(X,, Y;) means that there
exists a homeomorphism h: X; —X, such that h(Y;)=Y,. For a
metric space X, we use X, and clx(-) to denote the set of all
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isolated points of X and the -closure-operator in X,
respectively.

In 20035, it was proved that [USC(X)=Q (Q = [-1, 1]"is the
Hilbert cube) when X is a compactum [8].

In 2006, there was the following result.

Theorem 3 [4]. For a Tychonoff space X, the following

conditions are equivalent:

(a) X is a compactum and clx(Xo)#X;

(b) JC(X) = co;

(c) (JUSC(X), |C(X)) = (Q, co).

In 2009, the following theorem was proved which indicated
that the topological structure of (|USC(X), |C(X)) was
figured out for every compactum X.

Theorem 4 [7]. Let X be a compact metric space, |X| denotes
the cardinal number of X, and Z={(x,) €Q: sup{x,; nEN"} <
1} be a subspace of Q, then

(1 USC(X), 1+ C(X))
(Im’ Im)
= Q, ¢,)
Q,c, 0Q\ X))

if X is finite
if ch(XO) X

otherwises.

If X is a non-compact space, |USC(X) and |C(X) can be
endowed with Fell topology. From 2014 to 2016,Yang made a
series of research in this area, see [9-11].

If X is a non-compact and topological complete metric
space whose completion is compact, then |USC(X) and | C(X)
can be embed in |USC(Y) as subspaces [12, 13], where Y is
the completion of X. In fact, define a map |e:
JUSC(X)— |USC(Y) as following: for any f € USC(X),

f(x) x O X
e (f) () = Lin () x DY\ X @

It had been proved in [12] that | e is an isometric imbedding.

In 2008, there was the following result about |USC(X).

Theorem 5 [12]. JUSC(X) = [, =s if (X, p) is a non-compact
and topological complete metric space whose completion is
compact.

However, at that time, we didn’t know the topological
structure of |C(X) for every X satisfying the condition in
Theorem 5. In 2013, we considered the case of clx(X,)#X, and
got the following result.

Theorem 6 [13]. If X is a noncompact, locally compact,
totally bounded, separable metric space, then |C(X, I) = ¢, if
and only if clx(Xq)#X.

We failed to prove that (JUSC(X,I),|C(X,I))~=(s,c,) for
every noncompact, locally compact, totally bounded,
separable metric space X with clx(Xp)#X. In this paper, we
take a particular case, that is, consider X as a bounded open
interval in the Euclidean space E' and we prove the following
main result.

Theorem 7. For any bounded open interval X in the

Euclidean space E', (JUSC(X), |C(X))=(s",c, ).

Remark 1. In fact (Q”, s*) = (Q, s) and (Q”, ¢,”) = (Q, cy),
however, (s”, ¢,”) is not pair homemomorphic to (s, ¢co) [14].
Hence the above theorem indicates that (JUSC(X), |C(X)) is
not homeomorphic to (s, ¢).

2. Preliminaries

All spaces under discussion are assumed to be separable
metrizable spaces. All definitions on this section can be found
in[15] or [16].

Definition 1 A space X is called an absolute retract,
abbreviated AR, provided that for every space Y containing X
as a closed subspace, X is a retract of Y, that is, there exists a
continuous map r: Y — X such that r|x = idx.

Definition 2 A closed subset A of a space X is said to be a
Z-set of X if the identity idx can be approximated by
continuous maps from X to X \ A. A Zo-set in a space is a
countable union of Z-sets in the space. A space is called a
Zo—space if it is a Zo—set of itself. We use Z(X) and Zo(X) to
denote the family of all Z-sets and the family of all Zo-sets in
X, respectively. A Z-embedding is an embedding with a Z-set
image.

Definition 3 A subset A of a space Y is called homotopy
dense in Y if there exists a homotopy h: Y x I — Y such that hy
=1idy and h(Y)C A for every t > 0.

Definition 4 Let My and M, denote the class of compacta
and the class of topological complete spaces, respectively. A
space is called an absolute Fo-space if it is an Fo-set in any
space which contains it as a subspace. A space is called an
absolute Fod-space if it is an Fod-set in any space which
contains it as a subspace. Let M, denote the class of all
absolute Fod-spaces. Let (My, M;, M,) denote the class of all
triples of spaces (M, B, A) suchthat MODBDA, MEM,, BE
M] and A€ Mz.

Definition 5 Let Fo denote the class of all absolute
Fo-spaces. Let (X, d) be a copy of Hilbert cube Q and the pair
of spaces (X, Y) €(M,, My)(or res. (M, Fo)). We say that (X,
Y) is strongly (My, M,) -universal (or res. strongly (M,, Fo)
universal)provided for each(M, B)E(M,, M,) (or res. (M,
Fo)), each continuous map f: M — X, each closed subset K of
M such that flg: K—X is a Z-embedding and each € > 0, there
is a Z-embedding g: M — X such that g|x = fl, g '(Y)K =
B\K and d(g(m), f(m)) < ¢ for each mE M.

Remark 2. (Q, ¢”) is strongly (My, M,) —universal [14]
and (Q,Y) is strongly (Mg, Fo) universal [15].

Definition 6 Let (X, d) be a copy of Hilbert cube Q and the
triple of spaces (X, Y, Z) € (M, M|, M,). We say that (X, Y, Z)
is strongly (M, M, M,) -universal provided for each

M, B, A)E (M, M;, M,), each continuous map f: M — X,
each closed subset K of M such that flg: K—X is a
Z-embedding and each & > 0, there is a Z-embedding

g: M — X such that g[K = flK, g '(Y) \K=B\K, g '(Z) \K
=A\K and d(g(m), f(m)) < € for eachm € M.

Let Q, be the absorbing set in R* for the class M,
constructed in [17].

The following lemma is a statement in [18, page 274].

Lemma 1. Let (Rc”, R”, D) be a triple of spaces with D=Q,,
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then (Rc¢”, R”, D)=(Rc”, R”, Q, (triple homeomorphism
whose definition is similar as pair homeomorphism) if and
only if (R¢”, R”, D) is strongly (M, M;, M,) —universal, Rc=
[—o0, +o0].

Corollary 1. Let (A, B, C) be atriple of spaces with (A, B) =
(Q, s) and C = ¢y, then (B,C) = (s, ¢o”) if (A, B, C) is strongly
(Mo, M, M,) -universal.

Proof. Since (A, B) = (Q, s) = (R¢”, R”), there exists a
homeomorphism h: A — R¢” such that h[B] = R”. Put D =
h[C], then (A, B, C) = (R¢”, R”, D) and D = ¢,. If (A, B, C) is
strongly (My, M;, M,)-universal then (R¢*, R”, D) is also
strongly (Mo, M, M,)-universal. Note that Q,~ c!'”), (R¢”,R”,
D) = (R¢”, R”, Q,) by lemma 1. Since (R”, Q,) = (s”, ¢”) [14],
(B, C)=(R",D) = (R, Q) = (5", ¢p").

3. Proof of the Main Result

In this section, X is always assumed for an bounded open
interval in E', and Y be the closure of X which is compact. We
can define a metric d on the product space YxI as following,

d((x1,t1),(X2,t2))=Max {[x;-X, . [t1-ta| }

for any (x, t1),(Xs, t,) E Y XI.
Let dy be the Hausdorff metric on CId(Y xI).

3.1. Some Lemmas for Proof of Theorem 3

Lemma 2 [13, Corollary 3]. There exists homotopy

H: JUSC(Y) x I — | USC(Y) such that

Hy = id,ysc(y), and H(JUSC(Y)) < |C(Y) for each t >0, and
dy(H(lf, t), [H)<t for each fE USC(Y) and each tE1.

Lemma 3 [5, Lemma 8]. Let A be a metric space and

a, b: A — I two continuous maps with a(y) < b(y) for each y
€ A. And let M: A X I — I be a map satisfying the following
conditions:

(1) for each fixed y0 € A, M(y0, t): I — I is increasing,

(2) for every fixed t0 € I, M(y, t0): A — I is continuous.

Then s: A— I defined by

s(y) = J‘W)M (y, t)dt

1

b(y) = aly)
is continuous and M(y, a(y)) < s(y) < M(y, b(y)) for every
yEA.

Lemma 4 [19, lemma 2.9]. (Q,, ¢)) = (Q”, ¢y”), where

Qu :[07 1]00’ €1 = {(Xn) € Qu: 1imn~>m Xp = 1}

Lemma 5 [15, Proposition 5.4.6]. (Q,Q\s) = (Q,X).

Lemma 6 [4, Lemma 5]. Let F=EUZC |USC(Y) be closed.
If Z is a Z-set in |USC(Y) and for every |fEE there exists a
€Y such that f(a) = 0, then F is a Z-set in [USC(Y).

3.2. Proof of Theorem 3

Since (JUSC(Y), |USC(X))=(Q, s) [12], |C(X)= ¢, [13], by
Corollary 1, it suffices to prove the following lemma.

Lemma 7. The triple of spaces (JUSC(Y), |USC(X), |C(X))
is strongly (My, M, M,) -universal.

Proof. Without loss of generality, assume that X = (-1, 1),
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Y=[-1,1]. Letx, = 1/2", x’, = 1/2" — 1 for everyn € N, xo=
0 and x,, = —1, then lim,_,,, X, = X and lim,_,, X', = X... Let (D,
B, A) be a triple of spaces such that (D, B, A)E (M,, M;, M,)
and K be a closed subset of D. Let ®: D — USC(Y) be a map
such that |[@: D — |USC(Y) is continuous and |®| x: K
—JUSC(Y) is a Z-embedding. By [7, Lemma 1.1], without
loss of generality, we may assume that |®(K) N |®(D\K) =[] .
For every ¢ € (0,1), let 5: Y — [0,1) be a map defined by

d(y) =(1/5)min{e,d u (1D(y),{ P(K))}.

Then 6 is continuous and 8(y) = 0 if and only if y € K. For
everyk € N, let

D.={y € Y:2 5 <§(y) <27,

Then U yen+ Di=D\K. In what follows, we shall define.

In what follows, we shall define ¥\:D, — USC(Y) for every
k € N, and then use these maps and ®| ¢ to define a map ¥:D
— USC(X) such that |¥: D —|USC(Y) is a Z-embedding,
Pl =0lg, ¥ (USC(X))\K=B\K, ¥ (C(X)) \K=A\K and d ;
(I¥(y), |D(y)) < € for each y € D. This task will be finished in
four steps.

It follows from Lemma 3, that there exists a homotopy H:
LUSC(Y) x I — | USC(Y) such that

Ho= id,usccvs H(LUSC(Y))© |C(Y) and

du(H(f), |f) <tfor each f EUSC(Y) and eacht € (0,1].

For each yED, and t&1, let

Ih(y) = H(}®(y),5(y)),

M o (:0) = sup {h(y)(x): |x — X | < t},and

M.(y.0) = sup {h(y)(X): [x — x| < 1}.

Then h(y) € C(Y) for each y € D\K and

lh|pw: D\K — | C(Y) is continuous.

Moreover, du(lh(y),|®(y)) < 6(y) for every yED. It
follows from the continuities of 6 and H that

My, M,,.: (D\K) x I — I satisfies the conditions (1) and (2) in
Lemma 3.

Thus

20(y)

1
o) I&y)

is continuous on D\ K and M;(y,8(y)) < si(y) < Mi (y,28(y)) for
everyy € D\K.

By Definition 5 and Lemmas 4 and 5, there exist
Z-embeddings a: D — Q, and f: D — Q such that

o [c1] = Aand B [Q\E] = B. If a(y) = (x, %o, X, )
€ Quand B(y) =(z1, 22, "",Zn ) €Q, then the symbols
a(y)(n) and B(y)(n) denote x , and z, respectively. For each n
€ N+, defineamap V,: D —1by

Va(y) = max{|p(y)®):i € {1.2,7 - -.n}}

for every yED. It is easy to check that V,, is continuous and
lim,_, Vu(y) =1 if and only if yEB.

Define continuous maps ¢y: D, — I by

O (y) =2 —25(y). Since y ED, 2 “<8(y) <2 “*!. Hence
Oiktbk(}’)f Lo (y)=0if3(y)=2""and ¢y (y) = 1 if 3(y) =
27"

s;(y) = M (y, t)dt(i = Ooreo)
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LetY;={x €Y: 27" <|x —x¢|<27}, and

Yi={x €Y:2 ' <|x—x,|<27}, then

Y=01/2, 11U Ujen+ (Y; UY")).

Define ¢;: Y; — I by ¢; (x) =2 (27— |x — x¢ |) for each
1€EN,. Then ¢;(x;) =0 and ¢; (X+;) = 1 for everyi> 1.

Define y;: Y'; — I by v; (x) =2 (27— |x — x, |) for each
1€N,. Then y; (x)) = 0and v; (x'i+1) = 1 for everyi > 1.

Step 2: For every k € N, define a map ¥y on Dy.

For every k € N, define a map ¥y: Dy — USC(Y) as
follows:

forevery yED |,

ifxE(1/2, 1JU Ujepin, (Y UY'),

i () = h(y)(x).

Ve ()X 21y = h(y) (X 215

Y (M 212) = (1= 0w (¥)s0(y) + ¢ 1 (9D(Y) (X 21s2);

P (M 23) = (1 = 91 (¢))8(y) + h(y) (Xaw3) ¢ (y);

W i(y) (X 2144) = 80 (¥);

P () (X 2145) = O(y);

Fi(y)(xaire) = (1 = ¢k (9)S@Ia(y)(1) + ¢ 1(y)so(y);

if m is odd and m > 7, ¥i(y)(X 2k+m) = 3(¥);

if mis even and m> 8,

i (¥)(Xokem) = 31 = d(y))ay)(m+2)/2= 3)

+ du(y)a(y)(m/2-3)];

Pi(y)(x0) = 3(y);

IfXE Yo, 1 EN,

Pu(y)(x) = (1= 0i(x) V() (Xoksi) + 0 i(X) Fr(y) Xaksin)-

() (X 2k+1) = h(y) (X'2141);

Pi(y)(X202) = (17 0u(¥))8:e(Y) + O(¥)D(Y) (X 2142);

P(y)(X'243) = h(Y)(X 2k43)0i(Y);

Pr(¥)(X'2k14) = SelY);

() (X 2x45) = 0;

Pi(y)(X'2k+6) = (1= OBV V1Y) + Ou(¥)s(y);

if mis odd and m > 7, Wi(y)(X"2x4m) = 0;

ifmis evenand m> 8,

P (V)& 21m)= (N1 = oY)V (mr2y2-3) (¥)

+ OV @23 W]

Y ()(x) = 8(y);

if X €Y'y, 1IEN,,

Pr@E)=(1 =i (%)) Pi(y) (X2x+)

V)P (X 2kti41)-

Step 3. Checking corresponding properties of maps ¥y's to
prepare for defining the map V.

Claim 1: For every yEDy, Yi(y) is well-defined on Y,
continuous on Y\{xq, X,,} and upper semi-continuous at x, and
X, Moreover, lim ., Pi(y)(X) = d(y) =¥ (y)(X,) if and only
if lim,_,,V,(y)=1 if and only if yEB. Therefore, if y € Dy,
then Y (y)€USC(X) if and only if yEBNDy. Yi(y) is
continuous at x, if and only if lim,_,,0(y)(n)=1 if and only if
y EAN Dk.

The proof of Claim 1 is trivial.

Claim 2: For each kEN,,
continuous.

It can be proved like the proof of [4, Proposition 1].

Claim 3: Y(y) = Yi+1(y) for every y € DNDy..

For every y EDyND y,, we have 8(y) =1/2%.

Thus, ¢i(y) =1 and ¢i1(y) = 0.

Ifx€(1/2, 17U Uieq,

WY —]USC(Y) is

AAAAA

Pi(y)(x) = h(y)x)=Fi:1(y)(x).

¥ (W)X 211y = h(y) Koy =P ient () (X 211)-
¥k (VX 212)= h(y) (X 21:2)= Prert ()X 2142)-
¥k (VX 21:3)= h(y) (X 2143)= Prer ()X 2143)-
W r(¥)(X 2k44) = 80 (Y) = Prerr(Y)(X 214)-

W k(¥)(X 2145) = 8(Y)= i1 (Y)(X 2145)-
Pi(y)(Xak+6)= 8 0 (¥) =Fir1(y)(Xakeo)-
Ifmisodd and m>7,

YY) (X 2k0m) = 8(Y)= Y1 (V) (X 20ctm)-

If misevenand m> 8§,

i (¥)(Xokem) = 3(Y)a(y)(m/2-3) =¥ i1 (¥)(Xokem)-
Pi(y)(x0) = 8(y)= Yi1(¥)(X0)-

If X € Yousi = Youe1)+-2p1 EN 4,

Pr(y)(x) = (1= ¢i(x) Pi(y) (Xawsiy + @ i(X) Pi(y)Xaierieny

= (1= 0i(x) Y1 (V) (Xt 1y+(G-2))

+ @ i(X) Pier1 () (Ko 1)+-2)+1)

=P (Y)(x).

Py (X 2e+1) = h(y) (Xoe1)= it ()X 211
Pi(¥)(X21+2) = h(y) (X 212) =11 (¥) (X 2102)-
Pr(y)(X2+3) = h(y) (X 2113) =11 () (X 2143).
Pi(Y)(X'2k4) = Sool(y) =Fier1(Y) (X 214)-

(¥ (X2k+5) = 0 =11 (7) (X 2ke5)-

Pr(¥)(x216) = (1= di(¥)S(Y) V1Y) + di(y)s(y)
Y1 () (X 2x46)-

If mis odd and m > 7, Yi(y)(X'2x4m) = 0=Fis1(¥) (X 2106m)-
If mis even and m> 8§,

P (X 26m)= 3(YIV (2 -3) (¥) = i1 (Y)(X 2k06m)-

Pi(¥) (X )=0(y)=Fic1(¥) (Xo0)-

IFXEY'54= Y 2 1y+-251 € Nty

)= (%)) Pily) Kaied) + VOO K 2icio1)
=(1=yi (%)) Pir1(¥) X2ei) + i) Prer1 (V) (X 24i41)
=(1=y; (%)) Vi (y) (X2w+1y+-2)

T Yi(X) Vit (DX 24 1y46-2041)7 Pt (¥)(X).

Step 4: Defining the map ¥ and checking its properties
Now we can define a map ¥: D — USC(Y) as follows:

®(y) = aly)
Wy =
(v) { e

y Ok
y ubp,

Then W|x = ®|¢. Therefore, the following claims show that
| is as required.

Claim 4: For everyy €D, dy(|¥(y), |D(y)) < 4d(y) <=e.

It can be proved similarly as the proof of [4, Proposition 1].

Claim 5: |¥: D —|USC(Y) is a Z-embedding.

Since D is compact, it suffices to prove the following three
aspects.

(1). |¥ is continuous.

It follows from Claims 2, 3 and 4.

(2). ¥ is an injection.

For any yl, y2 ED with yl # y2, we shall show P(yl) #
Y(y2). By the symmetry, we only consider the following three
cases.

Case 1. yl, y2€ K. This fact is trivial.

Case 2. yl €K and y2 €D\K. Then, by Claim 4,

du(]¥(y2),| 0(y2)) < 48(y2).

On the other hand, it follows from the definition of é that

du(J@(y1),|2(y2)) 2 du(] P(K), D(y2)) = 55(y2) > 0.
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We conclude that P(yl) = ®(y1) # P(y2).

Case 3. yl, y2€D\K. If ¥(y1) = ¥(y2), then

S(y)=P(y1)(X)=P(¥2)(X,)=6(y2) Z 0. Thus there exists k
such that y1, y2 €Dy and ¢i(y1) = di(y2).

On the other hand, for every iEN,,

Py D(Xak+) = Py D(Xawsi)= Py2) (Xaiei) = Pr(y2) (Xaxei)-

Thus, if ¢ (yl)=d0i(y2)=1, then o(yl)(m)=a(y2)(m) for
every m € N, by 6(y1)=06(y2) and the definition of Wi (y1)(Xax+i)
and Wi (y2)(xa+;) for every even number i with i>8. If ¢(y1)
=0u(y2) # 1, then a(yl)(m)=a(y2)(m) for every mEN, by
0(y1)=08(y2) and the definition of W (yl)(Xasi) and
Y (y2)(Xax+;) for every even number i with i>4. Thus a(yl) =
a(y2) in both cases. Since a: D — Q, is injective, we have that
yl=y2 which contradicts with the assumption of yl Z y2.

(3). |¥(D) is a Z-set of |USC(Y).

1¥(D) is compact by (1). Noticing that, for every yE Dy,
Y(y)(xX'2x+4) = PI(Y)(X'2644)=0, it follows from Lemma 6 that
JP(D) is a Z-set.

Claim 6: ¥ '(USC(X))\K=B\K and ¥ '(C(X))\K=A\K.

In fact, for every y € D\K, there exists k such that y € D,. It
follows form the definition of ¥ and Claim 1. We are done.

4. Conclusion

For any bounded open interval X in the Euclidean space E',
JUSC(X) is homeomorphic to s [12] and |C(X) is
homeomorphic to ¢y [13]. However in this paper, it is proved
that (JUSC(X), |C(X)) is pair homeomorphic to the pair

(s”,c,") which is not pair homeomorphic to the pair (s, ).
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