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Abstract: In this paper, it is introduced the concept of lacunary statistical convergence with respect to a fuzzy norm by using 
lacunary statistical convergence of a sequence and statistical convergent of a sequence with respect to fuzzy norm. It also has 
studied the relation between these concepts. 
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1. Introduction 

The concept of statistical convergence of real number 
sequences was introduced Fast [7] and Steinhaus [18] and 
later reintroduced by Schoenberg [15] independently. Many 
mathematicians such as Connor [5], Fridy [9], Colak [4], Et 
and Cinar [3], T. Šalát [19] etc studied the concept of 
statistical convergence in summability theory. 

A complex number sequence ( )kx x=  is said to be 

statistically convergent to number L  if for every 0ε > , 

{ }1
lim : 0

k
n

k n x L
n

ε≤ − ≥ = , [9]          (1) 

where the vertical bars indicate the number of elements in the 
enclosed set. In this case, it is written as limS x L− =  or 

( )kx L S→ . It will also used S to denote the set of all 

statistically convergent sequences. Cesaro summability, which 
is a natural relationship with statistical convergence, is defined 
by 

[ ] ( )
1

1
,1 : lim 0,  for some 

n

k k
n

k

C x x x L L
n→∞ =

 = = − = 
 

∑     (2) 

Let ( ), .X  be an FNS . A sequence ( )kx  in X  is 

statistically convergent to L X∈  with respect to the fuzzy 
norm on X  provided that for each 0ε > , we have 

( ){ }( ): ,0 0
k

k D x Lδ ε∈ − ≥ =ɶℕ    (3) 

This implies that for each 0ε > , the set 

( ) { }0
:

k
K k x Lε ε+= ∈ − ≥ℕ  has natural density zero; 

namely, for each 0ε > , 
0k

x L ε+− <  for almost all k [17]. 

If { }rkθ =  is a lacunary sequence then we will take an 

increasing integer sequence such that 0 0k =  and 

1r r r
h k k −= − → ∞  as r → ∞ . Throughout this paper, the 

intervals determined by θ  will be shown as ( ]1,r r rI k k−=  

and the ratio 
1

r

r

k

k −

 will be abbreviated by 
r

q . 

The set of all Lacunary summable sequence is shown by 
Nθ , which is defined by 

1
: lim 0,  for some 

r

k
r

k Ir

N x x L L
h

θ →∞ ∈

   = − =  
   

∑  [16].   (4) 

Fuzzy sets are considered with respect to a nonempty base 
set X  of elements of interest. The essential idea is that each 
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element x X∈  is assigned a membership grade ( )u x  

taking values in [0,1] , with ( ) = 0u x  corresponding to 

nonmembership, 0 < ( ) < 1u x  to partial membership, and 

( ) = 1u x  to full membership. According to Zadeh [21] a 

fuzzy subset of X  is a nonempty subset {( , ( )) : }x u x x X∈  

of [ ]0,1X ×  for some function [ ]: 0,1u X → . The function 

u  itself is often used for the fuzzy set. 
A fuzzy set u  on R  is called a fuzzy number if it has the 

following properties: 
1. u  is normal, that is, there exists an 0x ∈R  such that 

0( ) = 1;u x  

2. u  is fuzzy convex, that is, for ,x y ∈R  and 0 1,λ≤ ≤  

( (1 ) ) min[ ( ), ( )];u x y u x u yλ λ+ − ≥  

3. u  is upper semicontinuous; 
4. = { : ( ) > 0},suppu cl x u x∈R  or denoted by 0[ ] ,u  is 

compact. 
Let ( )L R  be set of all fuzzy numbers. If ( )u L∈ R  and 

( ) = 0u t  for < 0,t  then u  is called a non-negative fuzzy 

number. We write ( )L∗
R  by the set of all non-negative fuzzy 

numbers. We can say that ( )u L∗∈ R  iff 0uα
− ≥  for each 

[ ]0,1 .α ∈  Clearly we have 0 ( ).L∈ɶ R  For ( ),u L∈ R  the 

α  level set of u  is defined by 

[ ] ( ]{ : ( ) }, if 0,1
=

, if = 0.

x u x
u

suppuα

α α
α

 ∈ ≥ ∈



R
       (5) 

A partial order �  on ( )L R  is defined by 

u v�  if u vα α
− −≤  and u vα α

+ +≤  for all [ ]0,1α ∈  

Arithmetic operation , ,⊕ � ⊙  and ⊘  on ( ) ( )L L×R R  

are defined by 

( )( ) ( ) ( ){ }= sup
s

u v t u s v t s t
∈

⊕ ∧ − ∈
R

R  

( )( ) ( ) ( ){ }= sup
s

u v t u s v s t t
∈

∧ − ∈
R

R�  

( )( ) ( ) ( ){ }
0

= /sup
s
s

u v t u s v t s t
∈
≠

∧ ∈
R

R⊙  

( )( ) ( ) ( ){ }= sup
s

u v t u st v s t
∈

∧ ∈
R

R⊘ . 

For ,k
+∈R  ku  is defined as ( ) ( )= /ku t u t k  and 

( )0 = 0,u t ɶ  .t ∈R  

Some arithmetic operations for α − level sets are defined 
as follows: 

, ( )u v L∈ R  and [ ] = ,u u uα αα
− +    and [ ] = , ,v v vα αα

− +    

( ]0,1 .α ∈  Then 

[ ] = ,u v u v u vα α α αα
− − + + ⊕ + +   

[ ] = ,u v u v u vα α α αα
− + + − − − �  

[ ] = . , .u v u v u vα α α αα
− − + +  ⊙  

1 1
1 = ,u

u uα α α
+ −

  
     

⊘

∼

 > 0uα
−  

For , ( ),u v L∈ R  the supremum metric on ( )L R  defined 

as 

( ) { }
0 1

, = sup max , .D u v u v u vα α α α
α

− − + +

≤ ≤
− −  

It is known that D  is a metric on ( ),L R  and ( )( ),L DR  

is a complete metric space. 
A sequence = ( )

k
x x  of fuzzy numbers is said to be 

convergent to the fuzzy number 0 ,x  if for every > 0ε  there 

exists a positive integer 0k  such that ( )0, <kD x x ε  for 

0>k k  and a sequence = ( )kx x  of fuzzy numbers 

convergens to levelwise to 0 ,x  iff [ ] [ ]0=lim k
k

x xα α
−

→∞
 and 

[ ] [ ]0=lim k
k

x xα α
+

→∞
 where [ ] ( ) ( )= ,k k kx x xα αα

− + 
 

 and 

[ ] ( ) ( )0 0 0= ,x x xα αα
− + 

 
 for every ( )0,1 .α ∈  ([2, 6, 11, 12]). 

The statistical converge of fuzzy number was defined Savas 
[14] as follows; 

A sequence ( )kX X=  of fuzzy numbers is said to be λ −  

statistically convergent to fuzzy numbers 0X  if every 0ε >  

( )0

1
lim : , 0.

n k
n

n

k I d X X ε
λ

∈ ≥ =              (6) 

Later many mathematicians such as Altınok, Altın and Et 
[1], J. A. Fridy and C. Orhan [10], F. Nuray [13] etc studied 
statistical convergence of fuzzy numbers. 

Let X  be a vector space over ,R  let ( ). : X L∗→ R  

and the mappings ;L R  (respectively, left norm and right 

norm) [ ] [ ] [ ]: 0,1 0,1 0,1× →  be symetric, nondecreasing in 

both arguments and satisfy ( )0,0 = 0L  and (1,1) = 1.R ([8, 

20]) 

The quadruple ( ), . , ,X L R  is called fuzzy normed linear 

space ( )( )briefly , .X FNS  and .  a fuzzy norm if the 

following axioms are satisfied 

1. = 0x ɶ  iff = ,x θ  

2. =rx r x⊙  for ,x X∈  ,r ∈R  

3. For all ,x y X∈  

a. ( ) ( ) ( )( ), ,x y s t L x s y t+ + ≥  whenever 
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1 1
,s x t y

− −≤ ≤  and 
1

s t x y
−+ ≤ + ,  

b. ( ) ( ) ( )( ), ,x y s t R x s y t+ + ≤  whenever 

1 1
,s x t y

− −≥ ≥  and 
1

s t x y
−+ ≥ + . 

Let ( ), .
C

X  be an ordinary normed linear space. Then a 

fuzzy norm .  on X  can be obtained 

( ) ( )

( )

0 if 0 or

=
1 1

1 1

C C

C C

C

C C

C

t a x t b x

t a
x t a x t x

a x a

t b
x t b x

b x b




≤ ≤ ≥
 − ≤ ≤ − −
 −
 + ≤ ≤

− −

  (7) 

where 
C

x  is the ordinary norm of ( ) ,x θ≠  0 < < 1a  and 

1 < < .b ∞  For = ,x θ  define = 0.x ɶ  Hence ( ), .X  is a 

fuzzy normed linear space.[8] 
Sençimen [17] was defined convergence in fuzzy normed 

spaces by taking advantage of Kaleva [11, 8], as follows; 

Let ( ), .X  be an FNS . A sequence ( ) =1n n
x

∞
 in X  is 

convergent to x X∈  with respect to the fuzzy norm on X  

and we denote by ,
FN

n
x x→  provided that 

( ) = 0;lim n
n

D x x
→∞

− − ɶ  i.e. for every > 0ε  there is an 

( )N ε ∈ℕ  such that ( ),0 <nD x x ε− ɶ  for all ( ).n N ε≥  

This means that for every > 0ε  there is an ( )N ε ∈ℕ  such 

that 

[ ] 0
0,1

= <sup n nx x x xα
α

ε+ +

∈
− −  

for all ( ).n N ε≥  

The purpose of this paper is to introduce and study a 
concept of lacunary convergence sequence with respect to 
fuzzy norm. 

2. Main Result 

In this section, we introduce notions of lacunary statistical 
convergence and lacunary summable in fuzzy normed linear 
spaces and we give some results. 

2.1. Definition 

Let ( ),X ⋅  be an FNS and { }rkθ =  be a lacunary 

sequence. A sequence ( )= kx x  in X is said to be lacunary 

statistically convergent to L X∈  with respect to fuzzy norm 
on X  or FSθ − convergent if for each > 0ε   

( ){ }1
lim : ,0 = 0

r k
r

r

k I D x L
h

ε
→∞

∈ − ≥ɶ          (8) 

and we write 
FS

k
x L

θ
→  or ( )kx L FSθ→  or lim =

FN

k
S x Lθ −  

where ( ]1, .r r rI k k−=  

This implies that for each > 0ε , the set 

( ) { }0
= :

r k
K k I x Lε ε+∈ − ≥  has natural density zero, 

namely, for each > 0ε ,
0

<
k

x L ε+−  for a.a.k. 

In this case we write lim =
FN

k
S x Lθ − . The set of all 

lacunary statistically convergent sequence w.r.t fuzzy norm on 
X will be denoted by FSθ . 

{ }: for some L, FS limFS x x Lθ θ= − = . 

2.2. Definition 

Let ( ), .X  be an FNS and { }rkθ =  be a lacunary 

secuence. A sequence ( )kx x=  in X  is said to be lacunary 

summable with respect to fuzzy norm on X  if there is a 
L X∈  such that 

( )1
lim ,0 0

r

k
r

k Ir

D x L
h→∞ ∈

 
− = 

 
∑ ɶ               (9) 

where ( ]1,r r rI k k−=  and 1r r r
h k k −= − . 

In this case we can write [ ]( )k FN
x L Nθ→  and 

[ ] ( ) ( )1
: lim ,0 0,  for some .

r

k kFN r
k Ir

N x x D x L L
h

θ →∞ ∈

   = = − =  
   

∑ ɶ  

2.3. Theorem 

Let { }rkθ =  be a lacunary sequence; then 

1. a) [ ]( )k FN
x L Nθ→ ⇒  ( )kx L FSθ→  

b) [ ]
FN

Nθ  is a proper subset of FSθ  

2. x l∞∈  and ( )kx L FSθ→  ⇒  [ ]( )k FN
x L Nθ→  

3. [ ]
FN

FS l N lθ θ∞ ∞∩ = ∩ , 

where l∞  is the set of bounded sequences. 

Proof. 

(1) a) If 0ε >  and [ ]( )k FN
x L Nθ→  then 

( ) ( )
( )

( ){ }
,0

,0 ,0

. : ,0 .

r r

k

k k

k I k I

D x L

r k

D x L D x L

k I D x L

ε

ε ε

∈ ∈
− >

− ≥ −

≥ ∈ − ≥

∑ ∑
ɶ

ɶ ɶ

ɶ

 

So we can write 

( ){ } ( )1 1
: ,0 ,0

r

r k k

k Ir r

k I D x L D x L
h h

ε
∈

∈ − ≥ ≤ −∑ɶ ɶ  
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( ){ }1
lim : ,0 0

r k
r

r

k I D x L
h

ε⇒ ∈ − ≥ =ɶ . 

This imply ( )kx L FSθ→ . 

b) In order to indicate that the inclusion [ ]
FN

N FSθ θ⊆  in 

(1) is proper, let θ  be given and define as 

1,2,..., ;at the first  integers in I

0 ;otherwise.

r r r

k

h h
x

        = 


 

Note that x  is not bounded. 
We have, for every 0ε > , 

( ){ }1
: 0 ,0 0r

r k

r r

h
k I D x

h h
ε∈ − ≥ = →ɶ  

as r → ∞ . 

i.e., ( )0kx FSθ→ . On the other hand 

( )

( )
0

1 1
0 ,0

. 11 1
0;

2 2

r r

k k

k I k Ir r

r r

r

D x x
h h

h h

h

+

∈ ∈

− =

    +   = ⋅ → ≠

∑ ∑ɶ

 

hence [ ]( )0
k FN

x Nθ→/ . 

(2) Suppose that ( )kx L FSθ→  and x l∞∈ . Then we say 
( ),0kD x L M− <ɶ  for all k. Given 0ε > , we get 

( )

( )
( )

( )
( )

( ){ }
,0 ,0

1
,0

1 1
,0 ,0

: ,0 .

r

r r

k k

k

k Ir

k k

k I k Ir r
D x L D x L

r k

r

D x L
h

D x L D x L
h h

M
k I D x L

h

ε ε

ε ε

∈

∈ ∈
− ≥ − <

−

= − + −

≤ ⋅ ∈ − ≥ +

∑

∑ ∑
ɶ ɶ

ɶ

ɶ ɶ

ɶ

 

From hence [ ]( )k FN
x L Nθ→ . 

If we pay attention here, the example given in (1) we have 
got an unbounded sequence. Afterwards we added 
boundedness in (2). In this case the hypothesis given (1) for 
the bounded sequence already provide. 

(3) When the boundedness condition is added as a result 

of (1) and (2), any [ ]
FN

Nθ − summable sequence is 

FSθ − convergence. At the same time any FSθ −  

convergent sequence is [ ]
FN

Nθ −  summable 

sequence. 

2.4. Lemma 

For any lacunary sequence θ , limFS x L− =  implies 
limFS x Lθ − =  if and only if liminf 1

r r
q > . 

Proof. 

Suppose that liminf 1
r r

q > . Then there exists a 0δ >  

such that 1
r

q δ> +  for sufficiently large r , which implies 

that 
1

r

r

h

k

δ
δ

≥
+

. 

If ( )kx L FS→ , then for every 0ε >  and sufficiently 

large r, we have 

( ){ }
( ){ }

( ){ }

1
: ,0

1
: ,0

1
: ,0 .

1

r k

r

r k

r

r k

r

k k D x L
h

k I D x L
k

k I D x L
h

ε

ε

δ ε
δ

≤ − ≥

≥ ∈ − ≥

≥ ⋅ ∈ − ≥
+

ɶ

ɶ

ɶ

 

So this result indicates that x is lacunary statistical 
convergence with respect to fuzzy norm. 

2.5. Lemma 

For any lacunary sequence θ , limFS x L− =  implies 
limFS x Lθ − =  if and only if limsup

r r
q < ∞ . 

Proof. 

If limsup
r r

q < ∞ , then there is a 0H >  such that 

r
q H<  for all r . Suppose that ( )kx L FSθ→  and let 

( ){ }: ,0
r r k

FN k I D x L ε= ∈ − ≥ɶ . By (8), given 0ε > , 

there is an 0r ∈ℕ  such that 

r

r

FN

h
ε<  for all 

0r r>                   (10) 

Now let { }0max :1rM FN r r= ≤ ≤  and let n  be any 

integer satisfying 1r r
k n k− < ≤ ; then we can write 

( ){ } ( ){ }
{ }

{ }

0 0

0

0

0

0
0

1

1 2 1
1

1

0 1

1 1 1

0
1

1 1

1 1
: ,0 : ,0

1
... ...

1
...

. 1
.sup ...

k r k

r

r r r

r

r r
r r

r r r r

r

r r
r rr r r

k n D x L k k D x L
n k

FN FN FN FN FN
k

FN FNM
r h h

k k h h

r M FN
h h

k k h

ε ε
−

+
−

+
+

− − +

+
>− −

≤ − ≥ ≤ ≤ − ≥

= + + + + + +

  ≤ ⋅ + ⋅ ⋅ + + ⋅ 
  

≤ + + +

ɶ ɶ

00

1 1

. r r

r r

k kr M

k k
ε

− −

−
≤ + ⋅    by                  (11) 

0

1

0

1

.
.

.
. .

r

r

r

r M
q

k

r M
e H

k

ε
−

−

≤ +

≤ +
 

Hence we can say that x  is lacunary statistical 
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convergence with respect to fuzzy norm. 

2.6. Theorem 

Let θ  be a lacunary secuence; then FS FSθ=  if and only 

if 

1 liminf limsupr r
r r

q q< ≤ < ∞  

then limFS x L− =  implies limFS x Lθ − = . 

3. Conclusion 

In this study, we introduced the concept of lacunary 
statistical convergence with respect to a fuzzy norm. We also 
studied the relation between lacunary summabilty and 
lacunary convergence in fuzzy normed space. As a result, we 
have seen that results similar to the results in classical normed 
spaces are also obtained in fuzzy normed spaces. 
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