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Abstract

This paper develops a semiclassical framework for one-dimensional Heisenberg magnets with spin S>1/2, where classical
approaches are reliable only as S—oo and can miss quantum contributions from multipole moments. The aim is to construct a
workable mathematical apparatus that connects the quantum lattice Hamiltonian to an effective classical field description while
incorporating an effective reduction of the classical spin length. The analysis starts from an anisotropic Heisenberg chain with
nearest-neighbour exchange and single-ion anisotropy. After outlining the continuum (long-wavelength) reduction, including
factorization of slowly varying fields and replacement of commutators by Poisson brackets, the semiclassical limit is formulated
using a Hartree product ansatz and generalized SU(N) coherent states for each lattice site. For spin S=1 the coherent state is built
on the SU(3)/[SU(2)xU(1)] manifold. Two Euler angles define the orientation of the classical spin vector, an additional angle
describes rotation of the quadrupole tensor about this vector, and a real parameter g controls the redistribution between dipolar
and quadrupolar sectors. Averaging the spin operators yields explicit classical components and shows that the standard constraint
|S|*2=1 is violated. Instead, an identity relates the reduced spin length to a combination of double correlators, demonstrating that
quadrupolar degrees of freedom quantitatively produce a measurable renormalization of the effective classical spin. For spin
S=3/2 the construction is generalized to SU(4) coherent states, where both quadrupole and octupole moments arise naturally.
The averaged spin operators again violate spin-length conservation and, moreover, simple projection sum rules. The
corresponding SU(4) identities involve combinations of triple correlators and introduce parameters g and k that quantify
reductions due to quadrupolar and octupolar sectors, respectively; the SU(3) case is recovered when k=0. The framework
provides a transparent route to include multipolar physics in semiclassical dynamics and is relevant for interpreting nonlinear
collective excitations, including soliton-like modes, in quantum spin chains.
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1. Introduction

Over the last few years, interest in the investigation of mag-
netic systems [1-5, 29-33] has considerably increased. Partic-
ular attention is focused on the study of ferromagnetics with
spin S>1/2, for which the accurate results were, as a rule, not
obtained. As for the theoretical study, it is confined within the
classical approach. However, it is impossible to describe en-
tirely the nature of such magnetics by the classical approach,
as it is impossible to bring together the contribution of differ-
ent interactions in behavior to the effective fields — functions
of only one vector of magnetization. The classical approach
enables obtaining applicable results for magnetics with spin
S>1/2 and within limit of S—o0. The real situation, when the
spin of most magnetics has the finite quantity S>1/2, requires
additional investigation, as well as calculation of quantum na-
ture of magnetics.

Particular attention is also focused on investigation of a new
type of collective excitations in magneto-cosmic media, so-
called particle-like or soliton-like excitations. Usually, they
appear as localized solutions of classical equations, such as
SG, Shradinger Non-linear Equation, Landau — Lifshitz Equa-
tion, etc. On the other hand, Heisenberg models [6-8] are the
fundamentals for microscopic studies of the large class of
magnetics. Therefore, a question arises concerning the rela-
tion of the collective non-linear effects in classical and quan-
tum models [9], i.e. concerning formulation of “sufficiently
consecutive procedure of leading the Heisenberg quantum lat-
tice models to the classical field models™. It is necessary for
more complete calculation of quantum nature of magnetics in
the equation received.

The given paper investigates the magnetic combinations,
which are described by the Heisenberg model. First, we
briefly dwell on basing the selection of the object of investi-
gation. For this purpose, we will describe those models, by

which the magnetic combinations are described, and we will
indicate the advantage and necessity of studying the magnet-
ics of the Heisenberg model.

2. The Main Models of the Described
Magnetic Systems

1) Ising Model

One of very few models, admitting accurate solution in a
number of cases, is the Ising model, which describes the sys-
tem of spins, related to exchange interaction, and the dimen-
sion of which depends only on values Z — component of inter-
active spins. This model occupies particular place in statistical
physics. The Ising model, which was introduced initially for
the description of anisotropic exchange in strong magnetics
[10], with its developed mathematical apparatus proved to be
efficient means for formulating and solving series of other
problems from very far fields of physics, such as phase tran-
sition “order — disorder” in binary systems [11, 12] and ferro-
electrics [13], conformation of polymeric molecules [14, 15]
and many others.

As a result of intensive investigation of the accurately solv-
able Ising model, it is now possible to determine (at least in
principle) any of their balanced parameters, such as thermal
capacity, magnetization, including also delicate characteris-
tics of the system such as the balanced spin correlation func-
tions [16-18].

Now, many magnetic combinations are known, particularly
the combinations, in which one- or two-dimension Ising situ-
ation is realized (see the Table below).

Table 1. A Substance with exchange interaction of Ising type.

Substance Spin Dimension Quantity of exchange integral
HsFe(CBe) Y 1 -0,23
(NH4)MnFs Y2 1 -12
CsCoCl3-2H20 Y 1 -23
CsCoCls Y2 1 -75
CoCl2-2NCsHs Ya 1 +9,5
CoCl2-2H.0 Y 1 +9,3
[(CH3);sNH]CoCl3-2H.0 b2 1 +9,9
RbFCl3-2H.0 Y 1 -0,35
CoCss3Rrs Va 2 -0,22
Co(HCOO)2-2H20 Y 2 -4,3
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Substance Spin Dimension Quantity of exchange integral
RB2CoF4 Y2 2 91

K2CoF4 Y2 2 -97

FeCl2 Y2 2 +3,4

CsFeCl3-2H20 Y2 1 -42

H=-23) sfsf +1
i

The methods, related to violation of the balanced state of a
substance, such as the methods of magnetic resonance, neu-
tron scattering [19, 20], play the increasing role in the study
of magnetic combinations. To get information about an object
being investigated through these methods, appropriate theo-
ries are required, which give the relation between the quanti-
ties under review and the parameters of internal structure of
the substance. However, constructing the complete micro-
scopic theory of non-equilibrium behavior of Ising model is
the problem, which hasn’t been solved so far even in the case
of one dimension. This is bound up first of all with necessity
of calculation in such theory, equally with the spin-spin inter-
actions, interactions of spins with thermostat, and interaction
of spins with external fields.

We should note that despite of some simplifications in con-
struction of the theory on the Ising model, considerable diffi-
culties remain at each stage. They have both common charac-
ter (difficulty in conclusion and solution for the equations of
motion of parameters, characterizing the state of the system)
and particular character, related to specificity of the model un-
der study, and they are often insurmountable within frame-
work of exact theory. Therefore, the overwhelming majority
of results, which have become known up titative estimation.
Accurate results are very few.

2) X'Y — model

Unfortunately, XY — exchange is rarely realized in nature,
and therefore the interesting results of the works [21, 22] can-
not find application for experiments on the dynamics of spin
sZystems.

3) Heisenberg Model

Heisenberg models [23, 24] are the main (theoretical) in-
strument for studying the large class of magnetics.

Heisenberg was the first, who paid attention to the exchange
interaction back in 1928 [23]. According to his view, between
the spins Si and Sj of i-th and j-th atoms, there is an interaction
with characteristic energy of the following kind:

H=-27JSiSj, (1)

where J is an exchange integral. Integral J reaches value of the
order 10° cm™ (~10 K), exceeding by 10° times [24] the di-
pole-dipole interaction, and therefore, it can be responsible for
the formation of spontaneous magnetizedness. In case J>0 the
state, possessing lower energy, with parallel spins S1 and S2
is settled, and if J<0, antiparallel orientation of spins is settled,
which leads to antiferromagnetism. Since the exchange inter-
action is short-range, then J assumes the most significance, if
Si and Sj belong to the nearest neighbors. Owing to the ten-
dency towards the parallel regulating, all neighbor spins fi-
nally draw up in parallel, which results in spontaneous mag-
netizedness. The Weiss theory [25] assumed that molecular
field is in proportion to the medium magnetizedness, and this
promotes the assumption that the exchange interaction is the
same for any pair of Si and Sj spins, irrespective of distance
between them. However, in reality the exchange forces are
closely-active. Therefore, when the paralleledness of spins is
considerably upset with approach of the temperature to the
Curie point, it remains the same in relatively closer neighbors,
which form clusters with parallel spins.

Table 2. Substances of Heisenberg type.

Substance Spin
CuSOs4-5H20 Ya
CuSeO4-5H20 Vs
Cu(NH3)4SO4-H20 Vs
Cu(NH3)4SO4-H20 Vo

CuClz Y2

Dimension Quantity of J/K
1 -1,45

1 -0,8

1 -3,5

1 -2,36
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Substance

CuBr2
Cu(HCOz)2:(OH)2
Cu(CsHsCOO2)-3H20
Cu(NH3)(NO3)2
CuCl2-2NCsHs
KcuF3

CsNiCls
RbNICl;
(CH3)4aNNCls
CsNiF3

KniF3

TINiCl;

KoNiF4
Rb2NiF4
TIoNiF4
BaxNiFs
NH4NiCl3
Ni(HCOO)2-2H20
CsMnCl3-2H20
CsMnF3;
CsMnl3
RbMnBr3
CsMnBr3
BaMnF4
KoMnF4
RbaMnF4
RboMnCly
Cs2MnCly
CsMnCl3-2H20
CsMnBr3-2H20
TMMC

VoCE

RbFeCls

FePs3

CsCuCls

H=-3"(8;S,1+3S;S},1)
i

52
52
52
52
572
52
52
52
52
572
5/2
572
572

10

Dimension Quantity of J/K
1

2

1

1 1,2

1 -13
1 -190
1 -13
1 -17
1 +2

1 +11,8
1

1 +2

1

1

1

1

1

1

1 -6,5
1

1

1

1

2

2 10,1
2 0,3
2 9,2
2 3,0
1 32

1 3,0

1 -6,5
2 1,48
1 ?

1 ?

1 ?
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Heisenberg Model [23, 24], to which the overwhelming ma-
jority of combinations correspond (see Table 2), allows get-
ting accurate description and statistic and dynamic qualities.

Elaboration of the theory of dynamic, statistic processes in
the Heisenberg model is highly urgent, the more so, as pre-
cisely in Heisenberg systems there is hope to combine exper-
imental study of dynamic qualities in variable field with their
strict theoretical description.

As we mentioned earlier, Heisenberg models are the main
theoretical instrument for the large class of magnetics. The ex-
perimental investigations [25-27] of one-dimension magnetics,
such as the crystals CsNiFs, (CH3)aNmnCls, PbFeCL; and
[(CH3)4N] [NiCls] revealed that they contain excitements that
exist in low temperatures. They can be integrated as solitons.
The solitons are usually described by solutions of non-linear
classical equations. Therefore, a question concerning the rela-
tion of collective non-linear effects in classical and quantum
models arises, i.e. the problem of formulating sufficiently con-
secutive “procedure of bringing together” the models of quan-
tum statistical mechanics, in particular, the Heisenberg quan-
tum lattice models with classical field models. Sometimes,
such transition is made by formal replacement of spin operator
S in the knot of crystal lattice by classical value, equal to mag-
netic moment per one knot M. Many of scientific works were
devoted to justification of such procedure. Among them, the

010
S =420 0 1],5"
000

The simplest plan of transition from the Hamiltonian (2)
and the quantum-mechanic motion equation.

in %> = [H,5] 4)

to the energy of magnetic and the equation for classical values
consists of the following steps:
1) We replace the operator of spin in the knot of crystal lat-
tice by the classical value S, which is equal to magnetic
moment per 1 knot:

a

S—>S=——M. 5
n )
2) Using continuity of the function M, we factorize:
0!2
sj+1=5+aoij+7°ijx+... (6)

3) We replace the equation of motion (4) by the classical
equation;

11

work of Herring and Kittel [28] (see [29] as well) is very im-
portant. This procedure, which is relevant for the spin S— oo,
leads to the well-known classical models, such as the Landau-
Lifshitz Equation, the Sin-Gordon Equation, etc.

3. The Effect of Reduction of the Length
of Classical Spin for Heisenberg
Magnetics with the Value of Spin
S>1/2

Now, we are going to investigate Heisenberg anisotropic

magnetic with spin S=1, which is described by the Hamilto-
nian:

H =—JOZ(sjsj+1+5"stsjz+l)
j

2

where Jo is the exchange integral, 5 - the constant of aniso-
tropia.

To investigate the anisotropic magnetics with spin S=1, we
will use the spin operators, which have the following formula:

000 0
V2[1 0 0], sZ=42|0 3)
010 1
(7
85
h=={H,s
ho = tHS)

where {A, B} is Poisson braces braces, and as the Hamilton
function we assume the following energy:

E =j|v| [M,%Joﬁx.
OXy

We put (5), (6) in (2), confining by quadratic, on o, mem-
bers of expansion and going over from summing up on knots
of crystal lattice to integration on volume of crystal, we get
classical Hamiltonian.

Going over to semi-classical description, we will use the
Hartri approximation [30], in which the state of spin in sepa-
rate spin is described by the wave function:

®)

|¥)=C_1|0)+Co|1)+Cy|2), )

where C_;,Cy,C; - are the complex functions, and
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|0),]1),|2) - are the referent states. In view of arbitrariness of

selection of phase |‘P> and the conditions of rate setting:

I +Cof e =1 (1o

the quantity of parameters for full description of quasi-classi-
cal behavior of the system will reduce to four.

The work [31] describes the building of coherent state,
which has the following formula:

) =U (0.6.7)|n), (ah

where U (0,4,7) - is the unitary operator, similar to Winger

operator, which ensures transiting self-traveling system of co-
ordinates for each lattice site. Two Euler angle &and ¢ deter-
mine orientation of the vector of classical spin, and the angle
ycharacterizes rotation of quadrupole moment around the vec-
tor of spin. As it was mentioned in [31], the rotation of quad-
rupole moment is an important element for the non-linear dy-
namics of anisotronic magnetic. And we assume the trial func-
tion |r7) like:

(12)

> _ e2ig6’Xy

1),

|7

q? =(5787)(5757)+ (5757 )(s78" ) +(578") (575 +(1-(5757)).

As we can see in (14), for magnetics with spins S?=1, the
reductions of the length of classical spin take place within
space SU(3) on the following value:

2 _1_¢? (16)
0 3 0 0 0
0 0 2 0 3

St = ST = 3
0 0 0 3 0
0 0 0 O 0

where S* =S*+iSY, S™ =58%-iSY
and they are satisfied by commutation correlation:

[s*,s—] :zsz;[sz,sﬂ —+5%,

o N O O

12

(0 0 -1
where 6% :LZ 0 0 0 | isthe quadrupole moment.
1 0 0

The parameter g characterizes the change of the length of
vectors of classical spin and quadrupole moment.

The averaged values of the spin operators on KC(11) have
the following obvious form:

<S+> =e" cos2gsin @

<S‘>:e‘i"’003295in6’ (13)

<SZ> =¢0s2g cosd

As you can see in (13), the law of reservation of the square
of classical spin in such form S?=1 does not take place, and in
this case the following identity takes place:

§24q? 1, (14)

where g is the combination of the double correlators, which
has the following form:

(15)

which appear owing to quadrupole interaction, and it naturally
effects on the dynamic behavior of the magnetic crystal.
Now, we will consider the Heisenberg anisotropic one-di-
mension magnetic with spin 3/2 within the space SU(4), which
is described by Hamiltonian (2). Here, the spin operators are
used, which have the following form in the space SU(4):

0 0 300 0
00_32230100
0o of 2l0 2 -1 0]
N 00 0 -3

The scheme of transition remains the same as in the case
SU(3), and we build the KC for magnetics with the value of
spin S=3/2 in the following form:

In the complex parameterization:
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|\P> = (1+|\P|2)‘1/2 [| 0> + il{li ||>j’|\P|2 _ 2|\Pi |2' o

The Lagrangian of this system has the following form:

ji(qqﬁij—qqiq)

L=iphi? } (18)

25 2
1+ Z|‘I’i|
i=1

Varying the Lagrangian (18), we will get the following equations in the space SU(4):

. s A" 2 SH & _ 6H
iy, = 1+;;ryj| 1+rP4-5§:+;g?¥ijg$Ta” , (19)
where o; =0 I# j,o =1 =] In this case, the following identity takes place:
Averaging the values of spin operators on KC(17), we will S? g%+ 12 —9/a, 20)

make sure that unlike the SU(3) version, here not only the law
of preservation of the square of classical spin does not take
place, but also the sum does not remain: where f 2 -isthe combination of triple correlators, which has

the following form:
S2+q% =1

P2 =((s7s%s")(s78757 )+ (575757 )(s7875") -
(s (st o555 575
s fsrss ofsss )i} o
—<375+S+><S+S+S*>+<S+S’S’><S’S+S+>,
and q? - is the combination of triple correlators, which has the following form:

o =affss )5 {5

+(8787)(578% )+ (8757 )(875 )+ +(s7s7 )(s787). 22)
In the real parameterization: and:
|\P> _ D(8’¢’7)82igt9xye—iﬂszm e—ikFxyZ |0>, (23) 0 0 0 1
FY2 110000 topol t,  (24)
=7 - octopole moment;
where D(0,¢,y)- is the operator, similar to the Vigner oper- if0 000
1000

ator, which takes into account revolution of the spin moment,

13
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0 0 10

w 110 0 01
] =%5il_1 0 o0 o - quadrupole moment. (25)

0 -1 00

The spin operators and the operators of multipole moments
(24) and (25) are the operators of the group SU(4), and the
built KC(23) satisfies all the states.

Averaging the spin operators on OKC(23), we will get the
projection of classical vector of spin in new parameterization:

<S*> = %e”’ sin@(1—4cos? k) cos 2g

<S‘>=gei¢’sim9(1—4cos2 k)cos2g (26)

<SZ > = gcose(l—4cos2 k)cos2g

In this case, as in the case of the complex parameterization,
the identity takes place (20). It is obvious that parameter g takes
into account reduction of spin owing to quadrupole moment, and
k - owing to quadrupole moment. If we assume k=0, then the pa-
rameterization (23) and (17) will come to the case SU(3).

So, here for the first time an effort has been made to build
the mathematical apparatus, which would allow taking into
account the effective reduction of the length of the classical
spin in the magnetics with the spins S=1 and S=3/2 in the
spaces SU(3)/SU(2)xU(1) and SU(2S+1)/SU(2S)xU(1), as
owing to the quadrupole moment, as owing to octupole mo-
ment.

It should be expected that the reduction by octupole mo-
ment become apparent in higher temperatures other than quad-
rupole one.
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