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Abstract 

The topic of apportionment is a central focus of study for legislatures around the world, whether the goal is to allocate seats to 

political parties, or to allocate seats to the member states of a federation. The first goal is sought by parliaments employing 

proportional representation for parties; the second goal is sought by the United States House of Representatives and the European 

Parliament. Many of the leading apportionment methods were created in the late 18th century in response to requirements listed in 

the United States Constitution. No apportionment method perfectly satisfies all desirable properties, particularly the properties of 

integrality, proportionality, and quota. The Largest Remainder method satisfies quota but suffers from other paradoxes; the 

divisor methods like the Greatest Divisors, Major Fractions (Arithmetic Mean), Equal Proportions (Geometric Mean), Harmonic 

Mean, and Smallest Divisor methods satisfy proportionality but may fail quota. Some apportionment methods like Greatest 

Divisor unfairly favor larger parties and states, and others like Smallest Divisor unfairly favor smaller parties and states. We 

introduce a new method for Congressional apportionment that creates the apportionment all at once, rather than determining seats 

one at a time. This method always satisfies quota. It partially resembles the familiar Huntington monotone divisor methods and 

indeed creates a quota-capped divisor method, but can be compared as well to largest remainder methods. 
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1. Background 

Having addressed single-winner election methods with my 

colleague Peter Mendenhall in [1], we now turn to the equally 

daunting topic of apportionment. 

The constitutionally required task of apportionment for the 

United States House of Representatives, and the debate over 

its implementation, have their roots in the Constitutional 

Convention and the early years of the American Republic. 

The debate has persisted to this day, due to vexatious conflicts 

between desirable features of apportionment methods. These 

conflicts arise because of the difficulty of reconciling the 

following goals: 

1. (integrality) the number of representatives of each state 

must be a natural number; 

2. (proportionality) the numbers of representatives of the 

several states must be as proportional as possible to their 

populations; 

3. (quota) the numbers of representatives of the several 

states differ by less than one unit from the fractional 

numbers of representatives the respective states have 

earned in the House. 
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Proportionality implies that if, for example, state A has 

twice the population of state B, then state A should have ap-

proximately twice as many representatives as state B; and 

similarly for any other ratio. Proportionality is implicit in the 

language of the Constitution [2]. 

1. Article One, Section 2 holds: “Representatives and di-

rect Taxes shall be apportioned among the several States 

which may be included within this Union, according to 

their respective Numbers…” 

2. The Fourteenth Amendment, Section 2 holds: “Repre-

sentatives shall be apportioned among the several States 

according to their respective numbers…” 

Quota implies that if, for example, state A has earned 17.06 

representatives out of 435, then state A should be awarded 

either 17 (lower quota) or 18 (upper quota) representatives, no 

more and no less. 

Other conditions have been proposed for apportionment 

methods, such as: 

1. (House monotonicity) if the House size increases, the 

number of representatives of any state must not decrease; 

similarly, if the House size decreases, the number of 

representatives of any state must not increase; 

2. (consistency) the order of priority of assigning repre-

sentatives does not change as they are being assigned. 

The concern over monotonicity arose in an era in which the 

size of the House varied from one apportionment to the next. 

However, since 1913 the size of the House has remained 

largely constant at 435, by the Apportionment Act of 1911 and 

the Reapportionment Act of 1929, with a temporary excursion 

from 1959-1962 due to the admission of Alaska and Hawaii to 

the Union. Consequently, monotonicity does not represent as 

high a priority today as the more fundamental requirements of 

proportionality and quota. 

Arguably the most natural apportionment methods are the 

largest remainder methods, such as Hamilton’s method (also 

attributed to Vinton, Hare, and Niemeyer), all of which satisfy 

quota. The failure of Hamilton’s method to satisfy House 

monotonicity led to an intensive study of divisor methods, 

also known as highest average methods, some of which had 

been proposed by Jefferson (also attributed to d’Hondt), 

Adams, Dean, Webster (also attributed to Wilcox and 

Sainte-Laguë), Hill, and Huntington. The divisor methods, as 

implemented, were House monotone, but could violate quota. 

This includes even the currently used Huntington-Hill Equal 

Proportions method, arguably the most proportional of all 

divisor methods. Balinski and Young [3] provide an overview 

of apportionment methods. 

Hill’s original proposal to Huntington appears designed to 

strike a balance between proportionality and quota, the two 

most important properties of apportionment. Huntington’s 

revision [4, 5] of Hill’s suggestion was designed to prevent a 

violation of monotonicity, at the expense of risking a violation 

of quota. Huntington went into greater depth analyzing and 

comparing the divisor methods in [6]. 

Balinski and Young [7] proposed an apportionment method 

that satisfies quota and monotonicity, but is excessively fa-

vorable to the largest states. Mayberry [8] responded to Ba-

linski and Young with a mirror of their apportionment method, 

a new method also satisfying quota and monotonicity, but 

which is excessively favorable to the smallest states. 

The goal of the present paper is to present an apportionment 

method satisfying quota that is neutral between large and 

small states, and is proportional as possible. We note that this 

discussion is applicable as well to the study of proportional 

representation of parties in multi-winner constituencies. 

2. Notation and Quota 

We rely largely on Mayberry’s notation. The 𝑠 states, with 

populations 𝑝 = (𝑝1, … , 𝑝𝑠), are to be assigned representa-

tives in a legislature with ℎ seats (where we call ℎ the house 

size), in the amounts 𝑎 = (𝑎1, … , 𝑎𝑠), satisfying minimum 

𝑟 = (𝑟1, … , 𝑟𝑠) and maximum 𝑏 = (𝑏1, … , 𝑏𝑠) constraints. In 

most practical cases, both vectors 𝑟  and 𝑏  are constant. 

Unless otherwise stated, all sums will be over indices 𝑖 sat-

isfying 1 ≤ 𝑖 ≤ 𝑠. 

For all 1 ≤ 𝑖 ≤ 𝑠 , we have 0 ≤ 𝑟𝑖 ≤ 𝑎𝑖 ≤ 𝑏𝑖 ≤ ℎ  and 

0 < 𝑝𝑖 , with 𝑝𝑖 , 𝑟𝑖, 𝑎𝑖, and 𝑏𝑖 all whole numbers, while ℎ =

Σ𝑎𝑖. In the case of House apportionment, where each state 

must receive at least one representative, we have 𝑟𝑖 = 1 and 

𝑏𝑖 = ℎ − 𝑠 + 1 for all 𝑖 , while in the case of proportional 

representation, we have 𝑟𝑖 = 0 and 𝑏𝑖 = ℎ for all 𝑖. 

We define the total population 𝑃 = Σ𝑝𝑖 , ℎ∗ = Σ𝑟𝑖 , and 

ℎ∗ = Σ𝑏𝑖 . Thus 0 ≤ ℎ∗ ≤ ℎ ≤ ℎ∗ ≤ 𝑠ℎ. 

We define the exact quota for the 𝑖-th state to be 𝑞𝑖 =

ℎ𝑝𝑖 𝑃⁄ . Thus 0 < 𝑞𝑖 < ℎ, and Σ𝑞𝑖 = ℎ. In general, 𝑞𝑖 is not 

a whole number. It is a fraction that represents the exact share 

of the legislature earned by a state in proportion to its fraction 

of the national population. We expect 𝑎𝑖  to be reasonably 

close to 𝑞𝑖 for all 𝑖. 

The quota requirement may be stated formally as follows: 

max(𝑟𝑖 , ⌊𝑞𝑖⌋) ≤ 𝑎𝑖 ≤ min(𝑏𝑖 , ⌈𝑞𝑖⌉), where ⌊𝑞𝑖⌋, the floor, is 

the greatest whole number not exceeding 𝑞𝑖 , and ⌈𝑞𝑖⌉, the 

ceiling, is the least whole number not less than 𝑞𝑖. The first 

component of the compound inequality is lower quota, and 

the final component of the inequality is upper quota. 

In other words, when satisfying quota, as we calculate 𝑎𝑖, 

the number of representatives for the 𝑖-th state, we wish to do 

no more than round 𝑞𝑖  up or down to the closest whole 

number, while meeting the minimum and maximum re-

quirements. Symbolically, |𝑎𝑖 − 𝑞𝑖| < 1  for all 𝑖 . For a 

method that satisfies quota, the only remaining question is 

whether to round up or to round down, for each value of 𝑖. 

Note that for our compound inequality to have solutions, it 

is necessary that for all 𝑖, 𝑟𝑖 ≤ ⌈𝑞𝑖⌉ and ⌊𝑞𝑖⌋ ≤ 𝑏𝑖. The first 

of these conditions is particularly important. It implies that if 

𝑟𝑖 > 1, a common condition in proportional representation, 

those parties with 𝑞𝑖 < 1 will not be represented. Similarly, if 

𝑟𝑖 = 1, as required by the United States Constitution, those 
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states with 𝑞𝑖 < 1 will be awarded exactly one representa-

tive. 

Let 𝑞 = (𝑞1, … , 𝑞𝑠). Provided that for all 𝑖 , 𝑟𝑖 = 0  and 

𝑏𝑖 = ℎ, Hamilton’s method provides the solution to the fol-

lowing problem: determine the apportionment vector 𝑎 with 

whole number coordinates and sum equal to ℎ that minimizes 

the Euclidean distance to vector 𝑞. Indeed, as Birkhoff ob-

served [9], Hamilton’s method minimizes not only the Eu-

clidean distance between 𝑎  and 𝑞 ; it minimizes the Min-

kowski p-norm metric distance between 𝑎 and 𝑞 for all 1 ≤

𝑝 ≤ ∞. (Lang [10] provides an in-depth introduction to Ba-

nach spaces, generalizing the familiar Euclidean spaces.) To 

put it another way, Hamilton’s method finds an apportionment 

that changes exact quotas by the smallest amount. This is a 

strong argument in favor of Hamilton’s method in particular, 

but more generally, in favor of our desire that a fair appor-

tionment method should satisfy quota. 

While Hamilton’s method satisfies quota, it is not designed 

to optimize proportionality. 

3. Power-means and Divisor Methods 

Balinski and Young [7] provide a survey of the most 

prominent divisor methods for apportionment. All these 

methods proceed by a common pattern, awarding representa-

tives one at a time to the states most “deserving” of additional 

representatives at that time. The methods themselves may be 

indexed by elements of the extended real number system 

[−∞,∞]: that is, the ordinary real numbers with the adjunc-

tion of positive infinity and negative infinity. 

Let us recall the power mean of order 𝑡 of positive real 

numbers 𝑐1, … , 𝑐𝑛. We denote this mean 𝑚𝑡, and calculate as 

follows: 𝑚𝑡 = (Σ𝑐𝑖
𝑡 𝑛⁄ )(1 𝑡⁄ )  (here, the summation is taken 

over 1 ≤ 𝑖 ≤ 𝑛). 

1. As 𝑡  decreases without bound, 𝑚𝑡  approaches 

min⁡(𝑐1, … , 𝑐𝑛). 

2. When 𝑡 = −1, 𝑚𝑡 is the harmonic mean. 

3. As 𝑡  approaches zero, 𝑚𝑡  approaches the geometric 

mean (Π𝑐𝑖)
(1 𝑛⁄ ). 

4. When 𝑡 = 1, 𝑚𝑡 is the arithmetic mean. 

5. As 𝑡  increases without bound, 𝑚𝑡  approaches 

max⁡(𝑐1, … , 𝑐𝑛). 

The power mean 𝑚𝑡 is a smooth, increasing function of 

𝑡, 𝑐1, … , 𝑐𝑛. For the purpose of apportionment, we are espe-

cially interested in the case 𝑛 = 2, 𝑐1 = 𝑎𝑖 , and 𝑐2 = 𝑎𝑖 + 1. 

Then: 

1. 𝑚−∞ = 𝑎𝑖; 

2. 𝑚−1 = 𝑎𝑖(𝑎𝑖 + 1) (𝑎𝑖 + 1/2)⁄ ; 

3. 𝑚0 = √𝑎𝑖(𝑎𝑖 + 1); 

4. 𝑚1 = 𝑎𝑖 + 1/2; 

5. 𝑚∞ = 𝑎𝑖 + 1. 

We define 𝑓𝑡(𝑎𝑖) = 𝑚𝑡(𝑎𝑖 , 𝑎𝑖 + 1) . We note that when 

𝑡 ≤ 0, lim
𝑥→0+

𝑓𝑡(𝑥) = 0. 

Figure 1 depicts a portion of the graph of 𝑦 = 𝑓𝑡(𝑥) for 

𝑡 = −∞  (red), 𝑡 = −2  (orange), 𝑡 = −1  (gold), 𝑡 = 0 

(green), 𝑡 = 1 (cyan), 𝑡 = 2 (blue), 𝑡 = ∞ (purple), for 𝑥 

and 𝑦  in the range [0,5] . The figure reveals that small 

changes in 𝑡 have very little effect on 𝑓𝑡(𝑥) when 𝑥 is large; 

but the differences are larger, both in an absolute sense and in 

a relative sense, for small values of 𝑥, such as 𝑥 < 3. 

 
Figure 1. Divisor functions. 

The divisor methods based on power means (which Ba-

linski and Young call “Huntington methods”) proceed as 

follows. First assign a minimum of 𝑟𝑖 representatives to the 

𝑖-th state for all 𝑖. Second, form the quotients 𝑝𝑖 𝑓𝑡(𝑎𝑖)⁄ , for 

values 𝑎𝑖  satisfying 𝑟𝑖 ≤ 𝑎𝑖 ≤ 𝑏𝑖 − 1 . Third, identify the 

ℎ − ℎ∗ largest values of these quotients; these values corre-

spond to additional representatives for the appropriate states. 

All of these methods satisfy some version of proportionality, 

identified by tests in Table 1 of Balinski and Young [6]. 

The commonly known divisor methods, labeled by Hun-

tington as the “five workable methods”, can be identified as 

follows: 

1. 𝑡 = −∞: Adams, Smallest Divisors 

2. 𝑡 = −1: Dean, Harmonic Mean 

3. 𝑡 = 0: Huntington-Hill, Equal Proportions 

4. 𝑡 = 1: Webster, Wilcox, Sainte-Laguë, Major Fractions 

5. 𝑡 = ∞: Jefferson, d’Hondt, Greatest Divisors 

For completeness, we mention two other methods dis-

cussed by Agnew [11], employing the logarithmic mean and 

the identric mean. These two means lie between the geometric 

mean and the arithmetic mean, so to some extent they inter-

polate the space between 𝑡 = 0 and 𝑡 = 1, even though they 

do not correspond to power means per se. 

As 𝑡  increases, the apportionment method becomes in-

creasingly favorable to large states. The Adams method is the 
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most favorable of all divisor methods to small states; the 

Jefferson method is the most favorable of all divisor methods 

to large states. We also note that since (abusing notation) 

𝑓𝑡(0) = 0 whenever 𝑡 ≤ 0, all the methods involving 𝑡 ≤ 0 

guarantee at least one representative to every state, no matter 

how small; and that among these, the Huntington-Hill method 

is the most favorable to large states. For this reason, propor-

tional representation is probably best-served by employing a 

method with 𝑡 > 0, such as Webster-Wilcox-Sainte-Laguë. 

Mayberry observed [8] that it is possible to proceed in a 

dual fashion, apportioning a maximum of 𝑏𝑖 representatives 

to the 𝑖-th state for all 𝑖, and then removing representatives 

corresponding to the ℎ∗ − ℎ smallest values of the quotients 

𝑝𝑖 𝑓𝑡(𝑎𝑖)⁄ , for values 𝑎𝑖 satisfying 𝑟𝑖 ≤ 𝑎𝑖 ≤ 𝑏𝑖 − 1. We may 

call these dual Huntington methods. 

All these divisor methods and their duals are monotone and 

proportional in a sense defined by Balinski and Young [12]. 

However, they are all capable of breaching quota, including 

the current Huntington-Hill Equal Proportions method. Ba-

linski’s and Young’s 1974 paper [7] included two Census 

Bureau projections for state populations in 1984, for which 

Equal Proportions would have breached quota. Lower quota 

was breached by one apportionment; upper quota was 

breached by the other apportionment. Had this happened in 

reality, the ensuing political uproar would almost surely have 

resulted in an extended legal fight consuming the Congress, 

the executive and judicial branches, the states, and the general 

public. 

4. A New Apportionment Method 

Balinski and Young described an apportionment method [7] 

satisfying quota and monotonicity. It begins at lower quota, 

and adds representatives using essentially the Jefferson 

method, subject to upper quota. This method is quite favora-

ble to large states. Mayberry described the dual of this method 

[8], also satisfying quota and monotonicity. It begins at upper 

quota, and subtracts representatives using essentially the 

Adams method, subject to lower quota. This method is quite 

favorable to small states. The bias in these methods makes 

them unsuitable for use. 

Hill’s original proposal appears to have been to begin at 

lower quota, and then to add representatives using the Equal 

Proportions method, subject to upper quota. This method too 

has its dual, beginning at upper quota, and then subtracting 

representatives using the Equal Proportions method, subject 

to lower quota. Both Hill’s method and its dual should be 

considerably less biased than the Balinski and Young method 

and the Mayberry method. These two methods may be de-

scribed as quota-capped divisor methods. 

We now propose a self-dual method of apportionment that 

satisfies quota. The apportionment is created all at once, so the 

consistency postulate of Balinski and Young [7] is irrelevant 

to us. The only preliminary step required is the determination 

of an appropriate value of 𝑡 so that the total number of rep-

resentatives assigned by this method is ℎ, the house size. 

Let the vector of exact quotas be 𝑞 = (𝑞1, … , 𝑞𝑠). At the 

conclusion of this process, the 𝑖 -th state will be assigned 

either max⁡(𝑟𝑖 , ⌊𝑞𝑖⌋)  representatives (lower quota) or 

min⁡(𝑏𝑖 , ⌈𝑞𝑖⌉)  representatives (upper quota), numbers that 

differ by no more than one. For Congressional apportionment, 

we assume that 𝑟𝑖 = 1 and 𝑏𝑖 = ℎ − 𝑠 + 1 for all 𝑖, while 

for proportional representation, 𝑟𝑖 = 0 and 𝑏𝑖 = ℎ for all 𝑖. 

Consider the vector 𝑓𝑡(𝑞) = (𝑓𝑡(⌊𝑞1⌋), … , 𝑓𝑡(⌊𝑞𝑠⌋))  for 

arbitrary values of 𝑡. We compare corresponding coordinates 

of the vectors 𝑞 and 𝑓𝑡(𝑞). Define the tentative apportion-

ment vector 𝑎𝑡(𝑞) as follows: if 𝑞𝑖 > 𝑓𝑡(⌊𝑞𝑖⌋), then the 𝑖-th 

coordinate of 𝑎𝑡(𝑞)  is min⁡(𝑏𝑖 , ⌈𝑞𝑖⌉) (upper quota); other-

wise it is max⁡(𝑟𝑖 , ⌊𝑞𝑖⌋) (lower quota). This is the rule that 

tells us whether to round up or round down the exact quota for 

the 𝑖-th state, by comparing the exact quota to the 𝑡 power 

mean of the floor and the ceiling of the exact quota. In the case 

where 𝑡 = 1, we have what we might call the naïve Hamilton 

method; each exact quota is rounded to the closest integer. We 

could identify a naïve geometric Hamilton method as the case 

where 𝑡 = 0. 

Let ℎ𝑡 = Σ𝑎𝑡(𝑞)𝑖 , the House size created by the appor-

tionment 𝑎𝑡(𝑞). As 𝑡 decreases without bound, the power 

means decrease and we round up all exact quotas (subject to 

maximum constraints), so ℎ−∞ = min⁡(ℎ∗, Σ⌈𝑞𝑖⌉). As 𝑡 in-

creases without bound, the power means increase and we 

round down all exact quotas (subject to minimum constraints), 

so ℎ∞ = max⁡(ℎ∗, Σ⌊𝑞𝑖⌋). ℎ𝑡 is a non-increasing function of 

𝑡. Because of our earlier inequalities, we find that for some 

value of 𝑡 , ℎ𝑡 = ℎ . Let 𝑇 = {𝑡|ℎ𝑡 = ℎ} . Because ℎ𝑡  is a 

non-increasing function of 𝑡, we conclude that 𝑇 is an in-

terval. Our final apportionment is then 𝑎𝑡(𝑞) for any 𝑡 ∈ 𝑇. 

This new method is not quite a divisor method; neverthe-

less, it is proportional in the sense of Balinski and Young [11]. 

It does not rank the quotients of the form 𝑝𝑖 𝑓𝑡(𝑎𝑖)⁄  for one 

fixed value of 𝑡 , and award representatives one at a time 

based on this priority. Rather, it uses the quotients 𝑞𝑖 𝑓𝑡(⌊𝑞𝑖⌋)⁄ , 

and uses the rule: if greater than one, round up to upper quota, 

otherwise round down to lower quota; then it adjusts 𝑡 itself 

to yield a house size of ℎ. 

Using the United States Census Bureau estimated state 

populations for 2018 [13], we find that 𝑡 = .0149  is the 

smallest four-place decimal guaranteeing ℎ = 435 . This 

value of 𝑡  is gratifyingly close to zero, the value used in 

Equal Proportions; and yet the interval 𝑇 also includes one, 

corresponding to the Webster method and the naïve Hamilton 

method. If 𝑡 = 0 is chosen instead, and indeed even if 𝑡 =

.0148, then ℎ = 436. In this data set, 𝑞Montana = 1.415474, 

𝑓.0148(1) = 1.415471 , smaller than the exact quota, and 

𝑓.0149(1) = 1.415480, larger than the exact quota. 

This example does not imply that the Huntington-Hill 

Equal Proportions method would violate quota; the 436th seat 

would not be awarded. Our concern is that Equal Proportions 

might violate quota, and indeed did violate quota severely in 

the 1984A and 1984B population projections by the Census 
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Bureau from Balinski and Young [7]. The present method 

cannot violate quota, and by using 𝑡 = .0149, gives a result 

almost perfectly obeying Huntington’s neutral postulate of 

proportionality, which states that for all 𝑖  and 𝑗, the ratio 

𝑝𝑖𝑎𝑗 𝑝𝑗𝑎𝑖⁄  should be as close to one as possible. The new 

method gives the same result as the Hill method and the dual 

of the Hill method on the 2018 state population estimates, 

which provides further support for the new method. 

Figure 2 displays House size as a function of 𝑡, using the 

2018 state population estimates, for 𝑡 in the range [−5,5]. 

For smaller values of 𝑡, it is easier for exact quotas to exceed 

the power means, increasing the number of states whose ap-

portionments are rounded up. For larger values of 𝑡, it is harder 

for exact quotas to exceed the power means, increasing the 

number of states whose apportionments are rounded down. 

 
Figure 2. House Size as a Function of 𝑞: 2018 State Population 

Estimates. 

We conjecture that the interval 𝑇 will usually have non-empty 

intersection with the interval (0,1), putting the assigned appor-

tionment somewhere between a quota-capped Equal Proportions 

method and a quota-capped Webster method, hopefully satisfy-

ing most observers. The heuristic justification for this conjecture 

is that the fractional parts of the exact quotas 𝑞𝑖 tend to have a 

distribution with a small positive skewness. The fractional parts 

of the exact quota do not in general obey Benford’s law [14] 

regarding the first significant digit. However, there are generali-

zations of Benford’s law [15] that identify the distributions of the 

second significant digit, the third significant digit, and so on. 

These latter distributions all have positive skewness like Ben-

ford’s original distribution, but increasingly tending towards 

uniformity. Thus we expect to see a few more fractional parts less 

than 0.5 compared to those greater than 0.5, and consequently 

there will be a need to round up a few more exact quotas in order 

to achieve ℎ𝑡 = ℎ, leading us to values of 𝑡 slightly less than 

one. 

5. Conclusion 

The author very strongly urges Congress to revise the Re-

apportionment Act of 1929, by adopting the apportionment 

method proposed in this paper. The resulting apportionment 

would agree with the current method most of the time, but 

would prevent the possibility of a political crisis caused by 

breach of quota, a danger inherent in the present method. 
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