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Abstract 

One of the main problems in cosmology is to resolve the problem of accelerating expansion and cosmological coincidence 

problem of the late universe. Many models, such as the cosmological constant model, the scalar field model, and the holographic 

model proposed in Einstein’s tensor gravity theory, have solved many problems in explaining these problems. The Brans-Dicke 

(BD) scalar-tensor theory, proposed by Brans and Dicke in 1961, is a generalization of Einstein’s tensor theory of gravity. In this 

theory, the scalar field can be combined with gravity, and many scalar field models have been proposed, since the observational 

constraints of the coupling parameters are not clear. In general formalism for scalar fields, parameterization may be relevant in 

some sense. For example, parameterization of parameters such as dark matter-dark energy interaction coefficient, equation of 

state parameter, and holographic constant, which have been proposed to solve the problem of cosmological coincidence problem, 

has some significance. Therefore, in this paper, we have applied the well-known Jassal-Bagular-Padmanabhann (JBP) 

parameterization in cosmology to the scalar field to construct a holographic scalar field model, perform cosmological 

verification, and consider the problem of late cosmic acceleration expansion and cosmological coincidence problem. The model 

parameters obtained by minimizing the chi-square function have nonzero values, and the current values of the transition red shift, 

equation of state parameter, deceleration parameter, and coincidence parameter are in good agreement with previous studies. We 

also confirmed the validity of the model and finally obtained a limit on the rate of change of the gravitational constant. 
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1. Introduction 

One of the unsolved problems in modern cosmology is to 

explain the late cosmic acceleration expansion predicted from 

observations such as supernova, cosmic background radiation, 

and baryon acoustic vibrations, as mentioned earlier [1-9]. Ac-

cording to observations, the current cause of the acceleration 

expansion of the universe is a strange energy component with 

a large negative pressure, called dark energy. Hence, previous 

studies have put the cosmological constants, Quintessence, Phan-

tom, Chaplygin gases, etc., as candidates for such dark energy. 

The cosmological constant-cold dark matter model, which in-

cludes cosmological constants, is recognized as the most natural 

model. However, this model encounters fine-tuning problems 
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and cosmological constant problems [10]. Hence, several dy-

namic dark energy models have been proposed. Recently, a hol-

ographic dark energy model with the superior properties of quan-

tum theory has been proposed to explain the acceleration expan-

sion of the universe. This model provides the best way to explain 

the accelerated expansion of the universe in comparison with 

other dynamic models. Although the BD scalar-tensor theory has 

several advantages, previous studies have shown that the ex-

ponential form of the BD scalar field is an inappropriate as-

sumption in the analysis of cosmic evolution by dark energy. 

[1-5] In other words, this form is an inappropriate assumption 

to explain the phase transition of the universe in terms of the 

dark energy. In view of this issue, we propose a new form of 

the BDscalar field, where the exponent of the power function 

of the scalar field is not a constant but a variable. Here, the 

exponent of the scalar field   is parameterized as a function 

of the red shift by the well-known JBP parameterization as 

follows. [6]. 

0 1 2(1 )

z

z
   


 

Here, 0  and 1  are constants without units, respectively. 

Then the expression for the scalar field is 

( )
0 (1 ) ,zz     

The slowness of the BD scalar field is higher than that of 

other parameterizations in satisfying the condition that it must 

evolve slowly to observe the slow change of the gravitational 

constant. The new form of scalar fields above satisfies these 

requirements. We see that the case of 1 0   is transformed 

into the original BD scalar field. 

2. Basic Equation 

The modified Einstein-Hilbert action in the BDscalar-ten-

sor theory of gravity is given by 

4 1
[ ( ) ],
2

mS d x g R g L
 


  


          (1) 

where R is the Ricci scalar curvature and   is the BD scalar 

field, which is time dependent and coupled with gravity. [7] 

And    is the coupling parameter between the scalar field 

and gravity, and mL  is the material Lagrangian. Here we use 

the metric of the Friedman-Robertson-Walker universe. 

We assume that the universe is filled with a hidden sub-

stance without pressure, baryon matter, and holographic dark 

energy. Then the variation of the action with the metric tensor 

yields the field equation as follows: 

2 2+ =3 3
2

H m H H


    


           (2) 

where m  and H  are the dark matter and holographic dark 

energy density, respectively. The advantage here is the differ-

entiation with space time. Many researchers have considered 

the interaction between the dark energy and the dark matter. 

[8-12] Recent observations also suggest this possibility of in-

teraction. [13] Considering the interaction between the dark 

matter and holographic dark energy, the energy conservation 

equation for the dark matter and holographic dark energy is 

+3 (1 ) =-H H HH w                (3) 

+3 =m m HH                  (4) 

The spaceships factor can then be written as 

0/ 1/ (1 ),a a z                (5) 

where 0 1a   is the current value of the spacecraft distance 

scale factor. From the equations, we can obtain the following 

expression: Using (1 )z H
t z

 
  

 
 

3(1 )
,

(1 )(1 )
H H

w

z
 




  

 
           (6) 

Here, the upper diagonal represents the derivative with the 

red shift z. 

Thus, we can obtain an analytical expression for the holo-

graphic scalar field density as follows: 

 
0

3(1 )

1= (1+z)

w

H H
 



                (7) 

Considering that 
0

2 2
0 0=3H c H  , the energy density of the 

holographic scalar field is 

3(1 )

2 2 1
0 0=3 (1 )

w

H c H z  




             (8) 

On the other hand, the analytical expression for the time de-

rivative for the scalar field and the derivative with the red shift 

can be written as 

'(1 )z H                    (9) 

' ' 1(1 )z                  (10) 

From the above equation, the Friedman equation with the 
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red shift of the scalar field can be rewritten as 

2 ' 1 2 '2+ = (3 3 (1 ) )
2

H m H z  
           (11) 

Now, by substituting the variables with 

' 1 2 '2=3 3 (1 )
2

A z  
      , the expression for the en-

ergy density of the dark matter is 

2 2=(A 3 )m c H              (12) 

Then, from the definition of the consistency parameter and 

the expression for the energy density of the holographic scalar 

field, we can derive the following relation: 

2
2

2 3(1 )/(1 )

(A 3 )
=E (z)

3 (1 )

m

w
H

c
r

c z 



  





      (13) 

Then, the weighting function for verification using the ob-

served data can be obtained as follows (13). 

2 3(1 )/(1 )
2

2

3 (1 )
E (z)=

3

wc r z

A c

  


        (14) 

Then the following relation must be used: 

' 2 3
1 1(1 ) 2 (1 )z z z        

Then the analytical expression for the obtained weight func-

tion is 
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             (15) 

Validation of the model using cosmological observations yields the following results. Figure 1 shows the optimum values and 

ranges of parameters obtained at different significance levels. 

3. Conclusion and Discussion 

 

Figure 1. The Value Range of the Parameter (
0

,
1

) Obtained at Different Significance Levels (
0

0.267m  ,
0

0.723  ). 

The expression for the BD parameter is 

2

2
0 1

(1 )
1 .

(1 )

z

z z


 


  

 
                                           (16) 
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Figure 2. Variation of BD Parameters with Red Shift ( 0 0.14  , 1 -0.1  ). 

The change with the red shift of BD parameter corresponding to the optimum value of parameter ( 0 , 1 ) is shown in Figure 2. 

 
Figure 3. Variation of Scalar Fields with Red Shift ( 0 0.14  , 1 -0.1  ). 

The variation of the scalar field 
0.05 0.03 0.04
0.05 0.03 0.0120.11  
    with the 

red shift corresponding to the optimum value of the parameter 

( h , c ) is shown in Figure 3. The variation of the scalar field 

0.05 0.03 0.04
0.05 0.03 0.0120.11  
    with the red shift corresponding to the op-

timum value of the parameter ( h  , c  ) is shown in Figure 3. 

From Figure 3, we can see that the scalar field decreases from 

the past to the present. It is also found that the BD scalar field 

increases rapidly from past to present. 

This means that the scalar field plays an important role in 

cosmic evolution [14-17]. 

The optimum values of the model parameters obtained at 

different significance levels are given in the table below. 

Table 1. The Optimum Values of Parameters and Tolerance Ranges of Parameters Obtained at the Significance Level of 68.3%, 95.5%, and 

99.7%. 

α0 α1 w h c 

0.06 0.02 0.04
0.05 0.01 0.0120.14  
    

0.03 0.006 0.023
0.13 0.005 0.0320.1  
    

0.042 0.079 0.134
0.031 0.068 0.1361.102  
    

0.03 0.035 0.035
0.03 0.035 0.0460.72  
    

0.077 0.024 0.030
0.017 0.053 0.0290.9  
    
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We now consider the change with the redshift z of the de-

celeration parameter q. The variation of the deceleration pa-

rameter with the red shift corresponding to the optimum val-

ues of the model parameters is shown in the figure below. 

 
Figure 4. Variation of the Deceleration Parameter with Red Shift 

( 0 0.14  , 1 -0.1  ). 

From the above figure, we can see that the current value of 

the transition red shift and the deceleration parameter is zt=-

0.6, q0=-0.63. This is consistent with the results obtained in 

the literature. [18-27] The above figure shows the variation of 

the consistency parameter r with the red shift z, corresponding 

to the optimum values of the model parameters. Figure 5 

shows the variation of the consistency parameter r with the red 

shift z, corresponding to the optimum values of the model pa-

rameters. 

 
Figure 5. Variation of the Consistency Parameter with Red Shift 

( 0 0.14  , 1 -0.1  ). 

From the figure, it can be seen that the consistency param-

eter is preserved at red shift zt = 0.41, and the current value of 

the consistency parameter is r0 = 0.37. By our model, a nega-

tive value of the interaction coupling strength between the 

dark matter and the holographic hidden energy is obtained, 

which is consistent with previous data and defines the direc-

tion of energy transport. Meanwhile, the rate of change G in 

our model is 

'~ (1 )[ ln(1 ) ] .
1

G
z z H

G z

 



   


 

From the above expression, we can see that the rate of 

change G at the present time is only dependent on 0 , and 

using 11 1
0 70 / 7.15 10H km s Mpc yr      

11 1
0 0

0

~ 1.001 10 ,

z

G
H yr

G






 



    
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