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Abstract 

Probabilistic and stochastic models such as Bayesian and Hidden Markov models can cope well with system uncertainties, but 

there is a problem of how learning state prediction and learning path generation are performed independently and how to connect 

them, and the overall effect of the system may be lost even after the connection. Using a Markov Decision Process, a kind of 

reinforcement learning model, not only can the prediction of the learning state of a student and the generation of a path be 

implemented simultaneously in a single model, but also the overall error can be reduced. In this paper, we propose to build an 

intelligent tutoring system into a Markov Decision Process model, an reinforcement learning model, with the aim of reducing 

learning path generation error and improving system performance by using Markov decision Process model in intelligent tutoring 

system. In addition, we propose a learning state evaluation method using a Markov Decision Process model to simultaneously 

proceed the student’s learning state estimation and the system’s action selection. We also propose a method to apply the value-

iteration algorithm to action selection computation in a Markov Decision Process model. Comparison with previous models was 

carried out and its effectiveness was verified. 
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1. Introduction 

Markov Decision Process and Partially Observable Mar-

kov Decision Process are known as good methods to im-

prove the model online by using reinforcement learning. In 

the case of using Markov Decision Process for learning 

path generation in intelligent tutoring system, we assume 

that the learning state of the student is fully observable. On 

the other hand, in partially observable Markov Decision 

Process, the student’s learning state is assumed to be ob-

servable only partially, and in particular indirectly only 

through sensory information. We analyze previous studies 

on the development of intelligent tutoring systems using 

Markov Decision Process, partially observable Markov De-

cision Process and reinforcement learning. 
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2. A literature Review on the 

Development of ITSs Using 

Reinforcement Learning, MDP and 

POMDP 

2.1. A Previous Study on the Application of 

Reinforcement Learning Methods to 

Intelligent Tutoring Systems 

Research on the application of reinforcement learning to in-

telligent tutoring systems began in the 1990s. In Iglesias et al. 

[3], the authors reported that the intelligent tutoring system 

used reinforcement learning algorithms to provide adaptive 

teaching to individual students based on their teaching expe-

rience. The author of Litman [4] describe the application of 

reinforcement learning to an dialogue speech tutoring system. 

In Sarma et al. [5], the authors propose to use reinforcement 

learning to build an intelligent tutoring system for students 

with AS. 

In Litman et al. [4], the authors reported the development 

of a speech dialogue system called ITSPOKE using reinforce-

ment learning. This system uses an intelligent tutoring system 

for tutoring, called Why2-Atlas. The system presents a quali-

tative question about physics and the student responds to it in 

natural language text. The system also answers the student’s 

questions, corrects the student’s wrong ideas, and, if necessary, 

makes the explanation at a deeper level. 

In Iglesias Aleven et al. [6], reinforcement learning algo-

rithm was used to build an educational model so that the sys-

tem can find out what the best educational strategy is suitable 

for students. One important feature of this approach is that the 

system can improve its strategy based on feedback data al-

ready obtained from other students in similar situations and 

backgrounds. 

Studies have also been conducted to use reinforcement 

learning in students’ emotional surveys in e-learning systems. 

In Ai et al. [7], the authors reported that the system and student 

learning behavior features were used in the learning process. 

This paper emphasizes that the detection of students’ emotions 

plays an important role in the construction of intelligent tutor-

ing systems. Information about student emotions can be used 

to determine the student's passage time of the subject. 

In Janarthanam et al. [8], instead of manual decision rule 

development, students’ feedback information was collected 

based on various time-interval representations such as task 

success, ambiguity and user preference, and then based on this, 

a data-driven decision rule generation method was proposed. 

This data collected was used to train reinforcement learning 

strategies to learn adaptive time-domain teaching directions in 

a variety of environments. 

In Pan et al. [9], a intelligent tutoring system that interacts 

with students was proposed and designed. The student may 

ask more questions if he is not satisfied with the explanation 

of the keywords given by the system. The system was built 

with MDP and all keywords were aligned according to the 

success rate obtained by performing reinforcement learning. 

In addition to the system development work, the system 

evaluation and analysis were also studied simultaneously. In 

Chi et al. [10], an empirical evaluation of the results of apply-

ing reinforcement learning to adaptive instructional orienta-

tion is presented. In Iglesias et al. [11], the learning perfor-

mance in tutoring systems was evaluated through three issues: 

convergence of machine learning results, heuristics and reduc-

tion of machine learning steps. 

In recent studies on the application of reinforcement learn-

ing to intelligent tutoring systems, machine learning has been 

conducted in the MDP framework. Such intelligent tutoring 

systems could improve the system’s teaching ability through 

interaction between the system and the student, but uncer-

tainty could not be handled. On the other hand, recent studies 

on developing intelligent tutoring systems based on POMDP 

have made progress in the uncertainty handling problem, but 

not immediately following the improvement of teaching abil-

ity when the intelligent tutoring system is operating online. In 

those systems, the tutoring directions were unchanged com-

pared to using MDP, and there was no updating during the 

teaching by the system. 

2.2. A Previous Study to Build Intelligent 

Tutoring System Using MDP and POMDP 

Building an intelligent tutoring system with MDP and 

POMDP can predict user action and even make a plan even if 

the environment is uncertain. The system performs the possi-

ble actions based on the assumption of the student’s current 

state of learning and then moves to the following physical 

state. This technique is characterized by maintaining a distri-

bution of as many hypotheses as possible about the current 

state of conversation. 

The research on the application of MDP and POMDP to 

adaptive or intelligent tutoring began in the 1990s [12-18]. 

These studies used POMDP to address the uncertainty in the 

tutoring. In Rafferty et al. [14], the authors reported that have 

built a system for tutoring concepts and developed tutoring 

techniques by POMDP planning. The core element in this 

technique was the set of approximate POMDP policies for un-

certainty handling. The work introduced by Folsom-Kovarik 

[16] aims to solve real-world problems by POMDP solvers. In 

their work, POMDP was used to address the uncertainty in 

system planning and the internal processes that takes place in 

the learner’s mind. A data structure for the student’s state de-

scription is proposed, which consists of a knowledge state and 

a cognitive state. This state of knowledge, also defined as gaps, 

was able to detect and eliminate this gap even in the presence 

of uncertainty in the intelligent tutoring system using POMDP. 

In Jeremiah et al. [19], we used a representation called state 

queue and observation chain. We have been able to represent 
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more than 100 independent learner features using the attrib-

utes of the task when building an intelligent tutoring system. 

This study was conducted on a real-world military training 

project. The intelligent tutoring system, which consists of 

POMDP with strong policy improvement ability, has made it 

easy to adapt to the learning status and input data of many stu-

dents. 

The algorithm developed in Williams et al. [12] was a typ-

ical algorithm that allowed POMDP to be used in an speech 

dialogue intelligent tutoring system. At each time step, the stu-

dent state is uncertain in the physical state, but the state infor-

mation about that state is a belief state b, which is defined as 

the ratio of the probability that a particular physical state exists. 

In specific time steps, both the student’s learning process and 

the system’s actions were in an uncertain state. The belief state 

is denoted by 1 2( ( ), ( ),...)Tb s b s  vector equal to a, and the 

vector space is divided into different regions. 

In Wang [20], the authors stated that Markov decision Pro-

cess is not applicable if the student’s learning status is uncer-

tain. In addition, this paper describes that no reinforcement 

learning method has been proposed to improve on-line strate-

gies in POMDP. 

In Hamid et al. [21], a conversational management system 

called SmartWheeler (tutoring support system) was proposed 

based on COMDP (Complete Observable Markov Decision 

Process) and POMDP, which was designed to work with pre-

vious conversational history data. This system has built a 

POMDP with two different models using its historical data. 

One model was based on keywords, and the other was based 

on student questions. 

In Burhan [2], the authors introduced the use of MDP to 

build an intelligent tutoring system for math learning. 

3. A Learning Path Generation Method 

Using Markov Decision Process Model 

The first step to build a learning path generator into a Mar-

kov Decision Process model is to formalize the task environ-

ment to be solved into a Markov Decision Process model. 

3.1. Formalization of Markov Decision Process 

Model 

3.1.1. General Concept 

1) Maximum expected utility value principle. 

The maximum expected utility principle is described in 

Russell et al. [1] as follows. An agent that must make a deci-

sion has actions a and states s. Since there may be uncertainty 

in the current state, we assign probability P (s) to each possible 

state s. There may also exist uncertainties in the results of the 

action, given that the transition model is P (s'|s, a), the mean-

ing is the probability of reaching state s' when taking action a 

in state s. P (RESULT (a) = s') has the meaning that when 

performing action a, it is the probability value that it reaches 

s'. 

( ( ) ') ( ) ( ' | , )

s

P RESULT a s P s P s s a   

An agent uses utility function U (s) to express the degree of 

preference for a state. The utility function is the agent assigned 

a value to the expected value in a state. When evidence is pre-

sented, the expected utility of an action is defined as the aver-

age value of the utility of the possible outcome state obtained 

by taking that action, which is the average value by weighting 

the probability that outcome state is obtained. 

'

( ) ( ( ) ') ( ')

s

EU a P RESULT a s U s       (1) 

The principle that a rational agent will choose an action that 

maximizes the expected utility of an agent is called the MEU 

(maximum expected utility) principle. 

2) Markov Decision Process 

MDP (Markov Decision Process) refers to a fully observa-

ble, sequential decision problem in a statistical environment 

with Markov transition model and reward values, which con-

sists of a set of states containing initial state s0, a set of actions 

in each state ACTIONS (s), a transition model P (s’ | s, a), and 

a reward function R (s, a, s’) [1]. 

In an intelligent tutoring system, Markov Decision Process 

is defined as a pair of <S, A, T, R>, where S represents the 

observable state space defined by a set of features representing 

an interactive learning environment, A represents the space of 

possible actions that an intelligent tutoring system can execute, 

T represents the transition probability, and R represents the 

reward predictor when it transitions from one state to another 

by taking some action. In this paper, the optimal strategy π* 

of MDP is generated by a value iteration algorithm. 

3) Partially observable Markov Decision Process 

POMDP (Partially observable Markov Decision Process) is 

an extension of MDP, where A and R are the same as in MDP 

and are defined as pairs <S, A, R, Ph, Po, B, prior>. S denotes 

the hidden state space, Ph denotes the transition probability 

inside the hidden states when taking action, and Po denotes 

the conditional observation probability. Prior represents a 

prior probability distribution for hidden states and B repre-

sents a belief state space, which is constructed by the IOHMM 

(Input-Output Hidden Markov Model) proposed by Shen [22]. 

The policy-driven process of POMDP consists of three 

steps as follows. First, we transform the training corpus into a 

hidden state space via Viterbi algorithm. Second, we imple-

ment Q-learning to estimate the Q-values for each hidden state 

and action pair (s, a). Third, we evaluate the value of a confi-

dence state b and a action at time t as follows: 

( , ) ( ) ( , )t t

s

Q b a B s Q s a              (2) 
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Thus ( , )tQ b a  is a linear combination of ( , )Q s a  for 

each hidden state with the corresponding confidence level 

( )tB s . When this process converges, taking the optimal ac-

tion a at time t associated with the largest ( , )tQ b a , we obtain 

π*. 

3.1.2. Building a Markov Decision Process Model 

1) Definition of the pair <S, A, T, R>. 

Markov Decision Process is a decision process when there 

is uncertainty of action transitions in an fully observable envi-

ronment. Generally, Bayesian networks for state estimation 

are extended to action and utility value nodes to transform into 

decision networks. MDP can be represented by an extended 

dynamic Bayesian network. Markov Decision Processes can 

be represented by an extended DBN (Dynamic Bayesian Net-

work), consisting of decision, reward, and utility nodes, to cre-

ate a DDN (Dynamic Decision Network). 

We draw the first-order Markov assumption and assume 

that the student’s learning state is sufficiently observable. That 

is, the learning behaviors extracted by the processes and the 

learning activities that depend on the learning process are then 

modeled using Markov assumption assuming that the learning 

states depend only on the current learning state. 

a) Learning state variables 

- Representation of the learning state. 

Previously (formalized by the hidden Markov model), we 

have defined the learning state as follows. The LSt consists of 

a set of slides (S, Slides), comments (Co, Comments), videos 

(V, Videos), questions and answers (QA, Questions and An-

swers). 

LSt = <St, Cot, Vt, QAt>, where t is the specific time. 

LSt=<Slidet(Slidet1, Slidet2,...,Slidetns), Cot(Cot1, 

Cot2,..., Cotne), Vt(Vt1, Vt2,..., Vtnv), QAt(QAt1: QAt1, 

QAt2: QAt2,..., QAt1: QAtnq)> 

Here ns, ne, nv, nq means that multiple slide displays, video 

screens, comment additions, and QAs are possible at a specific 

time stage. Each time it corresponds to the topic to be ex-

plained, and one topic is available for several slides, video 

projections, comment displays, and query presentation. 

- Learning state variables 

The learning state variable should reflect the learning state, 

the cognitive state, at a point in the student’s knowledge. Pre-

viously, when learning state modeling is done in a probabilis-

tic way, the learning state is represented as a random variable, 

including uncertainty, which is defined as a learning state var-

iable. We defined this variable as Vsubi
hyperl, basicm(or Vbasick). In 

the generation of learning paths by Markov Decision Pro-

cesses, this learning state variable is used to represent different 

representations from those in hidden Markov models. 

- Graph-based learning path representation and its corre-

sponding Markov chain 

The learning path is a sequence of knowledge nodes, whose 

representation is done by the knowledge graph [23, 24]. Rep-

resenting the learning path LP as a Markov chain, it consists 

of a sequence of Learning State LS in discrete time steps. The 

learning state corresponds to the nodes of the basic concept 

graph. 

LP = {LS1, LS2,...,LSm}, 

where m is the number of basic concepts as the number of 

times. 

- Learning state estimation is based on the assumption of 

the system constructor 

When an intelligent tutoring system is constructed using a 

hidden Markov model or a Markov Decision Process model, 

the first problem is whether to define this state as fully observ-

able or partially observable, with the definition of a state. The 

definition of a learning state as a fully observable state or par-

tially observable state is determined by the system developer. 

It is not possible to look directly into the student's head, and 

it is not yet known how the student will benefit from further 

research by utilizing the knowledge, so the value of a student's 

learning status value at a knowledge node is currently not ac-

curately measured. It is also a matter of future discussion, even 

if the test score is high, what value will be taken for the final 

test in the future, and how the student’s results will be assessed 

when the other teacher has presented the application in a dif-

ferent way. Therefore, whether it is fully observable or only 

partially observable, determines the system developer. 

- Assume a fully observable state 

We assume the learning state as a fully observable state. 

That is, the student’s learning state is assumed to be observed 

completely by the evaluation of the ability at that node, i.e., 

the cognitive comprehension test. 

b) Defining Learning State Variables 

The Markov model is constructed between the Learning 

State Variables LSVt (corresponding to Cbasict in the study of 

the previous hidden Markov model) and LSVt+1(correspond-

ing to Cbasic t+1 in the study of the previous hidden Markov 

model). There are many knowledge nodes (state variables) be-

tween two state variables to maximize the recognition rate for 

each student. The value of a learning state variable is defined 

as the H (High), M (Medium) and L (Low) level of student’s 

cognition. “High”(H) is when the value of this state variable 

lies in the interval between [0.8, 1], “medium”(M) is when the 

value lies in the interval of [0.4, 0.8], and “Low”(L) is in the 

interval of [0.0, 0.4]. That is value of learning state variable 

LSVt = {H, M,L}. 

The LSVt is defined by dividing the state variables into the 

following. That is, we define state variables as the notion of 

subdividing the learning state variables. 

LSVt = {Basic_Concept State Variable, Sub_Concept State 

Variable, Help_Concept State Variable, Supplement_Expla-

nation State Variable} 

- Basic_Concept State Variable Ba 

The main purpose of the lecture is to enable the student to 

study and recognize the basic concepts themselves, or to solve 

the application or research tasks corresponding to the basic 

concepts. The basic concepts include concepts, applications, 

and practical problems. 
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- Sub_Concept State Variable Sub 

In cases where there is a lack of understanding of the basic 

concept or a weak problem-solving ability, it is used to further 

investigate the subconcepts that support the basic concept. 

The subconcept state variable includes the contents of the 

basic_concept state variable and the contents of the sub_con-

cept. 

- Auxiliary_Concept State Variable Aux 

A Auxiliary_Concept State Variable is a variable that sup-

ports the subconcept. Then, the Auxiliary_Concept State Var-

iable is added to the contents of Auxiliary_Concept State Var-

iable, together with the contents of Sub_Concept State Varia-

ble. 

- Supplement_Explanation State Variable Supp 

The concept below is the same as the axiom, which is the 

explanation that the intelligent tutoring system explains to the 

bottom level. The state variable is then added to the contents 

of supplementary state variable, with the contents of the aux-

iliary concept state variable. 

c) Defining action 

The action in an intelligent tutoring system is contingent, 

enabling the transition from a knowledge node (the learning 

state variable) to the next knowledge node (the learning state 

variable) connected in the next time order. Thus, the transition 

action from the current state to the next one has a probabilistic 

property. We will see this by a detailed example in the follow-

ing. 

The actions include Up1, Up2, Up3, Down1, Down2, Down3, 

Right, and Jump. The meaning of these actions will be dis-

cussed in detail when illustrated in Figure 1. 

d) Definition of the transition model 

The transition model describes the results of each action in 

each state. The result of the performance of the action has a 

statistical property, which is denoted by P (s' | s, a), indicating 

the probability value of reaching s' when executing action a in 

state s. Then, we assume that these transitions have Markovian 

properties, which means that the probability of reaching s 

from s' depends only on state s and not on the previous state 

histories. 

Table 1 shows an example of the transition model, where 

a:y = 1.0. a:y means that enumerate from each of the values 

from the leftmost cell value a to the rightmost cell value y of 

any one row of the transition model table lists. 

Table 1. Transition Model. 

St-1 

P(St | St-1) 

H M L 

H 0.85 0.1 0.05 

M 0.3 0.4 0.3 

L 0.1 0.4 0.5 

e) Definition of the reward function 

To define a task environment completely, we must also 

consider utility functions. In a sequential decision problem, 

the utility function depends on a sequence of states and actions, 

i.e., the environment history, rather than on any single state. 

For all transitions from state s to s' using action a, the intelli-

gent tutoring system will receive reward R (s, a, s'). This re-

ward value may be positive or negative, but has a limit of 

±Rmax. 

We define the value of the reward function as follows. In 

the case of the basic concept state variable, we assign +3 when 

we have reached high state (state H), +1.5 when we have 

reached intermediate state (state M), and -3 when we have 

reached low state (state L). In the case of other state variables, 

assign a value of -0.1 to the H state, -0.2 to the M state, and -

0.3 to the low state. 

2) Value identification Algorithm of State Variables 

In intelligent tutoring systems, the state variables reflect the 

learning state of the student. 

a) Value identification algorithm of the basic concept 

state variables 

[Algorithm 1. Value identification algorithm of basic con-

cept state variables] 

Step 1: Presently, query presentation that elicit the basic 

concept of time t to the student himself, if the answer score for 

the question is 10, then move to step 3, step 2, if no. 

Step 2: Carry out a supplementary lecture that helps the stu-

dent to derive the basic concepts by himself, and move to step 

1. 

Step 3: A thorough lecture on the basic concept of time t 

(meaning that the intelligent tutoring system is doing a full-

scale re-lecture on the concept, considering that the student 

himself has derived the basic concept but is not yet fully un-

derstood). 

Step 4: A question asked to understand the basic concept of 

time t. The result is one of {H, M, L}. 

b) Value identification algorithm of the sub_concept 

state variables sub 

[Algorithm 2. Value identification algorithm of sub_con-

cept state variables] 

Step 1: Presently, query presentation that elicit the sub con-

cept of time t to the student himself, if the answer score for the 

question is 10, then move to step 3, step 2, if no. 

Step 2: Carry out a supplementary lecture that helps the stu-

dent to derive the sub concepts by himself, and move to step 

1. 

Step 3: A thorough lecture on the sub concept of time t 

(meaning that the intelligent tutoring system is doing a full-

scale re-lecture on the concept, considering that the student 

himself has derived the sub concept but is not yet fully under-

stood). 

Step 4: A question asked to understand the sub concept of 

time t. The result is one of {H, M, L}. 

c) Value identification algorithm of the Auxiliary_Con-

cept State Variable Aux. 
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[Algorithm 3. Value identification algorithm of Auxil-

iary_Concept State Variable] 

Step 1: Presently, query presentation that elicit the auxiliary 

concept of time t to the student himself, if the answer score for 

the question is 10, then move to step 3, step 2, if no. 

Step 2: Carry out a supplementary lecture that helps the stu-

dent to derive the auxiliary concepts by himself, and move to 

step 1. 

Step 3: A thorough lecture on the auxiliary concept of time 

t (meaning that the intelligent tutoring system is doing a full-

scale re-lecture on the concept, considering that the student 

himself has derived the auxiliary concept but is not yet fully 

understood). 

Step 4: A question asked to understand the auxiliary con-

cept of time t. The result is one of {H, M, L}. 

d) Value identification algorithm of the Auxiliary_Con-

cept State Variable Aux. 

[Algorithm 4. Value identification algorithm of Supple-

ment_Explanation State Variable Supp] 

Step 1: supplementary lecture 

Step 2: A question asked to understand the supplement_ex-

planation of time t. The result is one of {H, M, L}. 

3) Dynamic decision networking for Markov decision pro-

cess 

Figure 1 shows the dynamic decision network of the intel-

ligent tutoring system in three layers, which may be composed 

of four or five layers as needed. In the figure, the green rec-

tangle indicates state variables, the green rectangle indicates 

high state H, intermediate state M, and low state L in the state 

variable, the gray rectangle represents non-transitive state var-

iables, violet circles represents actions, and the blue trapezoi-

dal represents the reward value and utility function value. 

a) Expression of state variables 

The intelligent tutoring system consists of the state varia-

bles of the basic concept state variables, the sub_concept state 

variables, the Auxiliary_Concept State Variable, and the Sup-

plement_Explanation State Variable, and has the state values 

{high (H), medium (M), and low (L)}. In the figure, Bt indi-

cates the basic concept state variable (abbreviated Ba), Sbt in-

dicates the subconcept state variable (abbreviated Sub), At in-

dicates the subconcept state variable (abbreviated Aux), and 

St indicates the supplementary description state variable (ab-

breviated Supp). Due to the presence of state variables with 

different names, the sequence of state variables that consti-

tutes the learning path consists of state variables with different 

names. We use the symbol S for convenience, ignoring the 

other variable names when representing a learning path con-

sisting of state variables with different names. If we consider 

the logical upper and lower levels between state variables, 

then the basic concept state variable >> subconcept state var-

iable >> auxiliary concept state variable >> supplement expla-

nation state variable. For example, a basic concept state vari-

able is a top-level concept compared to a subconcept state var-

iable. The dotted lines indicate that the two states are not ac-

tually transitive. In the figure, the concept state variables are 

uppercase, and in our development we denote each state vari-

able by a lowercase letter unless we specifically refer to the 

set of states. 

b) Expression and meaning of actions 

It consists of actions named Up1, Up2, Up3, Down1, 

Down2, Down3, and Right. 

- Up1, Up2, Up3 

These actions mean a transition to a higher-level concept 

state than itself, which is classified as a transition to a one-

level higher state and a transition to a two-step higher state by 

subscript. 

- Down1, Down2, Down3 

These actions mean a transition to a lower-level concept 

state than itself, which is classified as a transition to a one-step 

lower state, and a transition to a two-step lower state, depend-

ing on the subscript. 

- Right 

This action has the meaning of moving to the same level of 

concept state in the next time step. 

- meaning of subscript and superscript of action notation. 

Up3,t1 is an Up3 action, which is used in the state variables 

at time t, 1, meaning that it moves to a three-level lower con-

cept state than the current concept state. 

c) The transition probability of intelligent tutoring sys-

tem 

The intelligent tutoring system performs its actions (i.e., by 

“doing lectures”, “doing learning”) with Bt as the initial state 

in the network of Figure 1, and completes its actions in the 

Bt+1 state. Each performance is considered probabilistic, de-

termined through experiments, empirically or through rein-

forcement learning. Up1, Up2, Up3, Down1, Down2, Down3, 

and Right actions are able to move with a probability of 0.91 

to the state variable to which they are moving, and then move 

to other state variables at the next time is possible with a prob-

ability of 0.03, respectively. The transition to the next subcon-

cept state variable on the right in each state variable, e.g. Pt-1, 

is performed with a probability of 0.91, and the other transi-

tion to the different level state variables at the next time is 

done with probabilities of 0.03, 0.03, and 0.03, respectively. 

For example, by executing Down1, t-13 on the St state varia-

ble, the probability of reaching a state Pt,1 is 0.91 (probability 

of reaching a high state H is 0.31, probability of reaching an 

intermediate state is 0.3, probability of reaching a low state is 

0.3), and the probability of reaching other states is 0.03, re-

spectively. The transition probabilities of Down1, t-13 are 

{0.91, 0.03, 0.03}. 
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Table 2. Transition Model. 

St

-1 

P(S1
t|St-1) = 0.91 P(S2

t|St-1)=0.03 P(S3
t|St-1)=0.03 P(S4

t|St-1)=0.03 

H M L H M L H M L H M L 

H 
0.91×0.

85 

0.91×0.

1 

0.91×0.

05 

0.03×0.

85 

0.03×0.

1 

0.03×0.

05 

0.03×0.

85 

0.03×0.

1 

0.03×0.

05 

0.03×0.

85 

0.03×0.

1 

0.03×0.

05 

M 
0.91×0.

3 

0.91×0.

4 

0.91×0.

3 

0.03×0.

3 

0.03×0.

4 

0.03×0.

3 

0.03×0.

3 

0.03×0.

4 

0.03×0.

3 

0.03×0.

3 

0.03×0.

4 

0.03×0.

3 

L 
0.91×0.

1 

0.91×0.

4 

0.91×0.

5 

0.03×0.

1 

0.03×0.

4 

0.03×0.

5 

0.03×0.

1 

0.03×0.

4 

0.03×0.

5 

0.03×0.

1 

0.03×0.

4 

0.03×0.

5 

(Example 1) 

In the future, to illustrate the learning path generation 

method by Markov decision process, we assume the sequence 

of actions that generate the learning path as follows. The in-

telligent tutoring system has to go through the basic concepts 

B0, B1, …, Bt, …, Bn, where the value of initial state Bt is H 

and the value of target state Bt+1 is H. The sequence of actions 

that the intelligent tutoring system performs is as follows: In 

the initial state Bt with value H, the intelligent tutoring reaches 

state Sbt,1 with value M by executing Down1, t-13, and then 

performing Down2,t1 reaches state St,2 with value L, and 

reaches the target state Bt+1 with value H by executing Up3,t2. 

3 1 2
1, 1 2, 3,

,1 ,2 1( ) ( ) ( ) ( )
t t tDown Down Up

t t t tB H Sb M S L B H


        (3) 

 
Figure 1. Dynamic Decision Networks for Intelligent Tutoring Sys-

tems. 

d) applicability of the action 

In Markov Decision Processes, state identification, i.e., un-

certainty in sensing, is not present, and only uncertainty in ac-

tion performance is assumed. That is, the intelligent tutoring 

system is able to specify exactly the set of actions that are fea-

sible in each state variable, since the current state knows ex-

actly which state variable is. 

Representation of the reward value and utility function. 

In the figure, the reward is represented by Rt and the utility 

function value by Ut. 

3.2. Computational Methods 

3.2.1. Calculation of Utility Functions and Policy 

a) Calculation of utility function values 

In Example 1, the probability of reaching the H state of the 

target state variable starting from the initial state variable is 

0.913 = 0.7536, and the total utility value is (-0.2) + (-0.3) + 

(+1.5) = 1.0. The negative reward value is the value that mo-

tivates the student to quickly reach the key concept, the goal 

when performing individual learning with the intelligent tu-

toring system. 

b) policy 

A common way to solve MDP is dynamic programming, 

which solves the problem by recursively dividing the problem 

into small problems and storing the optimal solution in these 

small problems. A fixed sequence of actions cannot solve the 

problem, since it may end in some intermediate state rather 

than reaching the H state of the target basic concept state var-

iable. Thus, the problem of how an agent should do in the state 

to be reached must be solved. This problem is solved by what 

is called policy. Traditionally, we denote the strategy π, π(s) 

is the action recommended by the direction π in state s. The 

policy is implemented starting from an initial state, and the 

statistical properties of the environment will produce different 

environmental histories. The evaluation of how good a policy 

is done by expected utility values of possible environmental 

history generated by the policy. The optimal policy is denoted 
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by π* as the policy with the highest expected utility. The bal-

ance between risk and reward, which gives a greater weight, 

varies depending on the reward value r = R(s, a, s') for transi-

tions between non-target states. 

3.2.2. Learning Performance Evaluation Method for 

Individual Learning Paths 

In an intelligent tutoring system, the performance of learn-

ing through a learning path assigned to a student is calculated 

as the sum of the reward values in the experienced transitions. 

This performance evaluation method cannot use any method, 

and only utility functions for the environmental history are 

used, which we write Uh([s0,a0,s1,a1,…,sn]). 

Then, we have to establish how to calculate the utility value 

for the state sequences. We use additive discounted rewards 

method (Russell et al. [1]). The utility value for a certain his-

tory is calculated as follows. 

Uh([s0,a0,s1,a1,s2,…]) = 

R(s0,a1,s1)+γR(s1,a2,s2)+γ2R(s2,a3,s3)+… 

The discount factor is the value between 0 and 1. The dis-

count factor shows the degree of preference for future rewards 

by an agent with the current reward value. The closer γ is to 0, 

the less reward values for the distant future are treated as in-

significant, and the closer γ is to 1, the longer rewards will be 

expected. If γ is positively 1, the discount factor becomes a 

special case of pure additive rewards. We use this for compu-

tation because additive discount factor greatly reduces the 

complexity in the histories estimation. 

3.2.3. Optimal Policy, Utility Value of States 

When we want to sum the utility value of a given history as 

the sum of the discount reward values, a comparison of poli-

ciesis made by comparing the expected utility values obtained 

at the execution of the policy. As mentioned above, we usually 

denote these state variables as a symbol s, since there are basic 

concept state variables(Bt), subconcept state variables(Sbt), 

auxiliary concept state variable(At), supplementary explana-

tion state variable(St) as the learning state variables. Let us 

define the learning state variable as s now. Define the state 

that will arrive at time t when executing a specific policy st. 

When the initial state is S0 = st, the probability distribution of 

the state sequences (S1, S2,..) is determined by the initial state 

s, the policy π, and the transition model of the environment. 

a) Action selecting using expected utility value 

In Russell et al. [1], the following action selection method 

using expected utility is described. The expected utility value 

obtained when executing the policy π starting from the basic 

concept state variable Bt is. The state notation uses s, the gen-

eral notation of the state variable. 

1

0

U ( ) R( , ( ), )t

t

t
t

t tS E S S S  






 
  

  
         (4) 

The expected value E depends on the probability distribu-

tion for the state sequences determined by St and π. Starting 

at the initial state St, one or more of all policies an agent can 

choose to perform an action, have a larger expected utility than 

the others. One of such policies is denoted by 
tS
 . 

arg max ( )
tS tU S



                 (5) 

tS
  also recommends some action for every state as a pol-

icy, especially if St is an initial state, then it is an optimal pol-

icy for the initial state. The use of continuous results of utility 

values at infinite limits makes the optimal policy independent 

of the initial state. Of course, the action sequence is not inde-

pendent of the initial state, but the policy is a function that 

indicates the action in each state. In the future, we simply de-

note the optimal strategy by  
. 

From this definition, the actual utility value for the state St 

is 
*

( )tU S . That is, 
*

( )tU S  is the sum of the expected 

discount rewards when the intelligent tutoring system exe-

cutes some optimal policy. This is simply denoted U (St). 

This utility function U (St) allows us to choose actions us-

ing the maximum expected utility principle. That is, we 

choose the action that maximizes the value of the next step of 

the reward value plus the discount utility value that is then 

connected. 

*

( )

arg max ( | , )[ ( , , )]
t

t
t

S t t t t
a A S S

P S S a R S a S
 

         (6) 

b) Method of calculation of utility function using Bellman 

equation 

As above the utility function U (St) of a state is defined by 

calculating the sum of the forward expected discount rewards 

from that point. Hence, the utility value of a state is directly 

related to the utility value of a neighboring state. Assuming 

that the intelligent tutoring system selects the optimal policy, 

the utility value in a state is the sum of the expected reward 

associated with the transition to the next state and the discount 

utility value of the next state. Thus, the utility function of a 

state is given by 

'
( )

( ) max ( ' | , )[ ( , , ') ( ')]
a A s

s

U s P s s a R s a s U s


 
     (7) 

This expression is called the Bellman equation. Defining 

the utility of the state sequences as the expected utility of the 

sequence of continuous states as in Eq. (6) is a solution to the 

set of Bellman equations. In fact, the solutions are unique. In 

Figure 1, an example of the calculation of the Bellman equa-

tion for the state variable Bt with H values is shown below 

when the actions are applied in the order 
3
1, 1tDown  , 
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3
2, 1tDown  , 

3
3, 1tDown  , and 3

1tRight  . 

Max{[0.91×0.85×(-0.1+γU(Sbt,1(H)))+0.91×0.1×(-

0.2+γU(Sbt,1(M)))+0.91×0.05×(-0.2+γU(Sbt,1(L)))+ 

(0.03×0.85×(-0.1+γU(Bt(H)))+0.03×0.1×(-

0.2+γU(Bt(M)))+0.03×0.05×(-0.3+γU(Bt(L))))+ 

(0.03×0.85×(-0.1+γU(St,1(H)))+0.03×0.1×(-

0.2+γU(St,1(M)))+0.03×0.05×(-0.3+γU(St,1(L))))+ 

(0.03×0.85×(-0.1+γU(At,1(H)))+0.03×0.1×(-

0.2+γU(At,1(M)))+0.03×0.05×(-0.3+γU(At,1(L))))], 

[0.91×0.85×(-0.1+γU(St,1(H)))+0.91×0.1×(-

0.2+γU(St,1(M)))+0.91×0.05×(-0.2+γU(St,1(L)))+ 

(0.03×0.85×(-0.1+γU(Bt(H)))+0.03×0.1×(-

0.2+γU(Bt(M)))+0.03×0.05×(-0.3+γU(Bt(L))))+ 

(0.03×0.85×(-0.1+γU(St,1(H)))+0.03×0.1×(-

0.2+γU(St,1(M)))+0.03×0.05×(-0.3+γU(St,1(L))))+ 

(0.03×0.85×(-0.1+γU(At,1(H)))+0.03×0.1×(-

0.2+γU(At,1(M)))+0.03×0.05×(-0.3+γU(At,1(L))))], 

[0.91×0.85×(-0.1+γU(At,1(H)))+0.91×0.1×(-

0.2+γU(At,1(M)))+0.91×0.05×(-0.2+γU(At,1(L)))+ 

(0.03×0.85×(-0.1+γU(Bt(H)))+0.03×0.1×(-

0.2+γU(Bt(M)))+0.03×0.05×(-0.3+γU(Bt(L))))+ 

(0.03×0.85×(-0.1+γU(St,1(H)))+0.03×0.1×(-

0.2+γU(St,1(M)))+0.03×0.05×(-0.3+γU(St,1(L))))+ 

(0.03×0.85×(-0.1+γU(St,1(H)))+0.03×0.1×(-

0.2+γU(St,1(M)))+0.03×0.05×(-0.3+γU(St,1(L))))], 

[0.91×0.85×(-0.1+γU(Bt,1(H)))+0.91×0.1×(-

0.2+γU(Bt,1(M))+0.91×0.05×(-0.2+γU(Bt,1(L)))+ 

(0.03×0.85×(-0.1+γU(St(H)))+0.03×0.1×(-

0.2+γU(St(M)))+0.03×0.05×(-0.3+γU(St(L))))+ 

(0.03×0.85×(-0.1+γU(St,1(H)))+0.03×0.1×(-

0.2+γU(St,1(M)))+0.03×0.05×(-0.3+γU(St,1(L))))+ 

(0.03×0.85×(-0.1+γU(At,1(H)))+0.03×0.1×(-

0.2+γU(At,1(M)))+0.03×0.05×(-0.3+γU(At,1(L))))] 

Now, to choose the optimal action in the initial state varia-

ble Bt, we have to iteratively calculate the function value for 

the remaining U. 

c) Q function, which is an action utility function 

Q(s, a) is the expected utility value when a given action is 

chosen for a given state. 

( ) max ( , )
a

U s Q s a                 (8) 

The optimal policy can be extracted using the Q function as 

follows: 

( ) arg max ( , )
a

s Q s a                 (9) 

The Bellman equation can be developed using the Q func-

tion, where the expected total reward value at which an action 

is selected is obtained by adding the reward value at the state 

immediately reached by the action to the value of the discount 

utility value at the resulting state. 

( , ) ( | , )[ ( , , ) ( )]

( | , )[ ( , , ) max ( , )]

s

a
s

Q s a P s s a R s a s U s

P s s a R s a s Q s a










   

   



     =
    (10) 

Solving the Bellman equation using U(or Q) gives a solu-

tion to how to find the optimal policy. The Q function is ob-

tained by the following method. 

function Q-VALUE(mdp, s, a,U) returns utility 

return 
'

( ' | , )[ ( , , ') ( ')]

s

P s s a R s a s U s  

3.3. MDP Algorithm 

There are a number of methods for generating offline solu-

tions, such as value iteration, policy iteration, linear program-

ming, and Monte Carlo planning as an online approximation 

algorithm. We use a value iteration algorithm. 

The Bellman equation in Eq. (7) is the basis of a value iter-

ation algorithm for solving MDP. If n possible states exist, 

there are n Bellman equations for each node. These n equa-

tions include n unknown utility values (utility values for 

states). Eventually, we have to solve the system of equations 

to find these utility values. The problem is that the equations 

are nonlinear since this "max" operator is not a linear operator. 

The linear equation system can be solved immediately using 

linear algebra techniques, but the nonlinear equation system 

still remains open. One possibility is the iteration method. The 

algorithm starts with any initial utility value, computes the 

right-hand side of the equation, and then holds it to the left-

hand side of the equation. That is, we update the utility value 

of each state by its neighbor utility value. 

Let Ui(s) be the utility value for state s at the ith iteration. 

Such an iteration is called the Bellman update. 

[Algorithm 5. Value iteration algorithm computing the util-

ity value of states] 

function VALUE-ITERATION(mdp, ε) returns utility 

function value  

inputs: mdp 

ε 

local variables: U, U’ 

δ 

repeat 

U← U’; δ ← 0 

for each state s in S do 

U’[s] ← maxa∈ A(s) Q-VALUE(mdp, s, a, U) 

if |U’[s] − U[s]| > δ then δ ←|U0[s] − U[s]| 

until δ ≤ε(1 − γ)/γ 

return U 

1
( )

'

( ) max ( ' | , )[ ( , , ') ( ')]i i
a A s

s

U s P s s a R s a s U s 


     (11) 

We assume that for every iteration, this update is applied 
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continuously for all states. We ensure that if we apply this 

Bellman update infinitely many times, we will reach some 

equilibrium state (convergence of the value iteration). Then 

the final utility value must be the solution of the Bellman 

equation. This is a unique solution and the corresponding pol-

icy (obtained using Eq. (6)) is optimal. A detailed algorithm 

including the termination condition when the utility value is 

fully converged is shown in algorithm 5. 

4. Experiment and Evaluation 

A comparison experiment with Markov Decision Process 

model and other models was carried out. Two performance 

comparisons were conducted for the framework that there ex-

ists learning state prediction model and learning path genera-

tor separately, and the framework integrated with a learning 

state prediction model and a learning path generator. The first 

experiment was conducted between the integrated model with 

the model that separately exists. 

Both Bayesian and Hidden Markov models are stochastic 

and statistical modeling methods. These two models represent 

one characteristic at a time point and the other one character-

istic at a time interval. Also, when these two models are used 

in the development of intelligent tutoring systems, the model 

of student learning state prediction and the learning path gen-

erator are separately present. We have conducted a perfor-

mance comparison experiment between the Bayesian model, 

the Hidden Markov Model and our Markov Decision Process 

model. 

The second experiment was conducted between the models 

that integrated the learning state prediction model and the 

learning path generator. A performance comparison experi-

ment between Markov Decision Process model, partially ob-

servable Markov Decision Process model and random model 

was conducted. 

4.1. Performance Comparison Experiments 

Between the Integrated Model with the 

Model that Separately Exists 

Theoretically, if a state is generally composed of n states 

with at least d values, then the corresponding HMM transition 

matrix is of size O(d2n) and its size is O(d2n) per update count 

[1]. On the other hand, in the Markov Decision Process model, 

when the number of parents of each variable is limited to k, its 

size is O(ndk). This means that the number of variables has a 

linear rather than exponential nature. 

A pre-testing was conducted on 200 students who did not 

use the intelligent tutoring system, and then students were 

self-studying using the intelligent tutoring system. The results 

of the final examination of students who completed their own 

studies with the intelligent tutoring system and the analysis of 

the M (Means) and SD (Standard Deviations) of the scores are 

shown in the table below (10-point criterion). 

Table 3. Evaluation Through Means (M) and Standard Deviations (SD). 

 pretest mean (M) 
pretest standard devi-

ation (SD) 
final test mean (M) 

final test standard de-

viation (SD) 

Bayesian Model 6.54 1.85 6.57 1.41 

MDP 7.55 1.75 8.27 1.49 

HMM 7 1.84 7.32 1.66 

 

The analysis shows that the use of the Markov Decision 

Process model results in higher mean values of students' final 

tests and lower standard deviations than other models. 

4.2. Comparison Between MDP, POMDP, and 

Random Model 

1) Experimental Preparation 

The effectiveness of intelligent tutoring systems generally 

depends on learning paths, where policies are used to deter-

mine what actions to take next for learning path selection. We 

computed the learning path-determining policies based on re-

inforcement learning structures such as POMDP and MDP, 

given the limited feature space, and compared the policies in-

duced by reinforcement learning with the random and rational 

strategies. In the experiments, we also used a simple baseline 

educational policy in which the system randomly selects a 

worked example or a problem solving in the next time step. 

The worked example is a form of presenting a problem to-

gether with its solution, and a problem solving is a form of 

presenting a question or a problem to be solved. 

a) experimental condition 

124 students randomly participated in one of the three 

methods evaluation experiments. 

MDP (N = 45), POMDP (N = 40), Random (N = 39) 

In addition, 124 students were classified as fast and slow in 

response time. 
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fast group(n = 61), slow group (n = 63) 

Combining these two groups and three methods, six exper-

imental groups were obtained. 

MDP-Fast(N = 22), MDP-Slow(N = 23), POMDP-Fast(N 

= 18), POMDP-Slow(N = 22), Random-Fast(N = 21), Ran-

dom-Slow(N = 18) 

χ2-test(χ2 = 0.03, p = 0.86) showed no significant differ-

ence between the fast and slow classes among the three meth-

ods. Here, the χ2 -test is a method that uses the ∑²distribution 

when testing whether the theoretically assumed distribution of 

the population and the distribution obtained in the real sample 

match each other. 

2. Training procedure 

Students have to solve three or four problems per level and 

18-24 problems in total. Level 1 sets up a preliminary test 

phase to assess student's initial ability, and students accept the 

same problems that exist at Level 1. All of these problems take 

the form of PS(problem solving). To fairly assess the students' 

learning status from level 2 to level 6, students must solve the 

problem PS before completing each level. The policies imple-

mented during training allow different decisions to be made. 

The intelligent tutoring system makes 10-15 decisions to com-

plete each student's training. 

3. Assessment of Learning Status 

To fully assess students' performance (learning status), a fi-

nal test (or post-test) was organized. Students’ test results 

were rated by a 1-100 point by a teacher other than a member 

of the study group. Posttest results were taken as the final as-

sessment of students’ learning. 

4. Collection of training data 

Training data were collected between 2023 and 2024. All 

students were subjected to the same training procedure, the 

same training data as the same intelligent tutoring system, and 

only the randomly determined training data were different 

from the WE and PS. The training dataset contained a history 

of 306 students interacting with the intelligent tutoring system, 

the average number of students' solutions was 23.7, and the 

average time that students had with the intelligent tutoring 

system was 5.29 h. There are 133 students' learning behavioral 

features, and the experiments generated the same feature 

space for MDP and POMDP using the MDP-based feature se-

lection method proposed by Shen [22]. It has six features as 

follows. 

a) totalPSTime: Total time spent to solve PS 

b) easyProbCount: The number of easy problems that a 

student has solved so far. 

c) newLevel: Are students jumping to a new level? 

d) avgStepTime: Average step time to date 

e) hintRatio: The ratio between the number of times a 

reminder is given and the number of times a rule is 

applied. 

f) NumProbRule: The number of rules in the current 

problem solution 

2) Experimental results 

The students' pre-test scores showed that the initial perfor-

mance of the students in the experiment was equal without 

significant difference. Table 4 shows the M and SD values of 

the pre-test and post-test scores for each group as a measure 

of 100 points. The experimental results confirm that the stu-

dents' ability to pass through the learning process by generat-

ing learning paths using Markov Decision Process methods is 

higher than those of students passing the learning path gener-

ated using other methods. 

The experimental results showed that the MDP-based ap-

proach can significantly improve student learning than the 

random criterion when the learning content is coordinately 

controlled, and the POMDP-based approach does not perform 

better than MDP. The reason is that the features selected for 

MDP structure cannot be the optimal feature space for 

POMDP. 

Table 4. Pretest and Posttest Scores for Each Group. 

policy 

Pre-test Post-test 

overall fast slow overall fast slow 

MDP 74.90(26.3) 75.34(27.6) 74.48(25.5) 88.26(15.2) 84.23(17.7) 92.12(11.3) 

POMDP 75.18(25.9) 74.01(29.1) 76.15(23.2) 79.53(24.4) 86.47(23.6) 73.86(24.1) 

random 65.99(28.1) 67.69(28.8) 64.02(27.8) 82.85(22.3) 88.98(17.9) 75.69(25.3) 

 

5. Conclusion 

MDP is a good way to apply reinforcement learning. How-

ever, this MDP is a method that can only be used when the 

students’ learning state is assumed to be fully observable. 

In our study, we proposed a method to generate learning 

paths for intelligent tutoring systems using MDP. To do this, 

we defined state and transition probabilities and proposed an 

algorithm to select the optimal learning action according to the 

learning policies. 
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The experimental results showed that the MDP showed su-

perior performance compared to other methods without rein-

forcement learning algorithms. However, there was no signif-

icant difference between MDP and POMDP. 

Abbreviations 

MDP Markov Decision Process 

POMDP Partially Observable Markov Decision 

Process 

MEU Maximum Expected Utility 

IOHMM Input-Output Hidden Markov Model 

DBN Dynamic Bayesian Network 

DDN Dynamic Decision Network 

S Slides 

Co Comments 

V Videos 

QA Questions and Answers 

LP Learning Path 

H High 

M Medium 

L Low 

HMM Hidden Markov Model 

M Means 

SD Standard Deviations 
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