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Abstract

Dynamic programming is an important discipline in the fields of applied mathematics, operations, and computer science, and
standard solution methods are used in various fields of engineering, economics, commerce, management, etc. Dynamic
programming is that, whatever the initial state of optimality and the initial control, a sequence of subsequent controls with
respect to the resulting state must be the optimal strategy. Thus, it is an optimization method that solves problems in a
time-dependent process using the principle of optimality for economic problems that cannot be solved by linear programming.
The continued emergence of publications describing new settings, reformulations and general theory in the development of
dynamic programming demonstrates the continuing interest in the fundamental problems of dynamic programming. In this
paper, we introduce an acceleration method to improve the execution time, which is the most challenging problem in solving
many real-life dynamic programming problems. And we prove that the acceleration method using decision monotonicity is
effective in improving the execution time when the input data is large compared to the existing method. We also consider the
execution time when the mathematical model of the plant is referred to as dynamic programming and the state transition
equation satisfies convex monotonicity. We have used the quadrilateral inequality and convex monotonicity theory to solve the
traditional computational complexity and time-increasing problem and find reasonable solutions quickly and accurately. In this
paper, we introduce an accelerated method to improve the execution time, which is the most challenging problem in solving
many real-life dynamic programming problems. We define the quadrilateral inequality and convex monotonicity theory and
consider the acceleration of the dynamic programming solution of the mathematical model satisfying it.
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1. Introduction

Dynamic programming (DP) generally investigates how to
find controls that optimize the objective for controllable ob-
jects that can be implemented differently in practical activi-
ties.

Thus, DP is a mathematical approach to optimize the au-
tomation and management of the production technological

process.
DP is a method that reduces the problem of extrema of
several variable functions based on the principle of optimal-
ity.
DP has been widely applied in various fields, including
military and economic sectors, as well as in academic fields.
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Applications of DP include the management of freight cars,
where decisions about when, where and how many to move
have to be made in the presence of numerous sources of un-
certainty, including customer demands, transit times and
equipment problems.

Many researchers have been working on the fault diagno-
sis of jet engines using DP in the military field, and various
methods and techniques have been proposed for it.

The idea is to approximate DP solutions by using a func-
tion approximation structure such as neural networks to ap-
proximate the cost function [4, 5].

DP is a method that in general solves optimization prob-
lems that involve making a sequence of decisions by deter-
mining, for each decision, subproblems that can be solved in
like fashion, such that an optimal solution of the original
problem can be found from optimal solutions of subproblems
[6-12].

Let us assume that the problem is given as follows:

Let us consider a problem where the entire interval is di-
vided into several intervals and the sum of cost of each in-
terval is minimized.

When the cost of the interval from i to j is called
w(i, ), this problem reduces to a DP problem which yields
[1, 2, 13-15].

R=X1f(x)
fO) =min{f() +w(,x)|1 <i<x} 1)

Let the entire interval be [1,n] and the solution of the
problem becomes f(n).

Given this, the previous algorithm performed the corre-
sponding computations by iterating i for each n.

Since the state quantity is two, the execution complexity
of this algorithm is 0(n?) [3].

Since the overall algorithm complexity is 0(n?), we
cannot implement this algorithm when n is very large.

For example, when n = 105, the total number of opera-
tions is 100, so the operation time will take about 100s.

Due to the too long execution time of the algorithm, we
will discuss an accelerated method to improve the complexi-
ty of the algorithm to O (nlogn).

2. Acceleration Method in the DP

2.1. Quadrilateral Inequality and Convex
Monotonicity

Before discussing the acceleration method in the DP, let us
discuss the quadrilateral inequality and convex monotonicity.

Definition 1: For any binary function w(x,y):N X N —
R(VxVy,x 2y =>w(x,y)=0) , we define a
one-membered function f(x) =w(x,i+ 1) —w(x,i):N -
R,i €EN.

If f(x) is a non-increasing function, i.e., w(x, i + 1) —
w(, i) zwx+1,i+1)—w(+1,i), then w(x,y) is
called convex monotonicity.

If w(x,y) satisfies convex monotonicity, when Vk > 0,
then f(x) =w(x,i+k)—w(x,i):N > R,i € N becomes
a non-increasing function.

If fx)=wl,i+k)—w(xi):N>RiIi€N is a
non-increasing  function, then g(x) =w( +k,x) —
w(i,x):N > R,i € N is also a non-increasing function for
vk > 0.

Hence, if w(x,y) satisfies convex monotonicity, then
satisfies w(i,j) + w(i,/) < w(i,j) + w(i,j) for Vi, i j,j€
Ni<i<j<j.

Definition 2: For Vi ijjeN,i<i<j<j , |if
w(i, ) +w(i, ) <w(i, ) +w(i))), then w(x,y) is called
to satisfy the quadrilateral inequality.

Similarly, we can derive the convex monotonicity of
w(x,y) from the quadrilateral inequality.

Theorem 1: If w(x,y) satisfies convex monotonicity,
then it is necessary and sufficient to satisfy the quadrilateral
inequality.

2.2. Decision Monotonicity and Acceleration
Method

Recall the above-mentioned isomorphic state transition.
fe) =min{f(@) +w(,x)|1 <i<x} 2)

Definition 3: Assume t(i,x) = f()+w(,x)(1<i<
X).

For 3x, f(x) is called to satisfy decision monotonicity if
t(i,x) = t(j,x)(i <j), whenfor vy > x, t(i,y) = t(j,y).

In other words, for i,j(i < j), if at any time the decision
i is not superior to the decision j, then the decision i can-
not be superior to the decision j.

Let us discuss an accelerated method for finding f(n) in
O(nlogn) time if the decision monotonicity is satisfied.

For each decision i from 1 to n, we find B(i)(i <
B(@{) <n+1) inturn.

Here B(i) =min{x|Vj(1<j<n),j<i=>t(,x)=
t(i, x)}.

That is, B(i) is the minimum value of x such that deci-
sion i is superior to any decision j(j < i).

For any j(j <), if B(j) = B(i), then f(x) satisfies de-
cision monotonicity, so decision j is not needed thereafter.

Thus, the sequence of useful decisions is B(i;) <
B(i,) < ... < B(i;) at any time, when iy, i, ...,0;(i; < i, <
e < it)-

When f(x) is found, the decision i, is the optimal deci-
sion if k = max{k|B(i;) < x,k <1} is found in the deci-
sion sequence.

That is,

f(x) = t(ix, x) (3)
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Because it is necessary and sufficient that B(i,) < x so
that i, (1 <i, <x) is superior to any random decision
JU < i).

From the characteristics of the decision sequence, we can
then find k for % > x(* = x + 1) in the decision sequence,
after the kth decision in the decision sequence, in the fol-
lowing.

Thus, the complexity of finding the optimal decision i, n
times becomes O(n).

After finding f(x), x is a useful decision, so we find
B(x) and sort out the decision sequence.

When y = min{y|t(x,y) < t(i;, y)}, let's see the time to
find y as T.

If y < B(i;), then B(x) < B(i;) must be true.

Thus, i; is a useless decision and must be removed from
the decision sequence (simply set 1 =1 —1).

This process continues until y = min{y|t(x,y) <
t(i,¥)} > B(ip).

Then B(x) =y, and x is added to the end of the deci-
sion sequence. We can see that using the stack facilitates this
sequence maintenance. Each decision is made to enter the
stack at most once or to exit the stack.

Since each decision takes T time when it comes out of
the stack, the time complexity of maintaining the sequence is
o(nT).

On the other hand, the time complexity of finding the op-
timal decision from decision monotonicity is O(n).

Thus, the total time complexity is O (nT).

In any case, from the expression of the w function, we
can easily find y = min{y|t(x,y) <t(i;,y)}, and then
T =0(1).

In a more general case, if the w function satisfies convex
monotonicity, then t(x,y) —t(i;,¥) is a monotone
non-increasing function with respect to y, so we can find y
by a two-minute search in O(logn) time.

Thus, if the w function satisfies convex monotonicity,
this type of DP problems can be solved in the worst case
O(nlogn) time and in the best case O(n) time.

As can be seen, this method is very efficient.

2.3. Quadrilateral Inequality and Decision
Monotonicity

To improve the mathematical model of the type of DP that
satisfies the decision monotonicity, the state transition of the
corresponding mathematical model must satisfy the quadri-
lateral inequality.

The relationship between the introduced quadrilateral in-
equality and the decision monotonicity theory will be solved
by developing a mathematical model for the following prob-
lem and improving the mathematical model.

There isa row of n(n < 1000) piles of stones.

Now we want to merge these piles into a single pile of
stones, each time we can merge two adjacent piles into a
single pile of stones, and the number of newly built stones is

the cost of this merger.

When n piles are made of one pile, a mathematical model
to find the minimum cost can be established as follows:

[Algorithm Analysis] This problem is a typical application
of DP.

Let n stone piles’ numbers be 1,2,...,n in turn, and let
the number of stones of each pile be d[1],d[2], ..., d[n].
Then, m[i,j],1<i<j<n are the minimum cost of
merging d[i], ...,d[j], and the state-transfer equation and
edge conditions of the dynamic scheme are as follows:

mli,j]1=0,i=j
{m[i,j] = min{m[i, k — 1] + m[k,j] + X)_,d[1]},i < j )

In addition, by convention s[i,j] = k, we can find the
minimum value by plotting the partition position before the
merging of d[i], ..., d[j] and then find the merging method.

In the above expression, the value of YJ_ d[l] can be
calculated in o) time as
t[i] = i, d[jl,i = 1..n,t[0] = 0, first calculated during
the preprocessing process Z{:i d(l] = t[j]1 - ¢t[i — 1].

In the above algorithm, the total number of states is
0(n?), each state is derived from O(n) states, and since the
state transition time is O(1), the total time complexity is
o(n®).

[Improvement of time complexity]

In this problem, w[i,j] satisfies the quadrilateral inequal-

ity when wli,j] = ¥1_,d[ll.

Also, since d[i] = 0,t[i] = 0, we see that w[i,j] satis-
fies monotonicity with respect to interval membership.

From the definition of w[i, j], the above state transfer can

be written as

{ mli,j] =0,i= )
ml[i,j] = min{m[i, k — 1] + m[k,j]1 + w[i,j]},i <j

It can be derived that m[i, ] also satisfies the quadrilat-
eral inequality when w(i,j] satisfies the above two condi-
tions.

Thatis, for Vi, i,j,j € N,i <i<j<jm[ijl+m[ij] <
ml[i, j] + m[i,j].

And this property can be proved by mathematical induc-
tion.

In the quadrilateral inequality we have a recursion for
length | = j—i=j—1i

For i =i or j = j, the inequality must be true.

Hence, when [ <1, the function m[i,j] satisfies the
quadrilateral inequality.

We proceed by splitting the proof into two cases.

Incase i<i=j<j

In this case, the quadrilateral inequality is simplified to the
semi-triangular inequality as follows:

m[i,j1+mlj,j] < ml[i, ] (6)
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Putting k = max{p|ml[i,f] = m[i,p — 1] + m[p,j] + The proof is similar for k > j.
wli,j], k iseither k <jor k> j. When k <j
In the following, we consider only if k < j.

ml[i,j] + m[j, j] < wli,jl + m[i,k — 1] + m[k, j] + m[j, ]
< wli,jl + m[i, k — 1] + m[k, j] + m[j, j]
< wli,jl + m[i,k — 1] + m[k, j] = m[i, ] (7

Incase i <i<j<j
y = max{p|m[i,j] = m[i,p — 1] + m[p,j] + w[i,j]}

z = max{p|m[i,j] = m[i,p — 1] + m[p,j] + w[i, j] (8)

Here, we also divide into two cases: the case z < yor z > y.
In the following, we consider only the case of z < y.
Since i<z<y<j

ml[i,jl + m[i,j1 < wli,j] + mli,z — 1] + m[z,j] + wli,j]1 + m[i, j] + m[i,y — 1] + m[y,j] < w[i,j] + wli,j] + m[i,y —
1]+ mli,z — 1] + m[z,j] + m[y,jl < wli,jl1 + wli,j] + m[i,y — 1] + m[i,z — 1] + m[y,j] + mlz,j]l < m[i,j] + m[i,j] (9)

Coordinating 2 cased above, we see that m[i,j] satisfies — my[i,j + 1] — mg[i,j + 1] which embeds this expression.
the quadrilateral inequality. Thus, by expanding the expression from the definition

Putting s[i,j] = max{k|m[i,j] = m[i,k — 11+  m[i,j] + mi[i,j + 1] < my[i,j + 1] + mg[i, ], it follows
mlk,j] + wl[i,j]}, we can derive the monotonicity of the  that [k, ]+ m[k,j + 1] < m[k j] + m[k,j + 1], and it is a
function s[i,j] from the fact that the function m[i, j] satis-  guadrilateral inequality for the case k < k <j < j + 1.

fies the quadrilateral inequality. The proof of s[i,j+1] <s[i+1,j+1] can also be
To prove s[i,jl<s[l,j+1], we first set my[i,j]= " proved in a similar way.

mli,k — 1] +mlk,jl +wli,j], and then we prove that Summarizing the above description, we see that s[i,j] is

Vi <k <k <jmlijl <mlijl=>mlij+1] < monotonic when w(i, j] satisfies the quadrilateral inequality.

my[i,j + 1] from the definition of s[i, j]. The improved state transfer equation obtained from this is

In fact, we can prove the inequality m[i, j] — mg[i,j] <

m[i,j]=0,i=j
m[i,j] = min{m[i,k — 1] + m[k,j]1 + wl[i,j1},i < j,s[i,j — 1] (10)
<k<sli+1,j]

The time complexity of the algorithm can be improved in

a similar way in the problem of finding the maximum cost of

merging stone piles. Table 1. Simulation analysis result.
Let us analyze the time complexity of the algorithm.

For certain states of length {=j—i, m[1,l+1] is n Existing Method(s) Acceleration method (s)
s[L,l] to s[2,l+1], m[2,l+2] is s[2,l+1] to
s[3,1 +2]. 100 <0.01 <0.01

1000 10 <0.01

Thus, if the transition times of these states are summed 10000 S1min 1

together, then s[n — 1L+ 1,n] —s[L ] +n—-101+1=0(n).
Since 0 <[ < n — 1, the total time complexity is 0(n?).

As shown in the table above, the execution times are simi-
3. Results and Analysis lar for small n values, but the differences in execution times

are significant with increasing n values.
To see the superiority of the previous method of accelera-

tion in solving the above dynamics, let us compare the run-
ning time of the algorithm for different n values (Table 1).
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4. Conclusions

In this paper, we have introduced an acceleration method
to improve the execution time, which is the most challenging
problem for solving many real-world DP problems.

The test results show that the acceleration method using
decision monotonicity makes a significant improvement in
execution time when the input data is large compared to the
existing method.

We found that the mathematical modeling of the plant re-
sulted in a DP approach and significantly improved the exe-
cution time than the existing approach when the state transi-
tion equation satisfied decision monotonicity.

Abbreviations

DP  Dynamic Programming
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