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Abstract

We consider an iterative branching process in which an abstract object can subdivide into other objects. The multiplication
process may be varied by the occurrence of random "fatal” events in which some of the subsequent objects or states may fail. The
process is also constrained to terminate upon reaching a given number of events or alternatively upon reaching a fixed number of
iteration steps. A system of diophantine integer-variable equations capable of describing the aforementioned process is proposed.
These equations can be applied prospectively to many branching phenomena of physical, biological and demographic nature.
The equations, which we call systems of equations S, Q, U can be reformulated into three main classes based on the behavior of
the sum of variables with respect to a fixed principal numerical parameter (TC= 'Total Cases'). These systems always admit
solutions and these are sought for the three classes. The mathematical properties of the three systems are presented both
analytically and graphically, and the software script for calculating numerical solutions is attached. In the case of high TC values,
where direct calculation is not possible, special solutions are also sought for the steady state case and the "most probable" case,
the latter using statistical mechanics methods. Solutions examples are given for a wide range of TC parameters. We also refer to
real-world examples of applications ranging from prey/predator population dynamics to population mortality modeling and 2d
lattice space tiling and also tree leaves branching alternatives. The main purpose of the study here proposed is to implement a
mathematical frame that can provide tools to be used in the study of real-world applications.
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1. Introduction

Many branching processes of the most diverse types are cases are studied by resorting to probabilistic mathematical
present in the real physical world. Think, for example, of cell methods and/or techniques related to markovian processes or
multiplication in biology, choice sequences, random motions, Monte-Carlo simulations or with models governed by feed-
atomic nucleus fission, and even demographic issues like back control laws (see e.g. the books in Ref [1-3]). Also, more
epidemic diffusion or population dynamics. Many of these  abstract objects like cellular automata or fractal processes

*Corresponding author: giuseppe.alberti@squ-systems.eu (Giuseppe Alberti)

Received: 25 October 2025; Accepted: 13 November 2025; Published: 27 December 2025

@ Copyright: © The Author(s), 2025. Published by Science Publishing Group. This is an Open Access article, distributed
@ under the terms of the Creative Commons Attribution 4.0 License (http://creativecommons.org/licenses/by/4.0/), which

permits unrestricted use, distribution and reproduction in any medium, provided the original work is properly cited.



http://www.sciencepg.com/journal/sjams
http://www.sciencepg.com/journal/149/archive/1491305
https://orcid.org/0000-0002-3041-8016
https://orcid.org/0000-0002-3041-8016
https://orcid.org/0000-0002-3041-8016
http://www.sciencepg.com

Science Journal of Applied Mathematics and Statistics

http://www.sciencepg.com/journal/sjams

(Ref. [4, 5]) can be involved and studied in branching itera-
tions. In this study we will turn to a quite general mathemat-
ical formulation of a branching process based on integer var-
iable equations (so-called diophantine equations) constrained
to some boundary conditions. We will try to study the 'space’
of all the exact equations solutions and their properties,
without resorting to concatenated probabilistic assumptions.
Our general branching process under study can be depicted as
per Figure 1:

B Vi=Viz1+Mjzq

_{"D

Figure 1. A general branching process.

In the iterative process in Figure 1, an initial number of
identical v; objects multiply themselves by a factor B (>2)
generating f3 v; objects. In the next iteration i+1 however a
quota of the new B v; objects can change in nature becoming
objects no longer able to multiply. They amount numerically
to a variable m;,; that can be considered as an input true
random independent integer variable. This random nature of
the m; means that, considering the two parts integer partitions
(including zero integer) of the B v;, there are not 'preferred’
partitions but all have the same random possibility to materi-
alize. All these variables are defined by positive or null inte-
gers. Many real-life examples can be correlated to the process
in Figure 1: from the splitting and growth of biological or-
ganisms to the sequences of binary choices between alterna-
tives etc. Coming back to the Figure 1, two extreme cases can
be contemplated: that in which the m; are always null and then
we will see an exponential growth v;= i or the case in which
we reach B vi=m; ., leading to v;. =0, thus implying the end
of the iterative process since there will be no more "fuel™ for
reproduction. Theoretically however, in addition to the stop
possibility, the process in Figure 1 could also proceed indef-
initely or with unremitting growth or even coming to a sta-
tionary condition (as in the case of p=2 and m;= v;). This de-
pends on the trend of the m; variables. Moreover, we want to
study what happens to the possible solutions (i.e. to the pos-
sible evolution paths of the process) when a termination con-
dition is imposed on the overall process, that is, when an ad-
ditional boundary condition is imposed. That is, we want to
force into the process a termination condition that brings the
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process itself closer to the real cases (which cannot grow to
infinity in size and time).
This condition will be:
imax m; = TC with TC = imax + 1 1)
Where TC (i.e. "Total cases") is a parameter limiting the
number of steps and the maximum total sum of objects m; in
the process evolution. In the following section we present the
mathematical formulation of the problem and the definition of
the different classes of equations (called S, Q, U classes) that
arise in relation to how the eq. (1) is met. In the following
sections we will give a graphic visualization of the systems
and then study the existence of particular solutions that might
have important physical significance. Finally, some examples
correlated to real cases are presented and some conclusions
are drawn on the results achieved. For the numerical study, the
value B = 2 will be used without loss of generality but with
reduction of the weight of numerical calculations on the space
of solutions. The results obtained with § = 2 will then be ex-
tendable to general values of . The material here presented is
based on studies performed by the author using personal re-
sources and effort. As far as the author knows, this material is
original. Many mathematical properties of the systems de-
scribed are self-evident and are stated in Appendices as the-
orem statements. As a default approach, the proof of theorems
is not provided in this context. This choice was made to avoid
undue burden on the reader and to limit the size of the article.

2. The S, Q, U Equations

2.1. General Description

Recalling Figure 1 and taking up some reasoning from Ref.
[6], we can then study the following recursive process in
which we also assume =2.

mi+V =2 Vi,
0<=m;; m;, v;<=2'
m;, v; positive or null integers (2)

Vo=1;i>=1

Since we consider the m; variables as independent, we can
express v; -by solving the first recursive eg. (2)- as a function
of the m; sequence:

v; =20 — Z;=12i‘tmt (3)
Now, the end-of-process condition of Eq. (1) dictates that at

step 'imax’ there will be a termination of the process itself i.e.
it will have to be v(imax)=0. This condition does not mean
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that the process cannot terminate even before 'imax’, but it
does mean that in any case at step 'imax’ there will have to be a
termination to the process. This means that:

2

That is, eliminating 2”imax and renaming 't' with 'i', we
have:

2

and with equivalent form:

)

The S, Q, U systems of equations are based on the eq.s (4)
and (5) with the addition of conditions derived by the eq. (1):

# The S system is defined with the addition of the condi-
tion:

imax

— »imax __
0=2 o1

21max—tmt

imax

i1 (0.5)'m; = 1; m;, positive or null integers (4)

imax
i=1

®)

ZlmaX—lmi - 21max

(6)

imaxm, = TC, with TC = imax + 1;

# The Q system is defined with the addition of the condi-
tion:
imax . < TC, with TC = imax + 1;

()

# The U system is defined assuming no TC conditions on

Zmi:

imax . <> TC, with TC = imax + 1; (8)

Examples:
Assume e.g. TC=5, then we have:
# S system

m; my m3 my

—+—+— +— =1

2 4 8 16

My + My + M3 + My =5
# Q system

my ms; ms my

— - + — 4+ — =

2 4 8 16

ml+m2+m3+m455

# U system

m;

2

m;

4

m; My
+ — + —

8 16

+

The search for all possible solutions of the above systems
can help in understanding all possible branching behaviors. In
the knowledge of the author-however- no explicit numerical
solution formula is available for the equations systems pre-
sented. Therefore, numerical data and solutions have been
detected with the aid of computer programs and applications.
Of course, limitations are to be expected in the search due to
the growing computational complexity when TC parameters
grow. A computer software script designed by the author for
the solutions search is given in Appendix I. The program runs
under a mathematical computer application well known to
scientific researchers. In finding solutions, it is also useful to
check whether they have any rules or structures in their
composition. This analysis was done in Appendix Il for the
three classes S, Q, U proposing some theorems useful in the
analysis. Having knowledge of the entire range of solutions,
one can ask whether there are one or more solutions that are
representative of real situations and what conditions or
methods should be introduced to find these preferred solutions.
In the continuation of the study an attempt will be made to
explore this issue further.

2.2. Some Systems Solutions

Solutions examples:
1) The simplest S system
Assume TC = 2 then imax =1 and the S system equation &
solution will be:
my =2
2) The trivial solution
A trivial general solution is
(m=1m=1, ..
3) The TC = 5 solutions

In the S system case, the three solutions are:
‘mlﬂﬁ) m2%3 I'ﬂ3%2 lTI4A0"
m-1m-0 m-4 m->0
\m;p -1 m-1m3->1mg-2)

In the Q case, the solutions are seven:

» Mimax-1 = 1, Mimax = 2}

{(my -0, m-=3,m->2,m->0}, (Mm-0,m-=4,Mm-=0,m-0), Mm-1,m->0,m->4,m->0}, (Mm->1,m->1,m-=>1,m-2},

m-=1,m-=1,m-2,m-0}, m-1,m-2,m-=0,m->0}, (m->2,m->0,m->0,m-0}}

In the U case the 35 solutions are as follows:

{{m-0,m-0,m-=0,m->16}, (M -0, m-0, my—=1,mg—=14}, (m -0, m >0, m3—=2, m-> 12},

(m -0, m-0,m-=3,m-=10}, (M -0, m-=0,m—-4, M-8}, (M -=-0,m-=0,m-=5,m-=6}, M-0,m-=0,m-=6,m—4},
(my >0, my=>0, mg>7,mg—>2}, (M ->0,m->0,m-=>8,m->0}, (m->0,m->1,m->0,m->12}, (m >0, m->1,m->1, m->10},
m -0, m-=1,m-=2, M-8}, Im-=0,m-=1,m-=3,m-=6}, (IMm-0,m-=1,m-=4, m-=4}, im-0,m-1,m3-5, m-2},
(M >0, m-=>1,mM3—>6,m—>0}, (Mm->0,m->2,m->0,m-=>8}, (Mm->0,m->2,m->1,M->6}, (Mm->0,m->2,m->2,m >4},
(m -0, m-2,m-3,m-2}, (Mm-0,m-2,m-4,m-0}, (m-0,m-3,m-0,m-4}, (m-0,m-3,m->1, m-2},
m -0, m-=3,m-=2,m-=0}, Im-0,m-=4,m-=-0,m-=0}, (m-1,m-0,m-0,m-8}, im-1,m-=-0,m-=1, m-=6},
(my—>1,m—>0,m->2,m-4}, (Mm->1,m->0,m->3,m->2}, (Mm->1,m-0,m->4,m->0}, (Mm->1,m->1,m->0, m-4},
m -1, m-1,m-=1,m-=2}, (Im-1,m-1,m3-2,m-0}, (m-1,m-2,m-0,m-0}, Im-2,m-0,m-0, m-0}}
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4) The TC = 14 solutions
The S system equations in this case are (using the second
equivalent form of the eg. (5)):

2

2 2137, = 8192;

TiEim =14

and the solutions (total number 510) can be downloaded from
the web site addressed at Ref. [7].

As can be seen from the examples above, the systems admit
solutions, and these are limited in number, although increas-
ing with TC. As a general rule, the solutions for the S system
are included in the Q system solution space and, in turn, also
the Q solutions are included in the U system solution set. This
behavior and other properties of the highlighted systems are
discussed in more detail in Appendix Il. The U solutions set
grows dramatically with TC (see data and plot below). A table
and a plot of the number of distinct solutions for S, Q, U are
given here. The solutions are computed with the script in
Appendix . Note that for the U column the data are limited to
TC = 9 due to computational limits. As a general considera-
tion we see that the three systems S, Q, U always admit a finite
number of solutions. That number grows exponentially with
the TC parameter in the case of S and Q while for U the
growth is more than exponential (see Figure 2 under the Table
1).

Table 1. S, Q, U systems: no. of solutions vs TC.

no. of solutions no. of solutions

TC no. of solutions S 0 U

2 1 1 1

3 1 2 3

4 2 4 9

5 3 7 35

6 5 12 201

7 9 21 1827
8 16 37 27337
9 28 65 692003
10 50 115

11 89 204

12 159 363

13 285 648

14 510 1158

15 914 2072

16 1639 3711

17 2938 6649
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no. of solutions no. of solutions

TC no. of solutions S
Q U
18 5269 11918
19 9451 21369
20 16952 38321
21 30410 68731
22 54555 123286
23 97871 221157
24 175586 396743
25 315016 711759
26 565168 1276927
Sol Number
108f :
10°F P
104 . « S Total Sol. no.
1000 ¢ I 2! ! * Q Total Sol. no.
it » U Total Sol. no.
ooy S, Q. U Sol. No.
b VS§ TC parameter
it o

0 5 10 15 20 25

Figure 2. S, Q, U different solutions number vs TC.

3. More on the Constrained Systems S, Q,
U with p=2

To facilitate understanding of the structure of the systems of
equations under discussion, it is useful to resort to a graphical
representation of them as follows. This is done using the solu-
tions highlighted in the previous paragraph. To graphically il-
lustrate the associated branching process, we resort to the simple
example of a single object initially, 'splitting' at later stages,
generating other objects capable of multiplication. This situation
can be represented by the cell multiplication thing in biology
or-more generally-by the case of a single object making succes-
sive binary decisions. In the first case we will have the devel-
opment of a population of objects in the second case we will have
to consider all the possible subsequent choices and 'paths' taken
by the object. In our branching process scheme, we also assume
that during the growth process there may be individuals (or situ-
ations in the second object model) that are unable to split further;
we will call these events ‘fatal cases' in the process growth. They
are the m; objects introduced in the Figure 1. We also introduce
into our reasoning the parameter TC that imposes a termination
with total constraint on the number of iterative steps allowed and
also on the exact number of total deaths (system S). Or the TC
parameter will be able to impose a limit constraint on the max-
imum number of steps and the maximum attainable humber of
deaths (system Q). Finally, there will be the case of system U in
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which only a constraint on maximum number of steps (imax=
TC-1) will be imposed on the evolution of the system but with no
constraints on the numbers of total ‘fatalities'.

3.1. The ST°™ Case Graphical Description

Our analysis therefore put a constraint of process termina-
tion with conditions on the total number of elements involved.
To clarify the pattern let us consider the simple case of TC =5,
with the possible solutions shown in the previous section. We
have the following Figure 3 where the possible iteration steps
are four (TC-1=4).

Figure 3. Object splitting evolution with no-death events (left) and with a death event at step 2 (right).

In the figure we have chosen to represent the evolution of
our branching case in the form of a binary choice case. Here
we have a ‘cell’ element that -initially single- subdivides into
two parts (left and right) in subsequent steps. This graphical
artifice, which serves to compact the figure, is not a problem
for our analysis, since we are not interested in the dimensional
space growth but want to evaluate the ‘cell’ count that is pre-
served in our graph. The first part of Figure 3 thus represents
the development of a binary branching process without 'dead’
elements within it. In the language of system S, we will say
that we will have all m;= 0. The process then expands indef-
initely and at last step 4 we will have 16 elements. Instead, in
the second part of Figure 3 a 'deadly' event will occur, for

example, ona cell in step 2. This cell (marked with a black dot)

will no longer be able to reproduce - being "dead"- and then its

potential progeny will also disappear. This effect on the
progeny is represented by the shaded area under the deceased
cell, which implies the elimination from the count of four of
the 16 cells potentially predicted in step 4. Recall that the
system SATC=5) is as follows:
8my +4my;+2m3+my =16 (a)
mp+Mz M3 +Mg = 5 [b}
and that its solutions are:
M -0 mMmy—=3 My—=>2 My >0
m-=1m-=0 m-=4m-=0
m=1m=1m-=1m->2)
Now consider the following Figure 4:

;“'l‘(‘.:ﬁ

Figure 4. The four different instances of the same first solution for S*(TC=5).

We see that the first solution of the group SNTC=5) is ap-
plicable for all the four possibilities shown in the figure. This
means that each possible solution can correspond to several
ways (which we can also call instances or configurations) of
carrying out the process imposed by the solution. This is an
important feature of S, Q, U binary systems and will be dis-
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cussed below. The number of these possible configurations
will also be computable (once the single specific solution is
known) by combinatorial methods, as we shall see. To com-
plete this graphic presentation, we also show in Figure 5 the
other two solutions (choosing only one configuration of the
several possible ones):
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Figure 5. One instance for sol. Il and sol. 111 for ST¢=°

Some other aspects are evident from these graphical rep-
resentations. First, the nature of above equation (a) of the
system is better understood. It dictates the fact that the process
terminates at step 4 with all 16 final cells 'masked’ by fatal
events (direct or preceding). However, this equation (a) does
not dictate the number of ‘fatal' events; this number is con-
strained by equation (b). Indeed, we see that in all above
graphs we have a complete 'masking' of the final cells (con-
dition (a)) and the total number of ‘dead’ cells is always 5
(condition (b)). We also note another important feature: the
total number of cells {v;}, i.e., the white cells below the initial
start cell, is also always constant. This number is always equal
to 3 in the case SNTC=5), confirming, for =2, the general
rule (recalled in Appendix I1) that is:

imax — V'imax .
i=1 My = =1 Vi + 2; (9)

3.2. The Q"™ Case Build-up

As pointed out in the previous section and in more general
terms in Appendix Il, the case Q*(TC=5) contains all the so-
lutions of SNTC=2), (SNTC=3)), (SN(TC=4)), (S(TC=5)).
Figure 6 highlights these facts, where the first column shows
the sub component (SATC) for each solution. Also included in
the table there are the {v;} sequences related to the pattern of
the {m;} via eq. (3). From these patterns it would then be
possible to reconstruct figures and graphs similar to those
shown in the previous section. Note also that in all cases the
sequences terminate at step 4 when it is always v, = 0.

S5} im0, m-=3,m>2,m-0,ve->1,vi>2,va>1,vi=0,vs-0} )
(%) (m =0, m—=4,m=0,m—>0,vg=1,v;>2,v;=0,vy=0, vy 0]}
(%) (mp—=1,m-0,m=4,m-0,ve=1,v;>1,v;>2,v3=0,vy—0}
S} (mol,mol,mosl,mo2,ves1,viol, vaol,v3al, vy 0)
(S%) mp—»1,m=1,m=>2,m->0,vg->1,vi>1,vy>1,v3>0,vy—0}
(s im »1l,mp =2, m->0,m->0,ve->1,vi->1,vy->0,vi->0,vsy->0)

(2} (m=2,m-0,m=>0,m->0,ve>1,v;>0,v;->0,v30,vy—>0)} |

Figure 6. Q"= solutions, including ST°<=° solutions, with corre-
lated v; cells.

3.3. The UT®™ Case Build-up

Similarly, we show in Figure 7 the 35 solutions of the
system UNTC=5) with highlighted in the first column the

correspondence with an included sub-solution of type S.
Again, the branching process ends at the fourth step. In this
case, at most, the sub solutions come from systems S*16. This
is in agreement with theorem T6 stated in Appendix II.

imy =0, m-=0,m-=0,mg—=16, vp-=1, v1 =2, v3 =4, v3 =8, vg=+0}
im-08,m-=0,m-=1,mg=14, vg+1, v1 52, vy =54, v3 37, va =0}

[518] imys0, my =0, my2, mys12, vgs1, vy 52, vp 54, V3 36, vg 0]

S13) m =0, m=0,m=3, mg=10, vg+1, vy 52, vp 543, v3 35, vg -+ @]
512 imy=@,my=08,m3=4,m3=8,vp-=1,v1=2,vy-=4,v3=4,vy-=0]}
s11] imy=@,my =0, m3=5,mg=6,vg—=1, vy =2, vy=4,v3=3,vg=0)}
S19] my e, mp @, m3=6,mp—d, vagsl, vy 52, v 54, V32, vg—0l
(9] mi=@,mp =0, m3=7,mg=2, vg=1, Vi =2, va=4, v3=1, vg—0]
I8l imy=0,my=0,m3=8, mg=0, vgs1, vy =2, vas4, v3-0, va-0}
[s13] imse, m=1, m=0, mg=12, vg=1, V152, v2 53, v3 36, v =0}

[512] im =@, my=1, m=1, my=10, vg=1, vy =2, v =3, v3 =5, vg 0]

»‘Sll-- imy=@,my>1,m3=32,myg—=8,vg>1,vy22,vy=33,v3=4,vy-=0]
s1@ imy-s@,m-=1,m3=53,mg-=6,vg->1,vy>2,va=33,v3=>3,vq-0}
[s9] mpse,mps1,m3sd, mpsd, vgsl, vy 52, va3, V32, vas0]
-58.- imy-=@,mp-=1,m3=5,mg—=2,vp—=1,v1-=2,va-=3,v3=1,vqg—=0}
,'57:, imy>@,mp->1,m336,mg—=0, vg>1, vy 32,vp=23,v3-=8,vy-0]
510 (my=0,mp=52,m3=0,mg=8, vgs1, v)=2,vp=2,vy=s4, vg=0]
191 My =0, my =2, my=1, mg=6, vg—1, vy =2, vp=2, V33, vg=0}
«:SS:» {my 2@, mpy>2,m332,mg34,vg>1, vy 22,vy—>2,v332,vy->0]}
-’ST- imy=@,my-=2,m3=3,mg=2,vg->1,vy132,vy=2,v3=1,vg-=0}
-.56-\ imy—=@,my—=2,m3-4,mg-=0@,vg—=1,v1>2,vy=2,v3=0,vg-=0}
.‘57.‘ imy=@,mpy=3,m3=@,mg=4,vg=1,v1=2,vy=1,v3-=2,va-=0]
-.56.\ {mys@,my->3,m3=31,mg52,vg>1,vy132,va-=>1,v3z=>1,vg0]
[s51 imy=@,my-=3,m3=2,mg=0@,vpg—=1,v1=>2,vy-=1,v3=0,vg-=0}
[s41 imy=>0@,my>4,m330,mg=0,vp>1,vy32,vy20,v3=0,vg=0]
(821 imys1,my 50, m30, mys8, vgsl, vy 51, vps2, vy 54, vy 501
-‘58-‘ img =1, my =0, m3-=1,myg—+6, vg—>1, vy +1,vy=2,v3-=3,vy->0}
(7] (m1=1,mp =0, m3=2,mg=4, vgs1,vy=1,vp=2,v3=2, va=0]
:55:. imy=1,my=0@,m3=3,mg=2,ve—=1,vy+1,vy=2,v3=1, vqg=0]}
51 (my=1,my 50, m354,mg-0, vp=1, vy >1,va52,v3-0@, vg-0]
(s8] mi=1,mp=1,m3-=0,mg—=4,vg=1,vi—=1,va=1,v3=2, va—=0l
51 my=1,my=1,m3=1,mg=2, vp=1,vy=1,va=1,v3=1, vg-0}
:5“:\ (my=1,my=1,m3=52,my=0, vg=1, vy 31, Vvy=1,v3-0, vg=0]}
(3] imp=1,my=2,m3=0, my=0, vg=1, vy =1, vp=8, vz 0, vy =0}
-‘52: imy—=2,m-=0@,m3-=0,mg—=0,vp—=1,vy-0,vy-=0,v3-=0,vg-=0}

Figure 7. U™ solutions, including S solutions, with correlated v;
cells

3.4. The Cell/Decision Model and the Single
Decision-making Model

We have already mentioned that our branching models can
represent multiplying "populations” or a single "decider" ob-
ject that chooses between two alternatives. In the case of the
single decider, instead of seeing an abstract rectangular cell
that is doubling, we will imagine a subject that has to decide
between two alternatives, e.g. move left or right, stand still or
go, generate the '0" bit or the '1' bit, etc. In this approach, each
rectangle in the previous figures will be labeled accordingly
('left' or 'right,' etc.). In the course of decision sequences, the
decision maker may encounter stopping situations or stopping
"states" (our m-cases). The graphs in the previous subsections
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will then represent the space of possible paths with numerical
constraints expressed by the solutions S, Q, U. This duality
(cell/decision) of representation allows S, Q, U systems to be
applied to many different cases and thus makes them flexible
for applications.

4. Two 'Special* Solutions

With the aspects that emerged in the previous sections, we
have seen that the constrained branching systems S, Q, U
always admit solutions but the number of these solutions
grows enormously as the value of the developed cases in-
creases i.e. as the parameter TC increases. We have also seen
that, wanting to compute all the solutions without having an
explicit solving formula for the associated diophantine system,
sooner or later we will run into computational capacity limit
problems. If, however, we introduce into our reasoning some
criteria for selection from among the totality of solutions, then
it will be possible to simplify the mathematical calculation
and thus identify some specific solutions that are more inter-
esting or let us say 'special’. The two selection criteria we
propose can be deduced from physics, namely, the criterion
known in statistical mechanics of the ‘'most probable’ solution
on the one hand and the criterion of the stationary condition
on the other. As before, we will start with the analysis of
simpler cases and then extend the reasoning to more numer-

v values

v;=m

ically complex cases. We will always consider the case f=2.

4.1. The "'Steady State' Solution

In section 2 we reported the presence among the possible
solutions of the systems S, Q, U of the trivial solution for the
m variables: {1,1,1,....,1,2}. More generally it will be possible
to have such structured solutions:

{mi} -= {0.0....mz=0, mip . j=m..... mpp_j=m, mp=2 m. 0}

and for the {v;}:

{vit = {24, vig=m, Vg =m.... vip-1=m. vip=0.0}

In other words, the so-called "stationary" solution will start
with v values growing exponentially until, at i=ia, a some-flat
level is reached. From this point the {mi} and {vi} values will
be the same and the ‘solution’ will have the shape of a rec-
tangle function with bounds between 'ia’' and 'ib". In between,
the variables will show the same constant value, except for the
final step of the process where there will be a doubling of the
constant value for {m;} and a zeroing for {v;} with termina-
tion of the sequence. The following Figure 8 clarifies the
general form of this solution.

m values

m;=m

alll

T ia 1] 1steps

Figure 8. The "steady state" solution shape with v and m variables almost constant for most part of the life cycle.

There will always be the possibility of obtaining S-systems
with stationary solutions once the desired parameters and
consequently the target TC are fixed, and vice versa. The
following diophantine equation will govern the various pos-
sibilities and provide a calculation method for the solutions
search.

TC = 21(ib — ia + 1); m = 2% (10)

withib >=ia+ 1;ia >=0
With reference to Figure 1 in the Introduction section, this

solution clearly requires some form of control over the vari-
ables mj.;, which can no longer be random. In fact, during the
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stationary phase, it must always be mj.;=v; for every (iat1) <1i
< (ib-1). This condition is what is realized in real cases with
automatic control mechanisms or in other real case with a
self-equilibrium condition reaching. The final 'mortality’ peak
is here due only to the 'stop' condition that is imposed in our S,
Q, U systems boundary conditions and sooner or later must be
met.

4.2. The '‘Most Probable' Solution Search Using
Statistical Mechanics Methods

As before mentioned the (4), (5), (6) eq.s not fully describe
the binary choice S system possible evolutions sequences. If
we indeed define
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Qi =m; +v; (11)

the (4), (5), (6) equations will consider the total quantities of
m; v; along the i evolution steps, but these do not specify on
which "cell" (or decision place), from the Q; available, the
effective 'deadly’ events occur. See e.g. the "steady state"
solution in the Figure 5 (second graph). This is the solution
that says that, for each step, a cell lives and the other dies, but
it does not say where the dead event happen i.e. on the left or
right cell of the two available at the i level. Thus, for this only
one simple solution we can have 2° = 8 possible
sub-configurations or different paths sequences. The same
condition holds for all the solutions of a S' system, in the
sense that given a particular solution, one can wonder about
the number of the associated configurations to this specific
solution. This concept holds of course also for the Q" and the
U™ systems. Now, while we remember the exponential
growth trend of the number of solutions in the above systems,
this growth is again more enhanced for the possible associated
configurations. Hereunder we try to directly compute the
distribution of configurations associated with solutions from a
case with limited TC.

4.2.1. The TC=21 Case

Considering the S™°?! system, using the script program in

Appendix | we compute 30410 different {mi, vi} solutions
(also see Table 1). For each of these solutions, using the ap-
proach of the statistical mechanics, we will look for the
maximum number of ways in which the branching process in
question can occur. We want then to compute the number of
different configurations involved. To do this we resort to a
combinatory tool, namely the binomial coefficient as follows:

1= ) () ) -

The IT value is the number of possible configurations for
any given solution. Using the whole computed solution space
and the computer script in Appendix 111, we plot this number
sorted in descending value. We obtain the following Figure 9
and Figure 10, that shows (in linear and log scales) an initial
sharp peak corresponding to the solution with the maximum

no. of configurations. This max. number leads to 14112000
possible configurations. For the rest of the cases, the most part
of them has an almost flat distribution (about two orders of
magnitude minor); note that there is also a minimum peak, for
this number, at the extreme right of the curve. Let us see in
detail which solutions are 'extreme' as the number of config-
urations. Figures 11 and 12 highlight these two cases for us.
The data are grouped as follows: an initial lexicographic index
value, then we have the list of sequences of values of the 'm'
variables followed by all the 'v' variables, then we have a
value that tells us at what index of the iteration the solution
ends, finally we have the exact calculated value of the number
of configurations.

no. of config.
14x 107§
1.2% 107 |
Lox107 |
8.0 x 108
6.0 x 106
1.0 x 108

2.0 % 108 \

5000 10000 15000 20000 25000 30000

solution index

Figure 9. The solutions for TC=21 sorted in descending order with
linear scale.

no. of config.

100 i

solution index

5000 10000 15000 20000 25000 30000

Figure 10. The solutions for TC=21 sorted in descending order with
log. Scalely.

{1708, (m; -0, m =1, m3=2, m->4,mg=5,mg>4,m =3, mg->2,mg—=0,meg->0,m,;->0,m,-0,

ms3—=0,ms-0,ms-0,meg->0, m7 -0, mg -0, me—-0, mp->0,vo=1,vi-2,v2-23,vi->4,vi—->4,vs33,ve—=>2,vr—=1,

vg =0, vg->0,vig—-20,vy;20,Vv2-50,vi3>0,vis-0,Vvis>0,Vvig->0,Vvi720,vig->0, Vvig->0,vy->0},7, 14112000}

Figure 11. Structure of the "most probable" solution, TC=21.

11820, (my =@, my =3, my =+ 1, mg = 1, m5 + 8, mg- @, mp -0, mg- 16, mg > @, mp -8, myy -8,
myz =8, m3 5@, M =B, ms 8, meg—+8, mz-=9, ma-+0, msg-8,Mma-+0,va+1l,v1+2,va=+1l,va=+1,va=1,vs=>2,vg—=4,
Wy By vg By vy B ve 20, vy By vy 8, v B, v 8, vis s By v =By T 2@, vy By vpg 28, v - 81, T, 16

Figure 12. Structure of the "less probable” solution, TC=21.
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The shapes of the two 'extreme solution’ vs the configura-
tion number are shown here under in Figure 13 and Figure 14
interpolating the discrete values of 'm' and 'v ' for ease of
visualization.

4.2.2. The Most Probable Solution Search at High
TC Values by the Application of the Fermi
Statistics Method

So far, we have been looking for the maximum likelihood
value of the solutions by calculating it numerically in a direct
way for the available solutions of the system S when the pa-
rameter TC has low values. We now want to extend the
analysis to cases with numerically unbounded TC. Computer
calculation can no longer be applied because of computational
limitations, so we will have to resort even more extensively to
statistical methods. This study was done by the author in Ref.
[6]. Without repeating the reasoning followed, we recall the
main results hereunder. For the more general case of a system
S with parameter TC >> 2 it was found that the most probable
solution (i.e., with the greatest number of 'paths' configura-
tions) is expressed by a recursive equation in the variables

{m:}

idxsol.j= =1
no.co. — 14112000

— m

15 20

Figure 13. The maximum configuration case for a S system with
TC=21.

idusol.j= - 30410

no.co. - 16

— v

ol

o 5 10

15 20

Figure 14. The minimum configuration case for a S system with
TC=21.

where we use the index 'r' to distinguish this particular solu-
tion. This recursive equation has the following aspect:
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2T Zr;lmtzr—t
M= e (12)

If we introduce the parameter rF= log(TC-2)/log(2), we
obtain the following set of equations that represent - in re-
cursive way - the most "probable” solution set of a diophan-
tine S T system with f=2. We use here the bold character and
the index r to distinguish this particular solution set to the
other possible solutions. The magnitude rF has a formal ref-
erence to Fermi statistics, indicating an analogy to the
so-called 'Fermi level' magnitude.

__log(TC-2)
T log(2)

2=y me2rt
m, =—-=L——

2rF-T41
v, =2"—m, — Zr_lm 2t (13)
T T t=1 "t
r—1 _
Q‘r:ZT_ thlmtzr ¢

From equations group (13) some peculiar features are im-
mediately apparent: all the variables m, v, Q converge to zero
with 'r' tending to infinity; these same variables also depend
on a single parameter TC, which in turn represents the sum of
the 'm'’ variables (according to eq. (6)): that is, TC represents
the area under the bell-shaped curve described by the m's (as
will be seen below). With the S-system equations above,
computer recursions can be performed by varying the TC
parameters as desired, and numerical results of the most
probable solution sought at high values of TC are given in
Appendix IV for values of TC ranging from a few tens to 10*.
To show an example of curve trends with high TC values,
Table 2 calculated with TC=100000 is proposed. It should be
noted that these values (such as those in Appendix V) are
rounded to the nearest unit and thus represent an approxima-
tion to the actual diophantine solution.

Table 2. r, m,v,Q values for S system with TC=100000.

r step m Y Q

1 0 2 2

2 0 4 4

3 0 8 8

4 0 16 16
5 0 32 32
6 0 64 64
7 0 128 128
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r step m v Q

8 1 255 255

9 3 507 509
10 10 1003 1014
11 40 1966 2007
12 155 3778 3933
13 572 6984 7556
14 1966 12002 13968
15 5924 18079 24003
16 14315 21843 36158
17 24780 18906 43686
18 27370 10441 37811
19 17537 3345 20882
20 6107 582 6690
21 1112 53 1165
22 104 2 106
23 5 0 5

24 0 0 0
Total 100001 100000 200002

We can see graphically the data shown in Table 2 through
Figure 15:

Cases Number

40000}
8 system with TC=100000
30000
—a— m Cases

20000 v Cases

10000

0 L .
0 5 10

! 1 Time Steps
15 20 25 <

Figure 15. The variables plot for the ‘'maximum likelihood' solution
by recursive algorithm for S System with TC=100000.

Comparing the trend of the curves in Figure 15 with that of
the plot in Figure 13, we notice some similarity although the
TC values are very different between the two cases and the
calculation algorithm used also. We also notice that the group
of curves is shifted to the right on the axis that gives the
number of branching steps. This is characteristic of S systems:
as TC increases, the group of curves shifts to the right while
still maintaining the same shape. This is shown on Figure 16,
where plots of the 'normalized' (m/TC) data given in Appen-
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dix 1V are presented with TC's ranging from 103 to 10"9.
Below we give more details on these features.

m/TC
[

m/TC with TC={10%,10%,107,106 107108 10%)
04f
03f

02r

01r

\

0.0 1 L I
o 10 20 30 40

1 Time Steps

Figure 16. Normalized m data plots for the most probable solutions
with different TC values.

4.2.3. Additional Properties of the Most Likely
Solution

From the eq. (13) we see that:

1
1+27F-7

mr/Qr =

The form of this eq. leads to a Cumulative Logistic Dis-
tribution shape. This is shown in the following Figure 17 for
TC=100000, where the dashed line intercepts the curve at 0.5
level and the r axis at rF point, with rF=16.6096.

m/Q ratio
10
08}

061

[ R

. 1 steps
5 30

10

Figure 17. (m./Q,) Logistic shape for TC = 100000 (figure from Ref.
[61).

From Figure 15, it can be seen that even if Rmax=100000-1,
the set of most probable solutions will involve a number of
non-null m & v variables limited to a few dozen. This is ex-
plained by the logarithmic dependence of rF with respect to
TC (see eq. (13) -first formula. We now reproduce the data in
Table 2 revised graphically as in Figure 18 utilizing a com-
puter interpolation algorithm to generate continuous lines (see
also Ref. [6]). The dashed line starts at rF and intercepts -as
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expected- the crossing of m and v curves. It can be demon-
strated that the peaks of the three curves conserve their rela-
tive allocation around rF value and between themselves, for
any rF (and consequently TC) value.

Cases Number

40000 |-
with TC=100000

30000

— m Cases
' \
' \ —— v Cases

20000 \
| \ Q Cases

10000 -

0 L - L -
0 5 10 13 20

)¢ Time Steps
25

Figure 18. Interpolated m, v, Q curves with rF line (dashed) (figure
from Ref. [6]).

5. Some Possible Applications

We have seen in the previous sections that the diophantine
equations S, Q, U can describe general cases of branching
such as:

(a) dynamics of objects or organisms’ populations

(b) a single subject choosing when faced with two or more
alternatives.

Let us see in the following some examples of such situa-
tions and more.

5.1. The Volterra - Lotka eq.s Correlation

5.1.1. The Volterra - Lotka Equations

The Volterra - Lotka differential equations that describe the
pattern of evolution of populations composed of prey and
predators are well known. These have the form:

N1'=al N1-bl N1N2;

N2'=-a2 N2 + b2 N1 N2; (14)
where N1 and N2 represent the population of prey and pred-
ators, respectively, while the others symbols are positive pa-
rameters. The model shows that in the absence of predators
there would be continuous prey growth assuming unlimited
availability of food. The presence of predators gives rise to the
probability of prey-predator encounters via the nonlinear N1
N2 term.

5.1.2. The Correlation with the S Model

In the study of Ref. [6] the author proposed the differential
eq. (15) describing an SATC system with 'v' and 'm' variables
no more discrete but in continuous form, with the addition of
the "logistic™ not recursive condition (coming from eq.s (13)):
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m/(m+v) =1/(1-2%FT")
and the boundary condition (by similarity with eq. (4))
Jy m(®)2tde = 1;

v =k(v—m)—gm’;g = const > 0; (15)
Now if we merge the two above (14) equations by elimi-
nating the N1 N2 group, we get:

N1'=al N1 -bla2 N2/b2 - bl N2'/b2;

which becomes the same expression as the previous S"TC
differential equation (15) if we impose:

al = k;a2bl/b2 =k; g = b1/b2;

In this connection we can then interpret the differential
equation describing the continuous behavior of our SATC as a
special case of a Volterra - Lotka system. In such a correlation,
the preys become the 'v' variables and predators are the 'm'
variables. The rule would then predict that at each interval of
'v' growth, there may be a certain number of them eliminated
by 'm' predators growing by the same amount. In this repre-
sentation, the 'most likely' curves in Figure 13 and Figure 15
take on a concrete meaning: initially the 'v' curve of prey
grows exponentially only to be restrained and set on a
downward slope by the growth of predators in the 'm' curve.
The system ends with the disappearance of the two popula-
tions since our S, Q, U systems are constrained to reach a stop
condition anyway.

5.2. The Demographic Mortality Correlation

Looking at Figure 18, and in particular at the m-curve
representing 'fatal' events, it comes naturally to think to dis-
tribution curves of failures in real cases possibly e.g. corre-
lated to reliability or failures accumulation models (like as
recalled in Ref. [8, 9]) involving demographic effects. A sig-
nificant case of application for this possible approach were
demographic mortality data. National demographic agencies
update their countries demographic data annually with the
publication of so-called Life-Tables. These -among other
things- collect mortality data of the total population (or even
in regional geographic groupings etc.). The Life Tables, as far
as the mortality figure is concerned, can be associated with the
first two columns of our Table 2 above. In this case the 'r'
intervals will be five-year intervals of data collection, and the
time range then will stretch from the first 5 years of life (r=1)
to 120 years (r=24). In several recent articles (Refs. [6,
10-12]), the author has studied this correlation between the
S-system and demographic mortality, finding that a branching
model and its mathematics are able to approximate well the
demographic mortality curves at high ages, that is, to describe
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theoretically and in mathematically analytical form the "peak"
mortality present in life tables. In Figure 19 below we recall
the result of Ref. [11] work comparing the trend of the actual
demographic mortality curves for Italy and Japan with the
theoretical trend of the 'm' curve of the correlated S-system.
The figure shows the demographic mortality curve joining the
mortality 'dx' counts for five years intervals points measured
in the 2019 female Life-Tables of both countries. Underlying
this real curve is the curve that would be placed with an
S-system having the same peak position and with the 'm' curve
scaled to coincide at the peak apex with the real curve. A
value of TC=262146 and TC=201847 is found for Japan and

dx counts
250001

Italy 2019 females mortality
20000

15000
FWHM

10000

5000

P

ol

20 40 G0 80 100

L \ ~ age years
120 8

Italy S systems. This TC parameter is the only data needed to
describe the curve. You can also see that the value of Full
Width at Half Maximum (FWHM on the mid-intercept line)
between the real and S-curve is very similar. In practice, the
S-system curves cover about 80% of the value of the real
curve. The leftward asymmetry of these curves is character-
istic of all real demographic mortality curves and can also be
explained, within the framework of the S, Q, U theory, by the
presence of additional S sub components with different and
smaller TC parameters and different relative 'weights'. See on
this Ref. [11].

dx counts
25000 -

r Japan 2019 females mortality
20000

[ f
- J II
20 40 60 a0 100 120

0
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Figure 19. Italy and Japan females mortality (dotted) curve for year 2019 confronted with S system correlated curve (figures from Ref. [11]).

5.3. The 2d Space Partitioning

Recalling the graphical representation of S-solutions with
B=2 carried out in section 3, we observe that these graphs
provide a type of tiling of space in two dimensions. These
partitions all have the peculiarity of showing groupings that
are always rectangular in shape and look like ordered integer
multiples of an ‘atomic’ rectangular cell. These rectangular
groupings are in number of 2(TC-1) (i.e., the sum of all cases
'm'and 'v'"). To see these in detail, let us consider the solution
S?! in Figure 11 as an example. It can be seen that this solution
terminates after 8 iterations. We can then assume a 'space’ of
'states' structured in 8 binary steps as in Figure 20.

The 'atomic' lattice-like rectangles to be used for our parti-
tions buid-up will be the minimal size rectangles shown in the
last step, i.e. rectangles with dimensions of 1 unit space height
and 1/256-unit space width. Returning to the solution in Fig-
ure 11 we see in the following Figure 21 an implementation of
one of the solution configurations using the graphical ap-
proach of section 3. The figure shows two groups of 'bricks' of
different sizes: those in dark color and those in white.
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L

Figure 20. Space partition mesh for 8 steps binary branching.
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Figure 21. A possible partition of 2d area with 40 rectangles built
over multiples of an "atomic' unitary cell.

The former are arranged vertically while the latter are ar-
ranged horizontally. All these objects are mapped onto the
mesh of Figure 20 and thus are built-up on unit ‘atomic' cell
multiples. We know from section 4.2 that there are about
14112000 different possible configurations. All these con-
figurations will have, as invariant numbers, 21 dark-colored
rectangles and 19 white-colored rectangles. The two dark and
white areas are always separated by a continuous segmented
boundary line. Even for this line there will be 14112000 dif-
ferent paths. Of course, a similar representation can be made
for all configurations of the 30410 solutions of the S"21 sys-
tem. All these configurations are describable by the rules we
have outlined and in principle can be computed and visualized
ase.g. in Figure 21. They represent possible ordered partitions
of the two-dimensional plane. These partitions suggest for
example patterns of fixed amount 'poly crystal-like' objects
different in internal structure and forced to grow in a limited
space while preserving a separation between them.

5.4. Leaves on Tree Branches and 'Stationary’
Solution

If we look at Figure 22, we see twigs with leaves from two
different trees (Ref. [13]). They show two different types of
symmetry. In the first case, the leaves develop alternately to
the left and to the right but with a single bifurcation and ter-
minate with a pair of leaves. In the second case the leaves
develop with a triple branching ending in a triplet of leaves. If
we now associate to the birth of the leaflet the event of type
'm" while to the body of the branch (which continues without
‘collapsing' into a leaf) we associate the event of type 'v', we
can see the two cases as a 'stationary' solution of two
S-systems, the first with § =2 and the second with § =3.

The stationary solutions for the two cases will be:

first case: {msol.} ={...1,1,1,1,2}; {vsol.} = {...,1,1,1,1,0};
=2, with alternate left-right configuration for the m=1 event

second case: {msol.} ={..,2,2,2,2,3}; {vsol.} =
{.,1,1,1,1,0}; p=3;

We can now consider a branching process in which initially
the cells that multiply are only of type 'v' (thus increasing in
exponential number without the 'm' (leaf) component). This
branching process ends at a certain iteration step and at the
terminal of each ‘v’ branch thus produced, we imagine
grafting branches with leaves identical in structure to those
described in Figure 22. In this model, we obtain a tree struc-
ture similar to the real trees of the two types described above,
with the inner branches devoid of leaves that will instead be
found in the final outer branches crown. In any case all the
sequences are terminated with leaves, thus leading to a more
general S system built up with the sum of ‘small’ steady state
sub-solutions. We can therefore say that -for this type of real
trees- the system S is applicable and the solution chosen in
nature -of the many possible ones- is the one we call 'steady
state'.

ROBINIA
(Robinia pseudoacacia)

Pilanta originaria degli Stati

sult talora e
una specie eliofila (ama la Iu.
ce) e tollera bene | microclimi
caldi

AILANTO
(Ailanthus altissima)

Pianta originaria della Cina, si
@ diffusa e naturalizzata in
tutta 'Europa_centro- meridio-
nale fin dal 1700, Si adatta a
q ma

Figure 22. Two types of tree branching (Robinia and Ailantus) with stationary solution for system S with =2 and =3 respectively (Ref. [13]).

123


http://www.sciencepg.com/journal/sjams

Science Journal of Applied Mathematics and Statistics

http://www.sciencepg.com/journal/sjams

6. Summary and Conclusions

In the previous sections we introduced some mathematical
definitions and properties for three classes of diophantine
equations, called S, Q, U. They quantitatively describe
branching processes in which objects (or situations) can mul-
tiply in successive iterations. The multiplicative factor
considered in the study is equal to two. Theorems statements,
systems properties and numerical examples are also given in
Appendices. Two additional elements also characterize these
systems S, Q, U:

- the presence of an independent random integer variable
acting in subtraction to the generated objects (the m cases)

-the mathematical constraint of the limiting number of
cases generated (or the maximum number of iterations),
which implies reaching the end of the branching process life
cycle. These constraints are numerically based on the TC
("Total Cases") parameter.

The S, Q, U equations always admit solutions for the in-
dependent random integer variables. A graphical representa-
tion of these solutions has been provided to facilitate under-
standing of the structure itself. Some of these solutions are
interesting for the purpose of finding practical applications.
Two of these solutions were studied in the case of S systems
and B=2, to find stationary solutions or the 'most probable’'
solution. For this last purpose, the methods of Fermi statistics
were used. The 'most probable' solution, even for very high
values of the TC parameter, converges quite rapidly after
relatively few iterative steps. The study mentioned some
possible applications of the S, Q, U systems in real cases. In
this connection and in other research papers, the author de-
veloped detailed research on demographic mortality patterns
describable by the S system equations and proposing a con-
jecture about the trend of demographic mortality as longevity
increases. See on these aspects the studies in Ref. [10-12]. The
main purpose of the study proposed here is the realization of a
mathematic infrastructure to describe constrained branching
cases. The proposed system of equations allows the identifi-
cation of meaningful solutions of the possible evolutions of
the systems themselves. The study focuses particularly on the
case of binary branching for systems S. In the future, it might
be interesting to analyze the extension of these processes to
cases with p>2 and/or with B that can change during iterations
as an additional integer variable. Another interesting aspect of
S, Q, and U systems is that they include solutions that show
regularity and repetitive patterns (such as stationary solutions
and the most probable solution that maintains a form invari-
ance even when the TC parameter varies). This stationarity of
binary growth is present, for example, in the growth of mi-
crobial masses Ref. [14, 15]. The characteristic of S, Q, U
systems to show regular solutions - among the many possible
ones - in the face of constraints, can also fall within a broader
class of studies related to 'emerging' phenomena where ap-
parently complex structures composed of many ‘atomic' ele-
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ments can give rise to regular forms and structures on a larger
and macroscopic scale. Ref. [16, 17]. The case of the corre-
lation of S solutions with the botanical structures mentioned
in subsection 5.4 may ultimately be explored in a future study
to verify whether S, Q, U systems can describe classes of tree
configurations (such as those predicted experimentally in the
work of Ref. [18]) or whether, by applying Lindenmayer's
iterative methods, it will be possible to represent solutions of
S, Q, U systems in the form of L-Systems applied to tree
structures. (Ref. [19]).
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ArbO
FWHM

Avrbitrary Oscillator
Full Width at Half Maximum
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Appendix

Appendix I: Solutions Scripts

We give in the following the computer scripts used to cal-
culate the S, Q, U solutions, complete in the variables 'm ‘and
'v' and for the case TC=21. The script is designed in compact
form such that it can be used with an arbitrary input TC value
and consequently any imax (=TC-1) number of variables. The
machine time of the calculation for the TC=21 case is about 3
minutes with a standard notebook. The script runs under a
well-known commercial mathematical calculation application.
The script looks for all possible solutions of the two equations
of the system S with the parameter TC fixed as input. As the
value of TC increases, soon the limit of computational over-
head is reached for values just above about 25 for the S and Q
cases.
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The script below applies to the case of System S, TC=21:
tempoinizio = AbsoluteTime[];

TCOST = 213 Clear([M, V, m, v, X]} (+TC inputs)

M=Table[ms, {i, 1, TCOST-1}];

V= Table[vi, (i, 1, TCOST-1}];

a=Table(1/2%4, {i, 1, TCOST-1}];

X = Union[M, {vg}, V1;

CC=Table[@smj=<2vi,, {i, 1, TCOST-1}];

DD = Table[m; + vi = 2 Vi, {1, 1, TCOST-1}];

CCDD = Union[CC, DD];

mvs = Solve[{Dot[a, M] = 1 && Tr[M] = TCOST && v = 1 && And ee CCDD}, X, Integers]
tempofine = AbsoluteTime[];

minutiimpiegati = (tempofine - tempoinizio) /60;

Print[" Minuti impiegati nel calcolo = ", minutiimpiegati]

The next script applies to the case of System Q, TC=21

tempoinizio = AbsoluteTime[];

TCOST = 215 Clear[M, V, m, v, X];

M= Table[m;, {i, 1, TCOST-1}];

V =Table[vi, {i, 1, TCOST-1}];
a=Table[1/2%4, (i, 1, TCOST-1}];

X =Union[M, {vg}, V];

CC=Table[@ smj s 2vy_,, (i, 1, TCOST-1}];

DD = Table[m; +vi = 2 vi_y, {i, 1, TCOST-1}];
CCDD = Union[CC, DD];

mvs = Solve[{Dot[a, M] = 1&&Tr[M] < TCOST && vg = 1 &&And @e CCDD}, X, Integers]
tempofine = AbsoluteTime[];

minutiimpiegati = (tempofine - tempoinizio) /60;

Print[" Minuti impiegati nel calcolo = ", minutiimpiegati]

(#1 minuti impiegati con dellll sono stati 5.36s)

Finally, the script for the case of System U, TC=7:
tempoinizio = AbsoluteTime[]};

TCOST =7; Clear[M, V, m, v, X];

M = Table[mj, {i, 1, TCOST-1}];

V=Table[vi, (i, 1, TCOST-1}1;

a=Table[1/274, {i, 1, TCOST-1}];

X = Union[M, {vg}, V];

CC=Table[0<my <2vj_y, {i, 1, TCOST-1}];

DD = Table[m; + v = 2 Vi1, {i, 1, TCOST -1}];

CCDD = Union[CC, DD];

mvs = Solve[{Dot[a, M] = 1&& vg == 1 &&And ee CCDD}, X, Integers];
tempofine = AbsoluteTime[];

minutiimpiegati = (tempofine - tempoinizio) /60;

Print[" Minuti impiegati nel calcolo = ", minutiimpiegati]

Appendix Il: Some Theorems

In the following we provide some theorems statements.
These theorems statements are referred to the case f=2. We
use the S' system apex notation meaning a S system with TC'
parameter, then a S" system means a system with TC" pa-
rameters etc. At the same time the expression S+1 means a
system with TC+1 parameter or an expression S'+S" leads to a
TC'+TC" parameter system. In general, we can also use the

STC notation with evident meaning. In general, we use the S™

Q" U™ notation with evident meaning. In addition, we use
the symbol { X"©} to mean the set of all solutions of X°.
Moreover, we use the notation:
X
to address some conditions on X variables with X=S,Q,U.
TO - The "total” Theorem
For the S case, =2, Z}"‘i" mj = TC
For the S case in general
with: imax=(TC-1)/(3-1)
T1 - The "one" Theorem
If {m;} is a solution of a S system, then the list {1, {m;}} isa

—imax

Jamtvy = (TC-1)/(B-1) -1
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solution of the S+1 system.

This implies that all the solutions of a S system are solu-
tions of a S+1 system if prepended by "1".

T2 - The "zero" Theorem

If {m;'} is a solution of a S' system, and {m;"} is a solution of
S" system, then the list {0, {m;'+m;"} } is a solution ofa S"'=S'
+S" system. This implies that all the solutions of a S' system
that have m;"" = 0, can be expressed by an index ordered sum
of two solutions terms m;'+m;" belonging to subsystems S' and
S" where S"'= §'+S".

T2 - C1 Corollary

If m;=0, then also Mjp,=0

T3 - The "alpha" Theorem

Given i, <= imax, at least a m; of {m;} with the index 1<i <
i, must be not null being: i,= Int(log,TC)

T4 - The "sum" Theorem

The solutions of a Q" system are given by the union set of
all solutions of S™¢,5™! ., &2

T5 - The "inclusion™ theorem

The solutions of a Q" system are included in the set of all
the solutions of UTC

T6 — Theorem

This theorem links the solution set of a UATC system with a
subset of solutions coming from a higher "rank" Q system.

This theorem is a consequence of the general condition
addressed above.

This theorem is depicted by the formula:

{u™}= {anh(::l],,m(zmax_‘]:o]}

imax

imax=TC -1

NOTE: As a quick check for the above theorems, the reader
can easily see that, as in section 2.2, example No.3, there are two
solutions which begin with "1". These are obtained directly by
the two solutions of S* prepended by "1". In turn, the "0" solution
is given by summing the single solutions of S* and S* subsystems.
For the T3 theorem the reader can e.g. check with the plenty of
possible solutions listed in Ref. [7] for the case TC=14. By virtue
of T4 theorem, a generic Q system can be built up by knowing
the solutions of subsystems S with smaller or equal TC parame-
ters. However, lacking a numeric formula to find solutions
number and values for a S system, this also limits the general
description of Q systems.

Appendix I11: Configurations Script

In the following we give the script used for calculating the
number of configurations for all solutions of a binary system S,
B=2. The script also provides for the ordering of the solutions
found in the three ways: 1) lexicographic, 2) no. of configu-
rations, 3) nvmax index (last step i with v; non-zero). It is also
given the plot command for a graphical view of the results.
The following script example refers to TC=21, but the script
accepts any value of TC as input.
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tempoinizio = AbsoluteTime[];

TCOST = 21; Clear (M, V, m, v, X];

M = Table[m;, (i, 1, TCOST-1)}];

V =Table[vi, {i, 1, TCOST-1}];

a=Table[1/274, {i, 1, TCOST-1}];

X =Union(M, {(vg}, V];

CC=Table[®@smj<2viy, {i,1, TCOST-1}];

DD = Table[mj +v4 = 2v4y, {i, 1, TCOST-1}];

CCDD = Union(CC, DD ;

mvs = Solve[{Dot[a, M] == 1&&Tr[M] == TCOST&& Tr[V] == TCOST - 2 && vp == 1 &&And @ CCDD}, X, Integers];
tempofine = AbsoluteTime([];

minutiimpiegati = (tempofine - tempoinizio) /60;

Print[" Minuti impiegati nel calcolo = ", minutiimpiegati)

1g = Length[mvs];

nvmax = Table[o, {j, 1, lg}];

For[j = 1, j <= lg, j++,

For[k = 1, k <= TCOST - 1, k++,
If(mvs([3]]([k + TCOST]I[[2]] > @, nvmax[[j]] = k]
]

]

nvmax

nconf[j_] := Product[Binomial[2 mvs[[j]][[h]I[[2]], mvs[[j1I[[h - (TCOST - 1)]11[[2]]], {h, TCOST, 2#TCOST - 2}];
confsk = Table[{j, mvs[[j]], nvmax[[j]], nconf[jl}, {j, 1, Length[mvs]}]

confssk = Sort[confsk, #1[[4]] > #2[[4]] &)

confsskx = Sort[confsk, #1[[3]] > #2[[3]] &)

Print["CONFIGURATION NUMBER ANALYSIS, TC=21"]

{ListPlot[Table[confssk[[s, 4]], {s, 1, Length[mvs]}], AxesLabel -> {"solution index", "no. of config."},(*PlotLegends-"distribuzione
no. configurazioni per ogni soluzione",+*)PlotRange -> All],

ListLogPlot[Table[confssk([[s, 4]], {s, 1, Length[mvs]}], AxesLabel -> {"solution index", "no. of config."}, (*PlotLegends—
"distribuzione (scala LOG) no. configurazioni per ogni soluzione",x)PlotRange -> All]}

Appendix IV: Solutions Data

Solutions (most probable solutions rounded to integer value) for a recursive S system with TC ranging from 24 to 10°12;
format: DATI<TC>={{mr,vr,Qr}}:

DATI24 = ({®, 2, 2}, {1, 3, 4}, {2, 5, 7}, {4, 6, 18}, (7, 5, 11}, {7, 2, 9}, {4, 1, 5}, {1, @, 1}, (@, @, 0}, (8, O, €}, {0, O, 0}, {0, O, O}, (8, @, @}, {e, @, 0},
e, e, e}, (o, e, e}, (o, o, 0}, (o, o, @}, (e, o, e}, (e, o, &}, {e, o, @}, {8, @, @}, {8, @, 0}, (8,0, 0}, (0,0, 0)];

DATI2S = ({®, 2, 2}, (1, 3, 4}, (2, 5, 7}, {4, 6, 18}, (7, 5, 12}, {7, 3, 18), (4, 1, 5}, (1, @, 2}, {0, @, @}, (@, O, a;, ge e, e}, (8, @, @), (8, 0, @), (0, @, 8},
(@, e, e}, (9, @, e}, [9. @, 8], ('. e, 8}, (91 e, 8}, (e, 91 @}, (@, 9, @}, (@, 9, e}, {8, 9; e}, {8, 9; e}, (@, 9, L

DATI26 = ({@, 2, 2}, {1, 3, 4}, {2, 5, 7), {4, 6, 18}, (7, 5, 12}, {8, 3, 11}, (5, 1, 6}, (2, @, 2}, {@, @, @}, {0, O, e}, {e e, e}, (0, 8, @}, (0, @, @}, (8, @, 8},
(e, e, e}, (o, e, 0}, (e, o, 0}, (o, o, @}, (e, o, e}, (e, o, @}, {e, @, @}, {e, @, @}, {8, 9Q, @}, (0,0, 0}, (0,0, 0}];

DATIle@ = {(@, 2, 2}, (O, 4, 4}, (1, 7, 8}, (2, 12, 14}, (6, 18, 24}, (15, 22, 37}, (25, 19, 45}, {28, :u. 39}, (18, 3, 21}, (8, :\ 7), {1, 8, 1}, (@, @, 8}, {0, @, ),
(@, e, @}, (@, 91 @3, (@, 9, @}, (e, 3 @}, (o, 9 e}, (o, e, 9). (e, @, 9}, {e, e, 0}, (91 e, e}, {e, e, @}, (@, 0, 9), (@, e,0

DATII088 = { {8, 2, 2), (8, 4, 4), (8, B, 81, (8, 16, 163, (1, 38, 31}, (4, 57, 68}, (13, 108, 113}, {41, 159 201}, (188, 211, szs] {214, 209, 423}, {281, 137, 417},
(220, 5, 273, (96, 12, 107}, (22, 1, 23), (3, 8, 3, {0, , 8], (6, 8, 0], (8, 8, 8), (9, ©, 0), (0, O, 9}, (6,0, 0}, (8,9, 0], (8, 8, 0], (9, 8, 8), (0,0, 08,
(,8,0), (0,0,8), (6,0,8), (6,8, 8), (8,8, 8), (8, 8, 8), (8, 8, 8), (8, 8, 8, (8,8, 2, (8, 0, 8))

DATI10800 = { (B, 2, 2}, {8, 4, 41, {0, B, 8], {0, 16, 16}, (0, 32, 32), (0, 63, 64), (2, 125, 126}, {6, 243, 250}, {24, 463, 487}, (86, 848, 926}, (286, 1355, 1680},
(811, 1979, 2789}, (1782, 2175, 3958}, (2762, 1649, 4350}, (2527, 771, 3297}, {1338, 204, 1542}, (379, 29, 488}, (56, 2, 58}, {4, 6, 4], (8, 0, @}, (0, @, 0},

(0, 6, 0), (8, 8, 8), (8, 8, ), (6, 8, ), (6, 6, 8], (6, 0, 8}, (8, 0, 01, (8, 8, 0), (8, B, 81, (8, 8, 8], (8, 6, 0], (6, 0, 8, (8, 6, 83, (0, , 0] )3

DATIle@@ed = ( (@, 2, 2), (@, 4, 4), (O, B, 8}, (9, 16, 16}, (@, 32, 32}, (e, 64, 64}, (@, 128, 128), (1, 255, 255), (3, 507, 509}, (1@, 18@3, 1014), (4@, 1966, 2007},
(155, 3778, 3933}, (572, 6984, 7556}, (1966, 12002, 13968}, {5924, 18879, 24803}, {14 315, 21843, 36158}, {24780, 18906, 43686}, (27370, 10441, 37811},

(17 537, 3345, 20882}, (6107, 582, 6690}, (1112, 53, 1165}, (184, 2, 186}, {5, @, 5}, (@, @, @}, (@, 0, €], (8, 8, 8), (8, 8, @), (O, @, 8}, (0, @, @}, {0, 0, 0},
(@, o, 8}, (9, 9, @}, {8, 8, 8), (@, 0, 0}, (0, 0, 8});

DATIle@eede = { (0, 2, 2}, (@, 4, 4}, (e, 8, 8), (e, 16, 16), (@, 32, 32), (e, 64, 64}, (@, 128, 128), (@, 256, 256}, (@, 511, 512}, (1, 1822, 1823}, (4, 2040, 2044},
(17, 4063, 4879}, {66, 8059, B125), {260, 15859, 16119), {1086, 38711, 31717}, (3778, 57644, 61422}, {13360, 101929, 115289}, (42341, 161517, 203857},
(111109, 211924, 323033}, (216549, 206899, 423848}, (280192, 133605, 413797}, (215768, 51443, 267211}, {91927, 18959, 102886}, {20684, 1233, 21917},
(2394, 71, 2466}, {141, 2, 143}, {4, @, 4}, {e, @, @}, (e, @, e}, (e, @, e}, (e, @, @}, (e, @, @}, (e, @, @}, {@, @, @], {8, @, @}};

DATISeeeee = { (@, 2, 2}, (e, 4, 4}, (e, 8, 8), (@, 16, 16}, {@, 32, 32}, (@, 64, 64}, (@, 128, 128}, (@, 256, 256}, (1, 511, 511}, ({2, 1820, 1822}, {8, 2031, 2848},
(33, 4030, 4063), (130, 7929, 8059}, (503, 15356, 15859), (1889, 28822, 30711}, (6688, 58965, 57645), (21170, 88759, 181929}, (55555, 105962, 161517},
(108475, 103449, 211924}, (140096, 66803, 206899}, {187884, 25721, 133605}, ({45964, 5479, 51443}, {10342, 616, 18959}, {1197, 36, 1233}, (7@, 1, 71},

2, e, 2}, (o, e, e}, (e, e, e}, (e, e, e}, (e, o, e}, {e, o, @}, {e, o, e}, (8,0, 0}, (8,0, 0}, (0,0,0});

DATI18080000 = ({0, 2, 2}, (O, 4, 4), {®, 8, 8}, (0, 16, 16}, (@, 32, 32}, (@, 64, 64}, (@, 128, 128), (@, 256, 256}, (@, 512, 512}, (@, 1824, 1024}, (0, 2047, 2048} ,

(2, 4893, 4094}, (7, 8179, B18S), (27, 16330, 16357}, (187, 32554, 32661}, (424, 64684, 65108}, (1674, 127695, 129369), (6524, 248867, 255390},

(24796, 472938, 497733}, (89769, 856106, 945875}, (296828, 1415384, 1712212}, {836470, 1994299, 2836769}, {1819539, 2169 059, 3988 598},

(2718048, 1620078, 4338118), (2496223, 743932, 3240156}, (1294968, 192956, 1487865), (359154, 26759, 385913}, (51596, 1922, 53518), (3774, 76, 3844},
(139, 1, 141}, (3, o, 3}, (9, @, @}, (@, 8, 0), {0, 0, 0}, {8, O, O} };

DATIle@M = { {®, 2, 2}, (O, 4, 4), (@, 8, 8}, (@, 16, 16}, (@, 32, 32}, (@, 64, 64}, {0, 128, 128), (@, 256, 256}, (@, 512, 512}, (@, 1824, 1824}, {0, 2048, 2048},

(@, 4896, 4096), (1, 8191, 8191}, (3, 16379, 16381}, {11, 32747, 32757}, (43, 65450, 65493}, (171, 130729, 130900} , (684, 268774, 261458],

(2720, 518829, 521549), (10768, 1026890, 1837657}, (42186, 2011593, 2053779}, (161952, 3861234, 4023186}, (597671, 7124797, 7722468},
(2047219, 12202375, 14249594}, (6131489, 18273 261, 24484751}, (14676634, 21869 889, 36546523}, (25064941, 18 674836, 43739777),

(27 212301, 10137372, 37349672}, (17091250, 3183493, 20274743}, (5824535, 542452, 6366987}, (1036632, 48272, 1084904}, (94347, 2197, 96544},
(4343, 51, 4393}, (161, 1, 101}, (1, @, 1), (9, 8, @), (0, 8, @), (8, 8, @), (8, O, 0], (0, O, 0}, (0, O, O}, (9, @, O], (9, ©, ©), (0, ©, 8], (0, 0, 8]}

DATIle@8M = { (8, 2, 2}, {@, 4, 4}, {@, 8, 8}, (0, 16, 16}, (@, 32, 32}, (O, 64, 64}, (@, 128, 128}, {@, 256, 256}, {@, 512, 512}, (@, 1024, 1024}, (0, 2048, 2048),
(0, 4896, 4896), (8, 8192, B192), (@, 16383, 16384}, {1, 32766, 32767}, (4, 65527, 65532}, {17, 131038, 131055), (69, 262007, 262875}, (275, 523739, 524613},
{1e97, 1846380, 1047477), {4380, 2088380, 2092760}, (17445, 4159315, 4176761}, (69201, 8249438, 8318631), (272238, 16226622, 16498859},

(1@53597, 31399646, 32453 244), (3949353, 58849949, 62799293}, (13928023, 183771858, 117699881), (43921897, 163621818, 207543715),

{114 315124, 212928511, 327243635}, (220500205, 205356818, 425857022), (280224114, 139489521, 418713636}, (211698912, 49288131, 268979043},
(88297124, 10279138, 38576 262), {19427450, 1130826, 20558276} , (2197692, 63961, 2261653}, (126088, 1835, 127922), (3643, 27, 3676}, (53, @, 53),
(e, @, @}, (e, @, 8}, (8, 8, 8), (@, 0, 8), (@, O, 8}, (0,0, 8}, (8,0, 0}};

DATII0G = {{8, 2, 2), (8, 4, 4}, (8, 8, 8}, (8, 16, 16), (8, 32, 32], [0, 64, 64}, (8, 128, 128}, {@, 256, 256}, (@, 512, 512}, (0, 1024, 1624}, (0, 2048, 2048)

(0, 4896, 4896), (0, 8192, B192), (@, 16384, 16384}, {0, 32768, 32768}, (@, 65535, 65536}, {2, 131069, 131070}, {7, 262138, 262137}, (27, 524233, 524261},
(116, 1648356, 1848466, (448, 2096273, 2096712, (1758, 4198788, 4192545), (7025, 8374550, 8381575), (28053, 16721047, 16743100} ,
(111838, 33330256, 33442093, (444369, 66216142, 66660511}, (1753935, 130678349, 132432284), (6832336, 254 524362, 261356699),
(25936870, 483111855, 589048725}, {93 687827, 872535882, 966223709), (308501183, 1436570581, 1745071764), (863244181, 2009896981, 2873141162,
(1857444255, 2162349707, 4019793963), (2733558786, 1591140629, 4324699415), (2464900729, 717380529, 3182281257), (1252498533, 182262525, 1434761058),
(339 801254, 24723795, 364525849}, {47711844, 1735747, 49447590}, {3409476, 62018, 3471494}, {122918, 1118, 124036}, {2226, 10, 2236}, (28, @, 20},
(e, e, e}, (o, e, 0}, (e, @, 8)}};
DATI18@G = { {8, 2, 2), (@, 4, 4), (8, 8, 8}, (8, 16, 16}, (@, 32, 32}, (@, €4, 64}, (9, 128, 128), (@, 256, 256}, (@, 512, 512}, (@, 1924, 1824}, {0, 2048, 2048},
(9, 4096, 4696), (0, 8192, B192), (0, 16384, 16384) , (0, 32768, 32768], (8, 65536, 65536), (@, 131072, 131872}, (1, 262143, 262143), (3, 524283, 524285)
{11, 1848554, 1048565}, (44, 2097064, 2097108}, (176, 4193952, 4194128}, {704, 8387201, 8387904}, {2814, 16771588, 167744082}, (11251, 33531924, 33543176},
(44576, 67018873, 67063848, (179661, 133858084, 134037745), (716721, 266 999446, 267716168), (2851575, 531147 317, 533998893),
(11285129, 1051089506, 1062294 635), (44191509, 2057827503, 2102019012}, (169486641, 3946168 366, 4 115655007) , (624318051, 7268018681, 7892336732),
(2131144 386, 12464892576, 14536037361} , (6344592246, 18465193705, 24809785951], (15041754264, 21888633206, 36930387 410) ,
(25339994106, 18437272306, 43777266412}, (27038130161, 9836414451, 36674544612}, {16645102411, 3027726491, 19672828901},
(5550626447, 584826534, 6055452981), (965736459, 43916616, 1809653069, (85880522, 1952697, 67833219), (3861494, 43900, 3905394),
(87304, 496, 87800), (998, 3, 993}, (6, O, 6], (O, 6, @], {9, @, 6}, (9, 0, 8}, {9, o, @), (e, o, 0}, (e, e, 0}, (0, e, e}, (0, 6, e}, (0, 0, @}};

DATI1006G = { {8, 2, 2}, {@, 4, 4}, {@, 8, 8}, (0, 16, 16}, (@, 32, 32}, (O, 64, 64}, (@, 128, 128}, {@, 256, 256}, {@, 512, 512}, (@, 1024, 1024}, (0, 2048, 2048),
(0, 4896, 4896), (8, 8192, B192), (@, 16384, 16384}, (@, 32768, 32768}, (@, 65536, 65536), (0, 131072, 131072}, {0, 262144, 262144}, (@, 524287, 524288) ,

{1, 1048574, 1848575}, (4, 2097143, 2097148}, (18, 4194269, 4194286}, {70, B 388467, 8388538), (281, 16776653, 16776935}, {1126, 33552180, 33553306],
(4503, 67099858, 67184361}, (18010, 134181706, 134199715}, {72019, 268 291392, 268363411}, (287921, 536294864, 536582785},

(1150449, 1871439278, 1072589727}, (4591936, 2138286621, 2142878556}, (18289191, 42582840851, 4276573241}, (72533703, 8444034398, 8516568101},

(285 234521, 16602834275, 16888068796, (1103037987, 32102630 564, 33 205668551) , (4128447216, 60876813911, 64205 261127},

{14 518395 746, 105635232076, 120153627 822}, (455522708275, 165718193876, 211278464152}, (117572768218, 213863619535, 331436387753},

(224000223029, 203727016640, 427727 239869) , (280085770105, 127 368261976, 407454032088) , (207 546622086, 47190501865, 254736523952},

(84746448044, 9 634555 686, 94 381003731), (18232702242, 1036409131, 19269111373}, (2015533358, 57284903, 2072818261}, (112964485, 1605322, 114569887},
(3187992, 22652, 3210644}, (45144, 16@, 45304), (320, 1, 321}, (1, @, 1}, (@, @, 8}, (@, @, @}, {0, @, @}, {8, @, @), (8, @, 0));
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