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Abstract

Tuberculosis (TB) is an infectious disease caused by mycobacterium tuberculosis bacteria (tubercle bacilli) and spreads through
the air from an infectious person to a susceptible person. This research aims to investigate the transmission dynamics of
tuberculosis (TB) using a mathematical model with optimal control and to estimate the reproduction number in the Werder
district of the Somali regional state. To achieve the objective of the study, we employed different mathematical tools and
available cumulative case data from the Werder district of the Somali regional state health officials. The model is developed
using a system of nonlinear ordinary differential equations and basic reproduction number is determine to perform analysis for
both local and global stability of the equilibrium points of the model. In addition to this, sensitivity analysis is studied based on
the reproduction number to reveal influential parameters of transmission dynamics of tuberculosis. Then the optimal control
strategy was found by minimizing the number of exposed and infected individual populations with tuberculosis taking into
account the cost of implementation. The existence of optimal control and characterization was established with the help of
Pontryagin's Maximum Principle and we conducted different numerical simulation cases to see agreements with analytical
results. Moreover, the model was calibrated with real data collected from the Werder district of the Somali regional state health
office from 2016 — 2022. The simulation results also clearly shown that the tuberculosis can be minimized by applying TB
prevention programs to susceptible individuals and preventing the failure of treatment in active tuberculosis individuals through
continuous supervision and helping patients during treatment period with optimal implementation cost. Furthermore, the optimal
control model also predicted that tuberculosis is under control in Werder district.
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1. Introduction

Tuberculosis (TB) is an infectious disease caused by my- The bacteria live in the lungs of the infected host. Mycobac-
cobacterium tuberculosis bacteria (tubercle bacilli) [2, 5, 42].  terium tuberculosis spreads through the air from an infectious
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person to a susceptible person. Persons with active pulmonary
or laryngeal tuberculosis generate droplet nuclei that contain
Mycobacterium  tuberculosis  through communication,
coughing, singing, shouting, sneezing, or any other forceful
expiratory maneuver that shears respiratory secretions from
the airways, with coughing being the most efficient at gener-
ating infectious aerosols [7, 45, 55].

Mycobacterium tuberculosis is the bacteria that caused
tuberculosis and was identified by Nobel Laureate Robert
Koch in March 1882 and the 1900s, Albert Chalmette and
Camille Guerin achieved the first genuine success in im-
munizing against tuberculosis using attenuated bovine strain
tuberculosis called BCG (Bacillus of Chalmette and Guerin)
[11, 12, 26]. The genus of Mycobacterium is divided into two
main groups: Mycobacterium tuberculosis complex and en-
vironmental mycobacterium. The Mycobacterium tuberculo-
sis complex comprises the closely related species Mycobac-
terium tuberculosis, Mycobacterium Bovis, Mycobacterium
africanum, Mycobacterium microti, and Mycobacterium
canettii [8, 9, 51].

The highest risk groups to acquire TB when exposed to
children under five years old, people who are im-
mune-compromised especially those who are HIV-Positive,
persons who have diabetes or kidney failure, people that take
excessive alcohol and drugs, those with poor nutrition and
lack of food, whom suffering from stress and living in poorly
ventilated rooms [10, 16, 47]. Someone when infected with
tuberculosis isn't contagious until symptoms appear. Symp-
toms of TB disease rely upon where within the body the TB
bacteria grow. Active TB cases are also pulmonary where it
affects the lungs.

The first symptoms usually include fatigue or weakness,
unexplained weight loss, fever, chills, loss of appetite, and
night sweats [13, 55]. Since the symptoms are abundantly the
same as a standard cold people tend to treat it united. When
the two infections within the lung worsen, it should cause pain,
a bad cough that lasts 3 weeks or longer, and coughing up
blood [13].

Tuberculosis occurs in every part of the world and affects
all countries as well as all age groups. According to World
Health Organization (WHOQO) Global TB 2020 Report, there
was an estimated 10.0 million persons who fell ill with TB in
2019 such that 12% of cases were children (aged < 15 years),
56% were male (aged > 15 years) and 32% of cases were
women. Among all those affected, 8.2% were people living
with HIV (74% of them in Africa) and about 56% were from
five countries: India, Indonesia, China, the Philippines and
Pakistan [8, 50]. In the 2019 year, the largest number of new
TB cases occurred in the South-East Asia and Western Pacific
regions, with 64% of new cases, followed by the African
region, with 25% of new cases [9, 52]. Additionally, in 2020,
86% of new TB cases occurred within the 30 high TB burden
countries. Eight countries accounted for 2 thirds of the new
TB cases: India, China, Indonesia, Philippines, Pakistan,
Nigeria, Bangladesh and South Africa. These countries ac-

counted more than 62% of the whole TB burden in the
worldwide [14, 51]. Corresponding to the World Health Or-
ganization (WHO) 2021 report, TB is one of the top ten causes
of death and the leading cause from a single infectious agent
(ranking above HIV/AIDS) worldwide. Millions of people
continue to fall sick with TB each year and an estimated 9.9
million people developed TB and 1.5 million died from the
disease (including 214,000 deaths among HIV positive people)
[10, 15, 51].

Drug-resistant TB has continued to be a major problem in
the effective management and control of TB in a population
[17, 21, 24]. In 2020 alone, there were an estimated 500,000
new TB cases with resistance to rifampicin (RR-TB), of
which 78% a had cases of multidrug-resistant TB (MDR-TB)
[28, 49]. The World Health Organization (WHO) estimates
that 10.0 million cases of tuberculosis (TB) occurred world-
wide in 2020, of which 500,000 were rifampicins (RR) or
multidrug-resistant (MDR) TB which defined as Mycobacte-
rium tuberculosis with resistance to at least rifampicin and
isoniazid [30, 31]. Multidrug-resistant (MDR) is a common in
Sub-Saharan Africans including Ethiopia [33, 36, 55].

Africa is that the world's second-largest and second-most
having an oversized population continent. With 1.4 billion
people as of 2021, it accounts for about 18% of the world's
human population. Global TB incidence continues to be
growing at one percent a year because of the rapid increase in
Africa; intense control efforts are helping incidence fall or
stabilize in other regions [36, 38]. The unprecedented growth
of the tuberculosis epidemic in Africa due to several factors,
the furthermost important is the HIV epidemic. Geograph-
ically, most TB cases in 2021 were within the WHO regions of
Africa is 25% [39, 50]. The challenge in controlling TB in
Africa is attributed to poverty, drug-resistant tuberculosis,
endemic of the causative agents, and inefficient diagnostic
methods, among others [6, 37].

In Ethiopia, tuberculosis (TB) is one of the first public
health problems; HIV/AIDS, poverty, under nutrition,
over-crowded living conditions and lack of knowledge about
the disease have been known to increase the risk of spreading
the bacteria and the risk of developing the disease [25, 44].
Ethiopia is one of the highest TB burden countries in
Sub-Saharan African countries [3, 48]. Tuberculosis (TB) is
the leading cause of death from an infectious disease in
Ethiopia, killing more than 30 thousand people every year
(more than 75 people per day), it also has a long-term corro-
sive impact on the health of Ethiopians population [55, 59].
According to the WHO report, Ethiopia is one of the 30
high-burden countries, and there were an estimated 172,000
(192 per 100,000 populations) incident cases of TB in 2020.
Corresponding to the same report, there were an estimated
25,000 deaths (23 per 100,000) due to TB, excluding HIV
related deaths [27, 60]. As in [55, 61], the economic conse-
quences of TB include those due to lost income and produc-
tivity during diagnosis and treatment, direct household ex-
penditures for TB care, and the unmeasured disabilities due to
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permanent lung damage in up to 50% of survivors.

The situation, regarding TB, in Somali Regional State (SRS)
largely contrasts with the progress seen at the national level.
The national TB prevalence was adjusted to 224/100,000
from 421/100,000 in 2011 based on the national TB survey [4].
This prevalence is further found to be disproportionately
distributed across population sectors. Pastoral and rural
communities have a nearly 30% higher prevalence, compared
to the national one. SRS has a TB prevalence of 240 per
100,000 populations [12, 43]. Based on this prevalence, it is
estimated to have over 14,400 and 860 TB cases in SRS and
Doolo zone respectively. Based on the national TB survey, the
national case detection rate has increased from below 50% to
over 70% [22]. Nonetheless, this detection rate varies widely
between regions, with SRS having the lowest case detection
rate (CDR) [18, 53]. Alow CDR means that TB patients with
open PTB, stay in the community and are contagious for
longer periods before starting treatment. This increases inci-
dence in the community (negative externality), leads to more
morbidity, and might negatively affect the treatment outcome
when commenced so late and the patient's condition is bad
which a public health problem is. Between 2010 and 2016,
there were 5357 patients tested for acid-fast bacilli (AFB), and
1113 commenced treatment in Werder Hospital of Doolo zone.
This number of patients who commenced TB treatment is less
than 19% of the expected number of patients over the past 7
years [18, 40, 41].

Tuberculosis (TB) becomes a serious public health problem
and the major cause of death worldwide including in Ethiopia.

For this reason, many epidemiologists and other scientists
invest their effort in understanding the transmission dynamics
of tuberculosis and controlling its transmission. From inter-
actions with those scientists, mathematicians have developed
a significant and effective tool, namely mathematical models
of tuberculosis, giving an insight into the dynamics of com-
municable diseases effectively with the help of these mathe-
matical models and providing useful information on the
spread and how to control the communicable diseases.
Mathematical modelling of the transmission dynamics of
tuberculosis flourished in 1962 [47].

From Waaler [47] models, several models have been de-
veloped considering such as the compartmental model for the
TB disease [35], the non-linear mathematical model of TB
with case detection and treatment (Athithan and Minighosh,
2013), the effect of vaccination and treatment on the spread of
TB [29, 59], the effect of diabetes on the spread of TB [23,32],
assess the impact of vaccination and effective contact rate in
the spreads of TB [11, 34] and global stability analysis TB
infection with incomplete treatment [54, 46] also offered a
recent mathematical model on the transmission dynamics of
tuberculosis in 2019. They confirmed their model with real
data from Pakistan. But the authors do not consider optimal
control intervention strategies. Hence, in this research, we
modified the mathematical model proposed by Ullah [47], by
introducing optimal control function and studying both ana-
lytically and numerically with the help of Pontryagin's
maximum principle.

Figure 1. Map of the study area.
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2. Study Area

The study is conducted in Werder district of Doolo zone,
Somali region. Geographically, this district is found between
5958'N latitude to 45°21’F longitude with an elevation of
541 meters above sea level. It is located at 1146 km away from
Addis Ababa, the capital of Ethiopia and 528 km away from
Jigjiga, the capital of Somali region. The climate of the study
area is warm and temperate. A vast area of this zone experi-
ences high temperature and low precipitation with mean an-
nual temperature ranges between20°C — 32°C. The annual
rainfall of the zone varies between 293 mm and 595 mm.

Based on the 2007 Census conducted by the Central Sta-
tistical Agency of Ethiopia (CSA 2007), this district has a total
population of 58,005, of whom 32,743 are men and 25,292
women. While 9,211 or 15.87% are urban inhabitants, a fur-
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ther 13,493 or 23.25% are pastoralists. Based on the result of
housing and population census of May, 2007, in 2017 the
projected population of Werder district is 85,078 people, out
of this 48001 are males and 37077 are females.

2.1. Model Formulation

To develop the mathematical model which describes the
transmission dynamics of TB, the human population is di-
vided into five epidemiological sub compartments which are
mutually exclusive. The sub compartments are susceptible
individuals S(t), TB-exposed individuals E(t), TB-infected
individuals who have active TB diseases and infectious I(t),
TB-treated individuals T(t), Recovered individuals R(t).
The flow between five compartments is shown in the sche-
matic diagram presented in Figure 1.

(g 4oy ) I (4 o) T it

eflf

(1 —e)fT

Figure 2. Schematic diagram of Tuberculosis (TB).

2.2. Model Assumption

Here, a mathematical model of TB transmission dynamics
of TB is constructed based on the following assumptions. The
total population at time N(t)is subdivide into susceptible
S(t), TB exposed E(t), TB infectious I(t), TB treated
T(t), Recovered individuals R(t), such that

N@)=S@®)+E®)+1(t)+1(t) +R(t)

Thus, the following assumptions were made in the math-
ematical model: A number of susceptible populations are
increased by the recruitment of individuals into population at
a constant rate  A. All individuals suffer from natural death, at
a constant rate . Any susceptible class is infected when they
come into effective contact with infectious class and the dis-
ease transmitted at rate S. Susceptible (S) class gets in-
fected is proportional to infectious class (I). A number of

infected class people increases at a rate proportional to both
the number of infectious class and the number of susceptible
class. The infectious class and treated class have additional
death rate due to the disease with rate constants a; and «a,
respectively. The infectious class- individuals are treated with
a constant rate o, entering into the treatment class. The
treated individuals enters to either latent (exposed) class due
to the remainder of TB or infective class due to the failure of
treatment at a constant rate 8. The term (1 — €)0T, where
the parameter e reflects the treatment failure, further by
considering 0 < € < 1; that means, when ¢ = 0, will mean
that all the individuals under treatment become latent (ex-
posed) and when € = 1, mean that the failure of treatment
and all the treated individuals will still be infectious. Treated
individuals are recovered at a constant rate . All parameters
and state variables are in the model are assumed to be
non-negative.

Table 1. State variables of the model.

State variable Description

S(t)

Susceptible individuals at a time t
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State variable

E(t)
1(t)
T(t)
R()

Parameters

e ™ >

Q

a

a;

Description

Number of individuals which is not yet infectious at a time t

Number of TB active individuals at a time t
Number of treated individuals at a time t

Number of recovered individuals at a time t

Table 2. Parameters of the model.

Description

Recruitment rate

Disease contact rate

Progression rate from compartment T to R
Treatment rate from compartment [ to T

Natural death rate

Disease related mortality rate of infected individuals
Disease related mortality rate in T

Rate at which treated individuals leave the T
Treatment failure rate

Rate of moving from E to [

To represent this mathematically, we have the following system of nonlinear differential equations based on the assumption
and the schematic diagram:

das BsI

S _A=BT_ s
dt N M
dE
dt N
dl
dc
dr
dat
dR

Vatr

=yYT — uR

=B (u+yE+A-e0r
=yE +€0T — (u+ o+ ay)l
=dl—(Wu+60+a,+y)T

1)

With initial conditions: S(0) =S, > 0,E(0) = E, = and sensitivity of the basic reproduction number.
0,1(0) =1, =0,T(0) =T, = 0,and

R(0) =R, > 0.

2.3. Model Analysis

In this section, we investigate the invariant region, positiv-
ity, disease free-equilibrium, reproduction number, stability

2.4. Invariant Region

In this subsection, we study a region in which the feasible

solution of the governing equation for the tuberculosis model

is bounded. Summing the system of non-linear ordinary dif-
ferential equation (1) we obtain.

%(5+E+I+T+R)(t)=A—u(S+E+I+T+R)(t)—all(t)—azT(t)

Since a; and a, are non-negative, we have

dN(t)

——=A—puN() — aI(t) — a,T(t) < A—uN(t)

dat
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dN(t)
dt

By integrating factor,

+uN(t) =A

= (N()ek?) < hett @)

Integrating both sides of the equation (2) and simplifying it, then we have

N < §+ N(0)eHt 3)

Where N(0) is obtain from initial condition and as t — oo in equation (3), the population size N(t) < A? which implies

that 0 < N(t) < % Thus, the feasible region of the system (1) is given by the set.

Q= {(S(t),E(t),I(t),I(t),R(t)) ERS, N(t) < 2,5(0) > 0,E(0) = 0,1(0) = 0,T(0) = 0,R(0) = 0}

Hence, the system (1) is biologically meaningful and
mathematically well-posed within the domain given by the
region Q.

(A=EL_pus=0

i N
l%—( U+PE+(1—€)6T =0
YE+eOT —(u+o+a)l=0
ol —(u+0+a,+yPY)T=0

YT —uR = 0

(4)

Solving this equation,
is & =(§,0,0,0,0)

the disease free equilibrium

2.5. Basic Reproduction Number

The basic reproduction number has the key role in the
disease modelling and intuitively from epidemiological point
of view, the basic reproduction number, which is denoted
by R, , is the average number of new cases (infections), that
one infected case will generate during its entire infectious
lifetime. It is very important in determining whether the
global dynamics of the disease can be spread or not. When the
value of the basic reproduction number falls less than unity,
then the disease will not be spread in the community, whereas,
when its values cross the unity, then the disease can be spread
in the community i.e., the disease becomes endemic and will
produce deaths and sometimes outbreak which is called epi-
demics. In epidemiology, the epidemic is expected to be
eliminated if R, <1, and persists if R, > 1. Therefore,
the basic reproduction number is a threshold parameter for a
disease and its biological significance is obvious. We use the
next generation method given in [58] to compute R, . Let us

assume that there are n compartments of which the
m compartments correspond to infected individuals. In order
to compute R, , it is important to distinguish new infections
from all other changes in population.

In order to compute R,, it is important to distinguish new
infections from all other changes in the population. Let F;(x)
be the rate of appearance of new infections in compartments,
;™ be the rate of transfer of individuals into compart-
ment. V;°** be the rate of transfer of individuals out of
compartment. It is assumed that each function (F;(x),
V™ (x) and V;°“(x)) is continuously differentiable with
respect to each variable. We define nxn matrices,
F and V,

av,

Fij(x)=1—’;"for 1<ij<n, sz(x)=a—ji for 1<i,j<

n, where V;(x) = V,°“* — 1, Diekmann et al (1990) we
call FV 1 the next generation matrix for the model and we
shall set R,, as equal to largest eigenvalue in magnitude of
the matrixof R, = FV™L

The next step is the computation of the square matrices F
and V of order n x n, where n is the number of infected
class, defined by:

&
N
F=1o
0

1<i,j<n
Suchthat F is non-negative, V' is non-singular matrix and
Eq is the disease free equilibrium point. Now, the Jacobian
matrices of f(x) and v(x) at the disease-free equilibrium
Er are:

(u+y)E-QA—-¢e)oT
and V =|yE —€0T — (u+ o+ a;)I| with
—ol+W+6+a,+yY)T
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0 'BE 0 ki 0 —-(1-¢€)6
Df( &) = N and Dv( &) =|-y k; —ef
0 0 O 0 —o k
0 0 0 3
The linearization approach of the system (1) associated with matrix F and V at DFE point &g is given by
0 g O ki 0 —(1-¢€)0
F=|0 0 0| and V=|-y k, —ef respectively.
0 0 0 -0 ks

Where ky = ( u+y)k,=@w+o+a) ks =W+0+a,+);

Then we denote the determinant of V by det(V) =

kyk3—€6c (1—-€)fo (1-€)6ok,
det(V) det(V) det(V)
V-1 = vk3 kiky (1-€)6+€ebk,
T det(v) det(V) det(V)
[ Yo okq kik,
det(V) det(V) det(V)

ki(k,k; —€0a) — (1 —€)Bay.

Bkzy  Bkikz P-€)b+eky
_ 1 _ det(V) det(V) det(V)
and M =FV~!= 0 0 0
0 0 0

Since F is non-negative and V is non-singular, then V=1 is non-negative and FV ™! is non-negative. Hence, the matrix M
is called next generation matrix for the model. From this matrix, we determine the value of an eigenvalues of the coefficient
matrixM or V1. Hence det(FV~! —Al) = |FV~1 — AI|. This implies that

Bksy _ Bkik; B(1-€)0+ekq
kqi(kpk3z—€60)—(1—€)0oy ki(kpok3—€00)—(1-€)0oy kq(kykz—€0a)—(1—€)0ay -0
0 0-21 0 -
0 0-21
From this we obtain
-1 _ 97]= Bksy _ 2 : Bksy 2 _ 33
|FV AI|_(k1(k2k3—690)—(1—e)90y /1) A%, This show that kqi(kpyk3—€60)—(1—€)0ay A A

Hence, by cancelling A2 on both sides and solving we

: _ Bksy
obtain 4 = k1 (kpks—€00)—(1—€)0oy

number is given by the spectral radius of FV~! thatis R, =

_ Bksy
A= "Gk —e8o) (1007 Thenp(M) denotes the spectral

radius of a matrix M which is the biggest non-negative ei-
genvalue of the next generation matrix.

. Thus, the reproduction

Therefore,

_ Bksy
RO -
kqi(kpyk3—€600)—(1—€)0oy

BI
_F_‘u' 0
0 —(u+y)
JS+E+I+T+R) =
| 0 4
l 0 0
0 0

2.6. Stability Analysis of Disease Free
Equilibrium

The model (1) has a unique disease free equilibrium (DFE),

£, givenby & = (L—‘,o,o,o,o).

Local stability of disease free equilibrium

Theorem 2.2: The disease-free equilibrium &, =
(%,0,0,0,0) of the system (1) is locally asymptotically

stable if R, < 1.
Proof. By considering the linearized system of the gov-
erning equation (1), we have

Bs

- 0 0
% (1-€)6 0
—-(u+o+ay) €6 0
o —(u+0+a,+v) OJ
0 Y —u

Therefore, the Jacobian matrix J of model at the disease free equilibrium &g reduces to
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(—u 0 - 0 0 ]

0 -k B @A-¢€)6 0

JC E)=40 Y —k, €6 0 )
0 0 o —k; 0
0 0 0 P —U

where k; =( u+y)k,=QU+o+a)ks=W+6+a, +Y).
The eigenvalues of equation (5) are the solutions of the characteristics equation [J( £;) — A Is| = 0, where I: is the

identity matrix of order 5. Then we have

—u—21 0 - 0 0
0 —k;— 1 B (1-¢e)0 0
0 0 o —k;— 1 0
0 0 0 P —-u—A
This implies that
-k, —2 B (1-¢e)o 0
_ _ y —k,— 1 €0 0
0 0 P —u—-A
-k, — 4 B (1-¢€)o
=—(u+2)? Y —k; — 4 €6 (6)
0 o _k3 - /1

It follows that the characteristic equation computed from
equation (6) is given by

(4 D23+ (kg + kg + k3)A% + (kyky + kiks +
kyks — o€l —yBIA + (k ky)ks — ki0€60 — (1 — €)Boy —
YBks] =0

Which equivalent to

u+D2=0 or [+ (ky+ky+k)A+ (kiky +
kiks + k ks —0e€0 —yBIA+ (kik,)ks — kio€0 —
(1 —€)8oy —yBks] =0

yB must be positive. Hence, a, > 0 if it fulfil that k,k, +
kiks + kyk; > 0ef +yB . Additionally, a,a, —a; >0 .
This is the same as a,a, > a;. From Routh-Hurwitz crite-
rion, it follows that a; > 0

as = kikyks —k,0€0 — (1 — €)0ay — yBk;

From this we get k,k ks — k060 — (1 — €)0ay > yBk,
and then dividing both sides by kik,k; —k,0€0 —

We can write the characteristic equationas 4; =4, = -y (1 —-¢€)foy to get 1> — ky’;:; T which
3 2 _ _ 1r2R3—Rh1 -
or Ftat+adtay=0, where a;=(ki+tka+ o g that 1> R, . This implies that as >

k3), a; = (kik; + kiks + koks — 0€0 —yp),a; =
kikyks — kio€0 — (1 — €)Bay — yBks;.

It can be observed that the first two eigenvalues A, and A,
are absolutely negative quantities since the parameter is al-
ways positive. Hence, A, and A, are stable. Consider the
following characteristic equation:

B+aP+a,l+a;=0 (7)

Using the Routh-Hurwitz criteria [56], it can be observed
that all the eigenvalues of the characteristic equation (7)
have negative real part if a; >0,a,>0,a; >0 and
a,a, —az > 0. We can see that a, is positive because of all
parameters are positive and their sum is also positive. But in
order to say a, tobe positive k,k, + k ks + ky ks — 0e0 —

0 for R, < 1. Therefore, we can concluded that the disease
free equilibrium point of the system (1) is locally asymp-
totically stable if Ry < 1.

2.7. Global Stability of Disease Free Equilibrium

Theorem 2.3: The disease free equilibrium of system
(1) is globally asymptotically stable if R, < 1.

Proof: To proof the global stability of the disease-free
equilibrium, first we construct a Lyapunov function:
V(S+E+1+T+R):R,> — R* defined as V(S+E +
I+T+R)=AE+A,I+ A;, whered,;, fori = 1,2,3,
are some positive constants. The Lyapunov function V is
continuously differentiable.

VS+E+I+T+R)>0,V(S+E+I+T+R)€R,”—{ &}
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Now differentiating V(S + E + [ + T + R) with respect to time we obtain

BsI

=A, [——( /.t+y)E+(1—6)9T]+A2[yE+€9T—(,u+0+a1)I]+A3[01—(y+9+a2+¢)T]

N

<A BI—( u+y)E+ (1 —€)0T] + A,[YE + €0T — (u+ 0 + a)I] + As[al —

L+ 6+ a,+yY)T]

= [Alﬂ + A30’ - Azkz]] + [yAz - Alkl]E + [Al(l - 6)9 + AzEG - A3k3]T

< A,k, (Ali% — 1)1+ (vAz — ArkyE + (A, (1 — €)0 + Azef — Asks)T

Now choosing 4; = ykﬁ,A2 =k Az = Mj(ﬂ; then
1 1

we have

av 1
e k—l(yﬁk3 + (1 —€)8oy + €bak, — kik,k3)
av _ i( vBks3
dt ~ kq \kikzk3—€Ock,—(1—€)8ay
av

1
2= ®R-D L

—1)1; This implies that

Hence, if Ry < 1, then % is negative. Therefore, the
largest compact invariant set in Q is the singleton set
(L—\,0,0,0,0). Hence, by LaSalle’s invariant principle [57],

every solution to equations of model (1) with initial condi-
tions in Q which approaches the disease-free equilibrium

point as time t tends to infinity (t — o) whenever R, <
1. This implies that the disease-free equilibrium is globally
asymptotically stable in Q.

2.8. Stability Analysis of Endemic Equilibrium

The endemic equilibrium point which denoted by  &€;" is
a steady state solution where the disease persists in the pop-
ulation. For the existence of endemic equilibrium &, =
(S* E*, I",T*,R* ), is equivalent to the endemic of tubercu-
losis in the population and it is obtained by setting rates of
changes of variables with respect to time in the model equa-
tion (1) to zero. Then solving the system of differential
equation simultaneously, we obtain

sr==
Ro

E* = (ut+ay)+o(p+o)+(1-€)00(Ro—1)
Ro{(utap)+o(ptaz+ P)(1-€)0a+y(o+ks)}

I* = yk3sN(Ro—1)
Ro{(u+ay)+o(u+az+ P)(1-€)0o+y(o+k3)}

T* — k3aN(R0_1)
Ro{(utay)+o(u+az+ P)(1-€)0o+y(o+k3)}

¥ Yyr*
"7 Ro{(uta)+o(utazt Y)(1-€)8o+y(o+ks)}

Therefore, system (1) has a unique endemic equilibrium whenever R, > 1.

2.8.1. Local Stability of Endemic Equilibrium (EE)

Theorem 4.4: The Endemic equilibrium (EE) of system (1) at &;" is locally asymptotically stable if R, > 1.
Proof: The Jacobian matrix J( €;* ) of the system (1)around the EE, &;" is obtained by

I*(N-5*)B I*s*B
Nz N2
. I"(N-S")B _I'sYp
JC & )= N2 N2
0 14
0 0

(N-I")S*B Is*p
T N2
_ (N—I*)S*ﬁ _ _ 1*3*B
ki —pm— @A-e)f = (8)
_kz 96
o _k3

where &% =(S* E*I5,T*,R* ) is the endemic equilibrium of the system (1). The eigenvalues of equation (8) are the
solutions of the characteristic equation |J( &;* ) — A I| = 0, where I is the identity matrix.
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I*(N-S*)B I*s*p (N-I")S*B I*s*p
- ( N2 + ,u) -4 N2 N N2
I*(N-5%B 1*S*B (N-I*)S*B * gk

Then we have |J(E* ) —1 I| = vz —( Nz +k1)—/1 —n (Q-e8-F

0 y —k,— 1 Oe

0 0 o _k3 - A
The characteristic equation associated to J( £ ) is

).4 + blﬂ.3 + bzﬂ.z + b3/1 + b4 = O (9)

- . I*s*B
where, the coefficients are: by = ky + k, + ks —

b, = %{kg,(uNz +I'S"B) + QN2 + ky(uN? + I'S*B) + ky ((ky + ky + ks + N2 + I'B(N = S%)) +S*B(I'u +
N -1)}

by = —{ky (kg (uN? + I'B(N = 57))) + QN? + ky(uN? + I'B(N = 57)) + k(s (uN? + S°I"B) + I'S"uff) + sl’S™ +
BI*S*(0 + puy(1 + I"N)) — (ﬁek3I*S*N + Boed + oON?((1 — )y + eu))}
b, = %{qu(;uvz +I'B(N = S9) + BI"S*(kyks + opy) — (ByuksS* (N —I*) + uo(8y (1 — €)N? + BedS°I*) +
BabyI’(1—e)(N —S7))}

where Q = {ks(u+ ay)) +o(u+ a, + ) + d6(1 — €)}.

Then the eigenvalues of the characteristic polynomial (9) (A = ’*;;B + uS*
will be negative if it fulfil the Routh-Hurwitz conditions that . rsp
are b;>0, for i = 1,2,3,4 and bbby > bs* + {klE v t(d—eor
by 2b,. Hence, the EE of the model (1) will be locally as- Itkzl* =YE" + 0eT”
ymptotically stable if R, > 1. ol" = ksT"
2.8.2. Global Stability of Endemic Equilibrium (EE) Theorem 2.5: The unique endemic equilibrium (EE) at

Er" of model equation (1) is globally asymptotically sta-
In this subsection, we prove the global asymptotic stability e if Ry > 1.

property of the endemic equilibrium (EE) of the model
(1) at the endemic equilibrium (EE), we have from system
(1) by using the approach given in (Wang and Jinde, 2014.,
Wang and Jinde, 2015).

Proof. To proof the result, we define the following Lya-
punov function

VD) = e(s) -5 =510 (%2)) + e (E@) - £~ E*In (22)) 44y (18) = 1" = 1" In (12)) 4 ZLaC29) (7

~rin(2)

After differentiating V (t)with respect to time gives

=095 (=D El (- ) g+ g2 (- T) 4 (10

From direct calculation we have:

(- E=r (-9 (-5 )
(- (-T2 &
(=52 s (a5 )+ 22 e ) -

10
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E™\ dE S1
y(1-5) L=y (1-5) B - k£ + (1 - e
y (1 — E_*)Z_f = % - YE;;E — Yk,E + yk,E* +y(1 — €)0T — Y(l—eE)eTE* o
<
y(l — —)Z—f = %——W;;E —ykE +—— yﬁs I'E” +y(1—-€)0T* +y(1 —€)éT
—y(1 —€)oT
vk (1- ) =k (1- —) [VE + €6T — k] = ykyE — Y450 4y epr — 200
_klkZI + klkzl*
yhy (1-5) 8 = kyyE — T2 oy epr — 100 L YELS e o +
v(1— )BT — yBI'S™I (1 €)OT*I _ ky€efT'I (13)
NI* I* I*
yhy (1-0) 8 = rBVBUSEE (1 — )07 L 4 eye0T — kleBT L
k0T +y(1 — €)0T" + Vﬂ%’— —y(1 = €)0T" - — kyedT"
8T*(kqe+y(1-€)) ( T*) dr _ 0T*(kie+y(1-e)) ( T*)
e )= (1 - — (al—k3T)]
ol* T/ dt al* T
_ 0T*(k1e+y(1-€)) (1 _ T_*) (1 _ I*T)
< 0T*(k1€+y(1—6€)) T I ! ’ (14)
T(1—T)—_19T ket +y(1—€)8T % — T -
—k,e0T —y(1 — e)HT + k,e0T" +y(1 — e)GT*
Using equation  (11) up to equation (14) into equation (10), then we obtained the following equation:
s (2= 5=+ (3T e (1 5)) + v - 0er (3= - - ) +keeom (2~ - ) (19)
Using properties of the arithmetic mean and geometric mean in Equation (15)we have
s* S
(2-5-5)=0
(3-S-L-fr_sen (g £ <o
S 1 1E I*S*NE SE (16)
EI* TE* IT*
|(3 ~ ) SO
k(z _ TI* _ IT*) < 0
IT TI

As all the parameters are non-negative, therefore it follows
that dv(t) < 0 when R, > 1. Hence, by the LaSalle’s Invar-
iance Prlnciple (Lasalle, 1976), (S,E,I,T) — (S* E*, I',T*)

as t — oo,

2.9. Sensitivity of the Basic Reproduction
Number

We carried out sensitivity analysis in order to determine the
relative significance of model parameters on disease trans-
mission. The analysis will enable us to find out parameters
that have high impact on the basic reproduction number and
which should be targeted by intervention strategies. We per-

B

Ro

sho = £

11

form sensitivity analysis by calculating the sensitivity indices
of the basic reproduction number R, in order to determine
whether tuberculosis (TB) can be spread in the population or
not. To carry out this analysis, we use the normalized forward
sensitivity index of a variable to a parameter.

Definition: The normalized forward sensitivity index of R,
depending on the differentiability on a parameter V.

Ry _ ¥

dRg
Sy —

oy

Ro
We obtain the sensitivity analysis of R, separately in the

following way:

aRy
B

=1
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SRo _ ¥ ORo _ 4 _ Bu@+ptip+az)(6(uto—eo)+(uto)(utiP)+(pto)az+a; (6+utyp+asz)) xX>0
14 Ro Oy M+ O+ +U(y +0—-€0+p) o+ (Y +1) (u+ )P+ +p) (p+o)az+as (O+u+P+az))? ~ Ro
By(y(-1+€)00+(y+w)(—€0o+(u+o+a)(O+u+p+az))—(0+u+p+az)
SRO — N 6& — (—€00+(u+o+a))(O+u+yp+a)+y+u)(0+2u+o+Pp+ai+ay))) x " <0
K Ro ou (y(—1+e)90'+(y+u)(—690+(u+0'+a1)(9+u+1/;+a2)))2 Ro
550 — € w9 _ By(y0o—-6(y+m)o)(6+ut+p+as) x£>0
Ry 0e ((y+/.¢)((/.¢+cr+a1)(6+/,L+1p+a2)—66¢r)—y(1—e)9cr) Ro
550 _ %y ORo _ By(y+1) (0 +u+p+az)? x4 <
! Ry Oay (y(—1+6)Bcr+(y+/.¢)(—696+(/,L+a+a1)(9+u+1p+a2))) Ro
OR Byb(y+ew)o @2
Sl =x 0= X22.<0
@ " Ry day W@+ @+ +u(y+0—-ed+wot++u) > Ro
(uto)Pp+(y+u)(ut+o)az+as (0+ut++az)))
GRo _ 0 ORo _ By(v+ew)o(utip+az) <2 <0
8 "Ry 90 (U +W)(O+W+uy+0-eb+wo+y+p) > Ro
(ut+o)p+y+u)((uto)az+as (0+u++az)))
W _ R By (y+ewao Y
)0 = x=0=— x £ <0
¥ Ry 0y M+ O+ +u(y+0-ed+wo+y+u) > Ro
(u+o)p+(y+w)((pt+o)az+a (6 +u++az)))
SR" 9 9Rg - _ By @+p+p+az) (v (u+)+u(6—€0+u+P)+(y+m)az) x <0
o Ro do ¥ (-14€)00+(y+u)(—€bo+(p+o+aq)(0+u+Pp+az)))? Ry

These sensitivity indices along with signs are provide in-
formation that how crucial each parameter is to disease
transmission and prevalence. A positive (+) sign indicates that
those parameters have great impact on expanding the disease
in the community if their values are increasing. Due to the
reason that the basic reproduction number increases as their
values increase. On the other hand, an index with negative (-)
indicates that those parameters have an influence of mini-
mizing the burden of the disease in the community as their
values increase and also as their values increase, the basic
reproduction number decreases, which leads to minimizing
the endemic nature of the disease in the community.

3. TB Model with Optimal Control

In chapter four, we presented a mathematical model for the
transmission dynamics of tuberculosis and studied its
well-possedness mathematically and epidemiologically
without giving intervention mechanism. In this chapter, the
intervention mechanism is addressed using the theory of op-
timal control. Optimal control theory has been applied to
various mathematical models for studying the transmission
dynamics of TB for example, see in ([19, 61]) and references
cited therein. It deals with the problem of finding a control law
for a given system such that a certain optimality criterion is
achieved with minimum implementation cost. A control
problem includes a cost functional that is a function of state
and control variables. An optimal control is a set of differen-
tial equations describing the paths of the control variables that
minimize the cost function. Our objective is to minimize the

number of infectious by reducing treatment failure and the
overall cost of the treatment during a fixed time period. For
this, we introduce and analyze a control function in the TB
model (1). After we present the existence of optimal control
and characterization, we study the transmission dynamics of
TB through numerical simulation.

3.1. Optimal Control Problem

In this section, we consider an SEITR compartmental
model presented in chapter 4 to study the transmission dy-
namics of TB epidemic. In the model, we introduce tow con-
trol functions u, (-) and u,(-) representing prevention effort
of TB disease, that protect TB susceptible from contacting
the disease and the effort that prevents the failure of treatment
in active TB individuals I respectively. It corresponds to
supervising the patients, helping them to take the TB medi-
cations regularly on time and complete the TB treatment. The
resulting dynamical control system is given by the following
system of nonlinear ordinary differential equations:

S _ G uBst_

dt N

ddit = (& - u)fS! ;1)[951 —(p+PE+(A -1 — u,)6T

%=yE+(1 — u)elT — (u+ o+ ay)l

=gl —(u+0+a+ )T

dR

o ~ YT R

(17

with  initial  conditions: S(0) =S, > 0,E(0) = E, =

12
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0,1(0)=1,=20,T(0) =Ty = 0,and R(0) =R, = 0.

The aim is to find the optimal values u* of the controls u
such that the associated state trajectories S*, E*, I*,T*,R* are
solution of the system (17) in the treatment time interval
[0,T] with given initial conditions and minimize the objec-
tive functional. For this, we consider the objective function.

J) = fOT (Al(t) + %Wlu% + %quﬁ) dt — min (18)

Subject to (17) with its initial condition where A is relative
constant that measures the relative importance of reducing the
associated classes on the spread of the disease and the relative
weight constants W, and W, isa measure of the relative cost
of the interventions associated with the control u; and u,.
Clearly, u depends on the amount of resources available to

Q= {u®e (~0OMN): 0 <

Then we consider the optimal control problem of deter-
mining (S*(-), E*(-),I"(:), T*(),R*(*)), associated with an
admissible control u* € Q on the treatment time inter-
val [0,T], subjected to the state control system (17) in R>
with its initial condition and minimizing the cost functional
(18). More precisely, the optimal control problem can be
defined as

JIw'] = minJ[u()] (20)
satisfying (17) and its initial conditions.

Remark 1. The optimal control problem is to minimize the
objective functional ] considering active tuberculosis infec-
tions and the costs of treatment of infected individuals. The

control functions u is also a bounded Lebesgue measurable
function defined on the interval [0, 1].

3.2. Existence of the Optimal Control Problem

In this subsection, we will investigate the existence of an
optimal control of our model (20). The Boundednes of solu-
tions to system (1) for finite time interval is needed to estab-
lish the existence of an optimal control and the uniqueness of
the optimality system. For model system (17) to be epidemi-
ologically meaningful, it is important to prove that all its state
variables are nonnegative for all time. To establish the upper
bounds for the solutions, we consider an equation for the total
population size N. The rate of change of the total population,
obtained by adding all the equations in model (17) is given by

an()
dac

A

— uN () —
OTu < A

a(t)
uN (6)

a,T (t)

Now, by applying integral factor we obtain N (t)
(N (O)—%) e Mt + % < % Thus, N is bounded above by

=1> IA

uy (t), u,(t)

13

effectively implement the control measure. The case u

0, implies no control measure is taken and the model equa-
tion (17) is equivalent to (1). On the other hand, u = 1
implies a 100% success of intervention which is unrealistic.
Thus we assume that 0 < u(t),u,(t) < Upax < 1
for numerical implementation. In the cost functional, the term
Al(t) describe the cost incurred related to TB infectious.
Additionally, the function J represents the total cost incurred
due to TB infectious and its control strategies. Further, the

integrand function F (t,S,E,I,T,R,u) = AI(t) +§W1uf +

%quﬁ measures the current cost at time t. Lastly, the fixed

constant T denotes the terminal treatment time.
The set of admissible control functions is defined by

<

1,vt € [0,T]} (19)
The upper bound for N is also the upper bound for S,E,I, T
and R since they are nonnegative from our assumption.

Theorem 3.2.1. There exist an optimal control u* and a
corresponding solution vector (S*,E*, I*,T*,R*) to the state
initial value problem (17) that minimizes the cost functional
J(u) of (18) over the set of admissible control Q.

Proof. We refer to the conditions in Theorem 2.1 and its
corresponding corollary 2.1 in (Fleming et al., 2012). The
requirements there on the set of admissible controls and on the
set of end conditions are clearly met here. The following
non-trivial requirement from Fleming and Rishel’s theorem
are listed and verified below:

1) The set of all solutions to system (17) with corre-

sponding control functions inQ is non-empty.

2) The control set is convex and closed.

3) The integral of the objective functional is convex.

4) The integrand F(t,S,E,I,T,R,u) in equation (21) is
convex with respect to control variables and additionally
fulfills that F(t,S,E,I,T,R,u) = f (u), where f is
continuous and |u|™tf(u) —» 4o as |u| - +oo.

In order to established condition (i), we refer to Pi-
card-Lindelof existence theorem [62]. If the solutions of the
state equations are a prior bounded and if the state equations
are continuous and Lipschitz continuous in the state variables,
then there is a unique solution corresponding to every admis-
sible control in the given domain. With the result that, if
g(t,x,u) is bounded, continuous, and Lipschitz in the state
variable, then there exists a unique solution corresponding to
every admissible control Q. Hence, for any u € Q and the
state variables, we have

0 < N (0 s% (21)
and nonempty by model assumption. Furthermore, with the
bounded established (21), it implies that the state system is
continuous and bounded. It is possible to show the Bound-
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ednes of the partial derivative with respect to the state variable,
i.e. Z—g exist and finite, which established the system is Lip-

=
schitz with respect to the state variables [62]. This established
that the proof of condition (i) is complete.

To proof (ii), consider

Q={ueR:|[(u,u)ll <1}

Assume that u,,u, € Q such that |u,| <1 and |u,| < 1.
Then forany « € [0,1],

lau, + (1 — @)uy| < aluy |+ (1 — a)|uy| < 1.

This implies that the control set Q is convex and closed.

Next we verify condition (iii), the integral of the cost
function is given by

F(t,S,E,1,T,R,u) = AI(t) + > Wyu? + > Wyu3

F(t,S,E,1,T,R,u) = Al(t) + > Wyul + Wyl > ~Wyu? + > Wyu

Let r =¥> 0 and and define a continuous function

f (W) =rlul? . Then from equation (21) we have
F(t,S,E,I,T,R,u) = f(u). Clearly |u|"'f(u) » 4+ as
|u] - +oo. Thus, condition (iv) is achieved. With this we
conclude that the existence of an optimal control
(S* E*I",T*,R*,u”) that minimizes the cost functional of
(18) over the set of admissible control £.

The Pontryagin’s Maximum Principle (PMP) stated in ([17],
theorem 2.1) gives the required necessary optimality condi-
tion as given in the following theorem. Note that since we
look for minimization, we use Pontryagin’s Minimum Prin-
ciple.

H = AI®) + 5 Wyud +5Woud + I8, 4(0g:(t S, B, 1T, Rw),

where g; stands for the right hands of the constraints (20) for
i=1,234,5.
2) the control system

PO 0 Oy M gy OH
S Taa T T eay’T T aag’ T aa T aas (24)
3) The adjoint system
, _—0H L, =K ., _ 0K ., _ —0H ., _ —0H
A = as Ay = OE Ay = a1 Ay = aT A5 = AR
(25)

4) and the optimality condition

H(S%E I, TR w47 = minH (S, E,1,T, R, u,2)
UE.

14

Recall that any affine function is convex and the sum of
convex function is also convex (Chong et al., 2023). There-
fore, F is convex on Q. Finally, to verify condition (iv), we
note that the integrand F(¢,S,E,I,T,R,u) of the objective
functional is clearly convex in control. To prove the bound on
the F(t,S,E,I,T,R,u) we note that the state system (17) is
linear in control variable u with coefficients depending on
state variables.

The integrand of the cost functional F(t,S,E,I,T,R,u) =

AlI(t) + éWlu% + %quﬁ is the sum of convex function and
hence convex with respect to control variables. Furthermore,

(22)

3.3. Characterization of Optimal Control
Solutions

Pontryagin’s Maximum Principle [58] provides the neces-
sary conditions that an optimal pair must satisfy. According to
this principle, for u* to be optimal with corresponding opti-
mal states S*,E*,I*,T*, R*, which minimizes the objective
functional (18) for a fixed final time T, then there exists a
non-trivial absolutely continuous mapping

2:[0,T] - RS2

(A1(1), A, (1), A5(), A4 (1), As(t)) called the adjoint vector,
such that

1) the Hamiltonian function is defined as

(23)
(26)

5) Moreover, the transversality condition
LM =0i=1,..,5 27)

also holds true.

In the following result, we give the characterization of op-
timal control.

Theorem 5.3.1. There exists an optimal solution,
S*, E*, I",T*,R* and corresponding optimal controls u* that
minimizes J(u) over the set of admissible control Q. More-
over, there exist an adjoint function;(t), for i = 1,2,3,4,5
such that
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(2= -u)s (- 1,) + iy,
A =20 +uw) — Ay,

Ny=—A+2E 2B puta o) - L, (28)
|kl’ =LA -1-wo —A;(1—wed + A, (u+6 + a, + ) — A,
A5 = Asp.

With transiversality conditions A;(T) = 0,for i = 1,2,3,4,5.
Moreover, the optimal control u*(t) is given by

. . BSI(Az—21) . i TO(e(A3—22)+15)
uj(t) = min {max {0, #}, 1},u2 (t) = min {max {0,%}, 1} (29)
Proof. By Corollary 2.1 in Fleming and Rishel [20], the ( 0, if Mo
convexity of the integrand (of the objective functional) in (28) I TO(e(ha—1y)+1) 661;[
with respect to u guarantees the existence of an optimal uz(t) = {T if —-=0
control as proved above. The adjoint equations and transver- t 1 if L
’ ou

sality conditions can be obtained via the Pontryagin’s Maxi-

mum Principle such that: . .
P Concluding that, the optimal control w;(t) can be sum-

dA AH (t,S,uA) marized as
Tr= TR (M) =0,
da A (t,EuA) u;(t) = min {max {0’ %}' 1}'
iy e IAGRL) :
ey s T6(e(A3—22)+17)

dhg _ _ 2H(EID) o py g u,(t) = min {max {0, #} 1}.
ac a1 3V TS

This completes the proof of the theorem.
dhs _ _OH@ETHA) 5 () =0
dac ar T4 -
s __OHERRA 5 ory 4. Numerical Simulation
at ar 'S -

This chapter present and discusses numerical results for the

Considering the optimality conditions given by 9K _ 0, the system (1) for different values of parameters given in the

ou model. The simulation process is carried out using MATLAB

software. We start by defining and estimating the values of

parameter used in the model. Then we illustrate the simulation
results graphically.

optimal control u*can be explicitly obtained in terms of state and
adjoint variables. That means for the optimality condition, we
differentiate the Hamiltonian function with respect to u and
equate it to zero by taking into account the boundedness on u.

For this reason, we have the following optimality condition: . .
4.1. Parameter Estimations

% = In this section, we fit the proposed model to cumulative

l cases of TB infection data and estimate the unknown model

which implies that parameters. Table 3 depicts the cumulative cases of TB in-
fection from 2016 to 2022 extracted from Werder district of

BSI(A, — A1) TO(e(A3 — 1,) + A,) Doolo zone, Somali region, Ethiopia. The squared sum of

ui(t) = T and uz(t) = w, errors (SSE) between model solution and the data can be

computed as
For Boundednes of u;(t) and minimality condition, we

have: SSE(p) = argmin X7, |11(X) — I(®)|I? (30)
0, if Mo where || - || denotes the Euclidean norm in R™ and n is

ou the number of available real data points. The expression I;(t)

ui(t) = J %Tm if Z—Z[ =0 represents the actual cumulative TB infected cases and I;(t)

1 if 3 _ are the corresponding model solutions at time ¢;. In the pro-

’ ou cess of least-squares fitting, we are looking for a value ¢ of

model parameter ¢ such that the squared sum of errors is the
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minimum. Clearly, such a problem is nonlinear least squares
problem, since the dependence of a solution I(t,¢) on the
parameter ¢ is through a highly nonlinear system of differ-
ential equations.

Table 3. Cumulative cases of TB infection from 2016 - 2022 (In
Werder district, Somali region, Ethiopia).

Year 2016 2017 2018 2019 2020 2021 2022
B

123 186 112 155 132 180 162
cases

In the next section, we study the dynamics of TB through
numerical simulations by estimating the values of parameters
in the proposed model with appropriate initial conditions with
the help of least square technique.

4.2. Simulation Results and Discussion

Here, we illustrate numerically the solution of the optimal
control problem proposed in Section (17) and explain the
impact of control strategy on the spread of Tuberculosis. For
this purpose, we use the forward-backward sweep method
presented in the book of Lenhart and Workman [6, 62].

To briefly summarize the procedure; first we solve the
control system with an initial guess for the control variables
using forward fourth-order Runge-Kutta scheme and trans-

versality conditions. The adjoint system is then solved ap-
plying the backward fourth-order Runge-Kutta scheme using
the current solution of state variables. Then, the controls are
updated by means of convex combination of the previous
controls and the values computed in the characterizations
process. The updated controls are then utilized to repeat the
solution of state and adjoint systems. The iteration continued
until a predefined convergence criterion is met.

We assume that initial population of exposed individu-
als E(0) = 1000. The initial infected population based on
collected data 1(0) = 123 as given Table 3. Initially, we
assumed the treated and recovered populations as T(0) = 50
and R(0) = 30 respectively while the initial susceptible
population is given by S(0)= N(0)—L(0)—1(0) —

T(0) — R(0) = 83,875. The natural death rate is computed
asu = ﬁ per year, where 66.71 year is the average life

expectancy in Ethiopia (Kereyu & Demie, 2021). The total
population of Werder district in 2017 was estimated as
N(0) = 85,078. The recruitment rate A, is then calculated as
A uN(0) = 1,275.3410283316 per year. The remain-
ing model parameters are estimated using least-square fitting
methods which provide a better fit for the model solution to
the real data as shown in Figure 3 and the corresponding
parameters value are depicted in Table 4. The red-circle
shows the yearly TB cases reported in Weder district while
the solid line denotes the model fit. Residuals plots for the
model and the real data in Table 3 are given in Figure 4 and the
residuals seem to be random and the standard errors are gen-
erally small for the model.

200 T T

Number ot TD cases

40

20

o

Data
Madel | _|

2016 2017 2018

2019

2020 2021 2022

Time in years

Figure 3. TB model fit with real data on the number of TB cases in Werder district.
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Figure 4. Residual of estimated parameters.

Table 4. Fitted and estimated values for the parameters of the model.

Parameters Description

N(0) Initial population

A Recruitment rate

B Disease contact rate

Y Progression rate from compartment T to R
o Treatment rate from compartment [ to T

u Natural death rate

a, Disease related mortality rate of infected individuals
a, Disease related mortality rate in T

0 Rate at which treated individuals leave the T
€ Treatment failure rate

y Rate of moving from E to I

Value References
85,078 (CSA 2007)
1,275.3410283316 Calculated
0.0341 Fitted
0.1098 Fitted
0.0734 Fitted

ﬁ (Kereyu & Demie, 2021)
0.0159 Fitted
0.0046 Fitted
0.0251 Fitted
0.0178 Fitted
0.0244 Fitted

The associated parameters values of the model (1) are tabulated in Table 4 above. Consequently, using these parameter values
we obtained in this study, the value of reproduction number R, for the 2016-2022 TB cases in Werder district is

Bu+6+az+)y

Ro

The result shows that disease will not break out under
current situation by Theorem 2.2.

The numerical solutions are illustrated using MATLAB
program. The optimality system, which consists of the state
system and the adjoint system, is solved to obtain the optimal
control solution. An iterative scheme, fourth order
Runge-Kutta, is used to solve the optimality system. The
adjoint equations are solved by the backward fourth order

- (u+y)((ut+o+ay)(u+b+az+y)-ebo)—(1-€)boy

17

=~ 0.218232 < 1.

Runge-Kutta scheme using the current iterations solutions of
the state equations because of the transversality conditions of
(12). Then the controls are updated by using a convex com-
bination of the previous controls and the value from the
characterizations (13). This process is repeated and the itera-
tions are stopped if the values of the unknowns at the previous
iterations are very close to the ones at the present iteration (for
more detail see [62].
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Figure 6. The figure illustrates the impact of optimal control on the exposed populations.

We conducted numerical simulation in order to investigate
the effects of the control strategies on the transmission dy-
namics of TB. The initial values of model state variables are

(5(0), E(0),1(0),T(0), R(0)) =
(83875,1000,123,50,30)

The corresponding parameter values used were illustrated

in Table 4. For the adjoint system we set terminal condi-
tions 4,(T)= 0; i=1,..,5, where T =100 is simula-
tion time. We considered the numerical value of the controls
u; i 1,2 between zero and one as they are not 100%
effective. The constants in the cost functional are taken as
follows: coefficients for cost of infection (weight constants)
are A = 1.2 and coefficients for cost of the control efforts

(cost weight) are W; =5 and W, = 10.
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==} =} = ==
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Figure 7. The figure illustrates the impact of optimal control on the infected population.
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Figure 8. Control profile when A= 1.2 and W,

Figures 5, 6 and 7 presents the impact of control on the
susceptible, exposed and infected populations respectively. It
shows the density of susceptible populations is increasing
rapidly in the presence of control while the population of
exposed and infected are damped down when controls are
applied. Thus, as expected the number of susceptible S(t) is
increases in the presence of control and at the same time the
number of TB exposed E(t) and TB infected I(t)are de-
creases in the presence of control. Figure 8 illustrates control
profile of control interventions wu, (t) and u,(t).
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5 and W, 10.

5. Conclusion

In this study, we studied a mathematical model of the
transmission dynamics of TB with optimal control. The
well-possedness of the model was established both in the
mathematical and epidemiological sense by showing that all
solutions of the model are positive and bounded with initial
conditions in a certain meaningful set. The model has two
non-negative equilibria, namely, the disease-free and the
endemic equilibrium. The existence and stability of the dis-
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ease-free and endemic equilibria of the model were performed.

For the sack of completeness both local and global stability of
the disease-free and the endemic equilibrium are determined
by a threshold quantity (basic reproduction number R;).
Sensitivity indices of R, with respect to the model param-
eters reveal the transmission dynamics of tuberculosis. The
optimal control strategy is found by minimizing the number of
TB exposed and infected population taking into account the
cost of implementation. The existence of optimal controls and
characterization is established with the help of Pontryagin’s
Maximum Principle. The model is then fitted with cumulative
cases of infected TB by collecting real data from Werder
district Health Office from 2016 to 2022 years. Further, dif-
ferent simulation cases were comparatively performed to
obtain the best control strategies. In general, the numerical
simulation results demonstrate good agreement with our an-
alytical results. The simulation results also clearly shown that
the epidemic of TB can be minimized by creating awareness
and preventing the failure of treatment in active TB infectious
individuals through continuous supervision and helping pa-
tients during treatment period with optimal implementation
cost.

Recommendation

Based on the findings of this study, we recommend to
government and concerned stake holders to implement a
combination of all prevention programs and continuous su-
pervision and helping patients during treatment period to
prevent failure of treatment in active TB infectious individu-
als.
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