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Abstract

Bayesian methods are effective statistical one that combine prior information with samples, but the inference results are different
because subjectivity is involved in representing prior information as a prior distribution. The empirical Bayes approach is a
statistical method that performs continuous Bayesian decision making when the prior distribution is unknown but given a large
number of past data, which overcomes the above drawback and is now a common way because of a vast amount of data available.
The inference for truncation parameters is important in evaluating the lower or upper bounds of the population and is required
in many fields such as reliability, meteorology, medicine, etc. Many authors have considered the case of one-sided truncated
distribution in the empirical Bayes framework, but in practice we are faced with the case of two-sided one. We consider the
empirical Bayes estimation for truncation parameters of two-sided truncated distribution under the squared error loss. First,
Bayesian estimators of the truncation parameters are derived to minimize the Bayes risk using sample of size two. And, based
on the Bayesian estimators and kernel density estimate of the population density function, empirical Bayes estimators of the
truncation parameters are constructed. Next, under some assumptions asymptotic optimality of empirical Bayes estimators is
proved when the sample size goes to infinity, and the convergence rate is also evaluated. It is also proved that the probability that
the lower and upper bounds are reversely estimated approaches zero. Finally, an example is presented to show the validity of the
assumptions and the performance of the proposed empirical Bayes estimators is evaluated through simulation on the example.
New proposal of using size two samples could be extended to the case of multi-dimensional truncated distributions defined on
hyper-cubic domain.
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1. Introduction

The empirical Bayes approach that have its origin in Rob- deals with an independent sequence of Bayes decision prob-
bins ([13, 14]) is applicable to statistical situations when one lems each having similar structure. In these problems the sta-
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tistical similarity are included in the assumption that prior dis-
tribution is unknown (see [7]).

Many authors have concentrated on developing empirical
Bayes frameworks and their asymptotic properties (see [8])
and systematic description and bibliographical details can be
seen in [3]. An empirical Bayes predictive density has been
proposed to estimate the density of a future outcome from a
multivariate normal model and its asymptotic optimality ob-
tained in infinite dimensional parameter spaces by Xu and
Zhou [17]. A computational framework has been proposed for
empirical Bayes estimation of parameter and the convergence
of the algorithm discussed by Atchade [1] and Varian [16]. An
empirical Bayes procedure for adaptively selecting an experi-
ment wise significance threshold has been proposed by
Chaoyu and Hoff [4] in order to control the sign error rate.
Murray et al. [12] have described a collection of web-based
statistical tools that enable investigators to incorporate histor-
ical control data into conduct of randomized clinical trials us-
ing empirical Bayes method. Liang [11] has used the squared
and linear exponential (LINEX) error losses for empirical
Bayes estimation for the reproduction parameter of Borel-
Tanner distributions. The empirical Bayes estimation of guar-
antee lifetime in a two parameter exponential distribution has
been studied by Huang and Huang [6].

In this paper we consider a probability density function (pdf)
with truncation parameter 8= (61, &) as follows.

f(x]0) =u(x)p(O)1 (6 < x<6,),

(61, &) € O=[a1, b1] X [a, b2], Q)

(-oo< a1< b1<ar< by< ),

where u(x)>0, xE[ai, b2] is continuous function,
-1
92
0(6,,6,) = Iu(x)dx and I(4) is indicate function of 4.
6

We assume that truncation parameter & has a prior distribu-
tion function G(6) on @ with G(ai, az) = 0 and G(by, by) = 1
and its probability density function (pdf) g(6).

The prior distribution function G(6) (or g()) is usually un-
known in practice. In such situation, the Bayes estimator is not
available. The empirical Bayes method is used in the case
when the prior distribution is unknown but the past data are
given.

The empirical Bayes procedure for the truncation parameter

distributions has been considered by several authors. The em-
pirical Bayes estimations of one-side truncation parameters
and its asymptotic optimality have been studied under LINEX
error loss and squared error loss respectively by Huang and
Liang [5] and Yimin and Balakrishnan [18]. Li and Gupta ([9,
10]) have considered empirical Bayes tests for truncation pa-
rameters. Yimin [19] has studied the empirical Bayes estima-
tion for the truncation parameters of two-side truncated distri-
bution under LINEX error loss and it is one parameter estima-
tion, because lower and upper bounds are given as 6, mé (for
a known constant m), respectively. Such assumption restrict to
the range of application. He used size one samples as most
papers on empirical Bayes estimation. In order to construct
empirical Bayes estimators for independent lower and upper
bounds, we use size two samples.

Let Y1, ¥> be sample of size two from the distribution with
the pdf given by Eq. (1) and X;= Y1\ Y2, X2 = Y1V Y2. Then
the pdf of (X1, X») is

2
F00 % 161,6,) =2] | f(%16,6,)

i-1
=20(X)U(X) 9*(6,,6,), 6, <X <X, <6, 2

Since the pdf of sample and parameter (X1, Xa, 6, &) are
f(X, % |6,,6,)9(6,6,), the marginal pdf of (Xi, X3) is writ-

ten as
f (X0 %) = 200UV (X0, Xp), 8 <X <Xy <by,  (3)
where
AL by
Vo) = [ [ o@o@nods. @
& Xpvay
As a loss function, we use the squared error loss as
2 2
L(5,0) = ij (5;-6;)%
=1
where J = (J1, d2) is estimator of parameter dand w; > 0, j=1,

2 are weight constants. The risk of J with respect to G(6., &)
can be written as

2
R(6.G) =EL(5.0)= > w, ﬂf(xl,xz) ”(5j ~6,)2h(6,,6, | xl,xz)deldez}dxldxz ,
j=1 [)

where h(6,,6, | %, X,) isthe conditional pdf of (6, &) given (X1, X2) = (x1, x2). Let dz = (d15, d25) be the Bayesian estimator of

6 ie. R(dg,G)= ir}f R(5,G), then we have
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X Ab by

Iejf(xl,x2|9)g(€)d9 j jﬁj(pz(ﬁ)g(ﬁ)d%dﬁl

O (X,X ):E(9'|X,X ):G) _ 3 A VXy (5)
B\ X1, X il % X2 b b
[ f0ax|0)g(@)d0 I j orsorin
° a a,vX
and
aj <X, %) <bj, j=1,2, ©)

Ifonly 6 (or &) is given in Eq. (1), then

b, b,
f(x]4)= I f(x|6, 6,)9(6;, 6,)d6, =u(x) J. (6, 6,)3(0,, 6,)d0,, 6, <x<b, .

3

VX

by AX

by
(F(x16;) =J- f(x|6, 6,)9(6;, 6,)d6 =u(x) I (0, 6,)9(6,, ,)d6;, 3y <x<6,)

&

These parent pdfs differ from the start models of Yimin and
Balakrishnan [18].

In this paper we propose the empirical Bayes estimators for
the truncation parameters of two-side truncated distribution
using size two samples and investigate the asymptotic proper-
ties of the estimators. We use the squared error loss function.
To our best knowledge, earlier papers discussed the empirical
Bayes estimation for one-sided truncated distributions. How-
ever, in practice we often encounter with the two-sided trun-
cated distribution.

The organization of this paper is as follows. In section 2, we

&

section 4.

2. Construction of Empirical Bayes
Estimators

First we give the relation between the Bayes estimator 5
and the marginal pdf f{x1, x2) of sample (X1, X>).
Lemma 2.1. The Bayes estimator of Eq. (5) is represented

by

demonstrate the relation between the Bayes estimator and the 2u(x)u(xy) :
: o Y . 5jB(leX2)=#'Wj(X11X2)’ =12, (N
marginal distribution of sample and on the base of it, construct (%, %)
the empirical Bayes estimators. In section 3, we study the as-
ymptotic optimality of the proposed empirical Bayes estima- where
tors and show an example. Finally, we present simulation re-
sults on the performance of the empirical Bayes estimator in
f(x Al X) f (a1, %;)
w1(X, %) = (X Aby) & +4 (4, %),
2u(x, A U(Xz) 2u(a)u(x;)
f(x. % va,) f(x.b,) ®)
wo (X, %) = (X vay) Y +45(%, %)
2u(x)u(x, vay) 2u(x)u(b,)
A (X, %) = L le.bl L f(6,%)d6,, A,(X,%) ! T L f(x,6,)dé. 9)
1\ A2) =T oy LR MO, BalM A2) = 11 V2 M2
2u(x;) y u(é,) 2u(x) X, va, u(é,)

Proof. From (4)
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b, distribution G(8), and X, i=1, ..., n and X are observable.
—V @, %x) = j ¢°(0)9(0)d6,, a, <6, <by, Here and after, we assume that (X, é9), i=1, ..., n and (X, 6)
06, . o L .
PRVEN 10 are independent and identically distributed (i.i.d.) random var-
oty 10 ables.
_V (%.6,) = I »*(0)g(6)d 6,3, <6, <b, We use a kernel density estimation method to estimate f{x1,
00, a X2), the marginal pdf of X = (Xi, X3). Let K(x1, x2) is a kernel
function satisfying following two assumptions.
Therefore using Eq. (2), Eq. (3) and the integration method Assumption K. (i) K(x1, x2) is symmetric about (0, 0) and
by part, 815(x1, x2) of (5) is derived as continuously differentiable.
(i) ”K(xl,xz)dxldxz =1, him [ 000) | KO %) =0,
u00)u(x,) *fr R I0a 20 )=
5500:) =222 [ g( [ ¢(0)9(0)d6,)d6 = :
f (x4, %) < ”"(lexz)” K (%, X2 )dxq, dX, <o, "K(Xl’ XZ)”oo <.
2 2 RZ
20(x)U(%) ¥ Aby 5 20(x)U(%) With the past data(Xl(i), Xéi)) ,i=1, =<+ n, we use a kernel
1 JULX 1)UlX, .
- 6 —V (6, %,)d6, = Xy, X
0, %) ] 1 26, (6, %)d6; 0, %) w1(X, %) estimator of f{x, x2) defined as
1
XDy xP—x,
Similarly, we have i=2 case of Eq. (7). fo (x4, %) = 2 Z [ ! hy ’
n i=1 n

Next, we construct the empirical Bayes estimators of the
truncation parameter 6.

In the empirical Bayes method, it is assumed that there are ;
past data (X, €9), i=1, ..., n and present data (X, 6), where functions 4, v, 7;, j =1, 2 be
@9, i=1, ..., n and @ are not observable with unknown prior

where h1,—0 as n—oo. Furthermore, let estimators for the

fa (g A by, Xp) _a fu(an, X;)
2u(x AbDU(X) 2u(ag)u(x,)

Win (X, %) = (% Ay) +Aqn (%1, %),

(11)
fr (X, % v &) fn (X, 0,)
X, %) = (X, v & n —b, 1 + A, (X, %),
Won (X, %) = (X v 2)2u(xl)u(xzva2) 2u(x1)u(b2) 2n (X, %)
n
Ay (X, %) = — LI 1\/ > 1(i) I(a, < X0 <x Aby,x, < X <x, +hy,),
2u(xp) nhy, 45 u(X;”) (12)

1 1 v 1 i i
A, (X, X,) = : (% < XD <x +h %, va, < X <b,),
2n \"M A2 zu(xl) nhgn ; U(Xél)) 1 1 1 2n A2 2 2 2

where v>0 is a constant defined later and /42,—0 as n—o0. The and /3,—0 as n—oo. With the present data X = (Xi, X2), we

estimators 4,(x1, x2) (f =1, 2) of the functions 4;(x1, x2) is as-  compute the empirical Bayes estimator of 8= (&, &) as
ymptotically unbiased as n—oo. Then estimators for the Bayes
estimators J;z(x1, x2), j =1, 2 of Eq. (7) are defined as 0n=(01:(X1, X2), 021(X7, X2)) (14)
2u(x Ju(x . . .
i (%4, %) :{M-y/m (4.%)| , (13) 3. Asymptotic Optimality
fn (Xl’ XZ) h3_n1

In this section, we investigate asymptotic properties of the
empirical estimator d, of Eq. (14). Since d3 is the Bayes esti-
mator of the truncation parameter 6, the inequality R(5,, G) >

S if |Z| <—c R(d3, G) holds. By similar manner to Huang and Liang [5], we
[z]. :{ ’ - have

where

sgn(z)c, if |z|>c

57
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2 2
R(3,, G)=R(g, G) = Y WE(S, —5i8)? = D WEIE, (5 (X1, X5) =g (Xy, X))’1,
i=1

=1

where E, denotes the conditional expectation with respect to
X9 j=1, ..., n. As usual in empirical Bayes framework, we use
the nonnegative difference J,= R(J», G)-R(ds, G) as criteria to
evaluate performance of the empirical Bayes estimator 9.

Definition 3.1. [18]. A sequence {J,} of empirical Bayes es-
timators is said to be asymptotically optimal as least of the
order g, with respect to the prior G, if J, < O(gq,), as n—0,
where g, > 0 and g,— as n—o0.

Suppose that flxi, x2)

“ £ “ <, [=0, 1,2, where £ denotes any partial derivative

1s twice differentiable and

1

of order /. Let hy, = dln_g , then from theorem 3 in Bosq [2].

2
Eql] f (4, %) — f (%4, %) 1< O(n 3)-

(15)
Using Holder inequality, for any y € (0, 2].

_r
Eqll fo (%, %) — f (%, %) <O 3)-  (16)

We give some lemmas used in proof of the asymptotic op-
timality of the sequence {d,} of the empirical Bayes estimator
on of Eq. (14).

1
Lemma 3.1. If h,, =d,n & and v=2, we have

2
EnllA 10 (%) =4 (%, %) 1<0(n 3), j=12-  (17)

Proof. We prove j=1 case. j =2 case is proved similarly.
From Eq. (9) and Eq. (12).

\
X Aby X +ha,

1
|EnAln (X, %) = A1 (%, X2)| =

f(l) 2vbl
AL s
2u(x,)hy, 2 a1U(t91)

2u(x,) hy, :

%@uwp@)— £(6,%,))d6,d6,

Let denote by Var, the variance with respect to {X®, j=1, ..., n }, then

Var, (Aq, (%, %) = A1 (X, Xp)) =Var, Ay, (%, X,) =

o1 1
~ 4u?(x,) nh2Y

1
E -
“(uz(xf%

1 1 B %o+,

RN 2
4u?(x,) nh2!

U2(91)

&

Therefore

v v 2

P e -2
En|A1n(X1’X2)—A1(X1'X2)| <C(n ¢ +n3)=0(n 3)"

Lemma 3.2. Under the condition of lemma 3.1, if yE (0, 2],
then

_r
En[|(//jn(xllx2)_l//j(X11X2)|y]So(n 3), j=12- (18

Proof. From Eq. (8), Eq. (12) and Eq. (17), we have

f(el' 62) dé.d

6 <

1

58

I(ay < X\ < x Aby,xy < X5 < x, +h§’n)j

f T dg -3
LY 7R
4u” (xz)nhg, al (&),

_2
Enllpjo (%0, %) — v (%0, %) 1<O(n ) -

Therefore by Holder inequality,

_r
En[|‘//jn (4, %)~y (X11X2)|y] <O(n 3)-

The following lemma is from [15].
Lemma 3.3. Let y, z#0 and #>0 be real numbers and Y, Z be
two real valued random variables. Then for any y € (0, 2],
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E(ly/z-Y/Z},) : . -2
_ ) L, (19 then with the choice of h,, =d,n 6,k=12,3 and v=2, we
<lz| "[E|y-Y| +(y/z|+h) E|z-Z["]

have

Next, we give the result on the asymptotic optimality of the 1
sequence {J,} of the empirical Bayes estimators J,. Jn =R(5,,G)-R(d5,G)<O(n 3 )-
Theorem 3.1. Suppose that f{xi, x2) is twice differentiable
and Hf(')“ <o, I=0, 1, 2 and the assumption K holds. If Proof. We consider right hand of Eq. (15). From Eq. (6), we

can see that |5 J-B| < h3_nl , for sufficiently great n. Using Eq.
(16), Eq. (18) and Eq. (19), for j=1, 2.

u(x)>0, a1<x<b, is continuous and for any y (0, 2],

b, b,
I j f (X, % ) dxdx; < oo, (20)
& X

2u(X)u(X3)
fa (X1, X2)

_2u(Xu(X,)

2
l//jn(xlixz) f(X,, X,) '//j(xl' Xz)thll

En(0jn (X1, X3) =65 (X4, X,)? <E, H

_2u(Xu(X3)

<@2nH*7E
<( hSn) n f(Xl, XZ)

{Mv/m(xl.xz)

f (X, X,) ‘//j(xll xz)}

2hg,

1

<@ ————
[ (X0 X))

(Bl (00 X2) = 1 (X0, X+ 20050+ 2050 (X )u(X) %

y-1

c o(n 3) Q1)

v

) L C

XEn|l//jn(X1,X2)_l//j(Xl’X2)| jémh?’”z.n ’ =W
1 X2 D72

Therefore

2 1 7t _rt
R(5,,G)~R(55,G) <Y WE| — = |O(n 3)=0(n 3).
e ; ) (f(xl,xva

The estimator of a lower truncation parameter may be larger < p{] Oy — O | >a, —b}+ p{]52n - 5ZB| >a, -b}
than the estimator of the upper one, because of randomness of
samples. Therefore we evaluate the probability po,/=P{01,>02.} v

2
of reversely estimating. <(a, - )‘2 EE,(5;, = J; )2 gO(n_ 3)
Corollary 3.1. Under the assumptions of theorem 3.1, we 2 b ]Zzl" e e

have

. Example 3.1. We consider a two-sided truncated distribu-
P

—= tion with the pdf as
Pon = PGin (X1, X2) > 830 (X, X2)}<O( 2) M

X
Proof Using Eq. (6), Eq. (21) and Chebyshev inequality, Fx16,.0,) =e"0(%h.6,). 6 <x<6,,  (22)

PS5, (X1, X5) =60 (Xq, X,) >0} where (61, )€ O=[ai, bi] X [a2, b2] and 0< a1< by < ax< by<
= P{(61n —618) = (620 —I28) > 1 — 6o} . Then p(6;,6,) = (6% —e™*) ™, and 0<Ci< ¢*(6,6,) <
Cy. Let G(64, &) is a prior distribution with the pdf given by
< P{]gln _513| > Ojg —Opp}+ P{]52n _52|3| > Oy —Op}

59
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9(6,,0,)
_ A o A /14 23)
=0o(6—a)" (0, —6)7 (6, —8;)° (b, - 6,)™, (6,,0,) €©
where 4> 1, k=1,..., 4 are constants and go>0 is regular con-
stant.
Let divide the
D ={(x,x;) & <% <X, <by} by

sample space

Dy ={(x. %) |8y <% <by, 8, <%, <by}
D, ={(x, %) | X 2 by, 8, <X, <by, X <X}

Dy ={(x. X2) [a <X <by, X <@y, X <X}

Dy ={(x, %) | X 2 by, X, <8y, X <X}

and denote by Dio the interior of D;. We can see that for the
function V(xi, x2) of Eq. (4), it holds

(% _al)ﬂﬁl (b, _Xz)iﬁl s (X, %) € Dlo

V(%.%,) <Cx (b, —x,) %™ , (%, %) € DY
1) Xp) =

(Xl_al)ﬂﬁl v (X, %) € D??

1 . (%, X%,) eD?

(%1, %) € Dy

where C>0 is a constant related with go, a;, b;, i=1, 2 and A,
k=1,..., 4. From Eq. (3), we have

(% —ay) =) (b, —x,) AN (%, %,) € DY

f (%, % )7 <C x

(Xl _ al)(ﬂﬁl)(l*}’)

1

If (A + 1)(1- y)>-1 for k=1, 4, then Eq. (20) is satisfied. On
the other hand, from Eq. (4) and Eq. (10), if 2>1, k=1,..., 4,

then ”\/(')“oO <0, [=0, 1, 2, furthermore H f (I)“w <o0,[=0,1,

2. Therefore we can see that if
A +DA-y)>-1 k=14
A =1 k=1---,4 24)

then the result in theorem 3.1 holds.

4. Simulation Study

Finally, we describe the Monte-Carlo Simulation on the per-
formance of the empirical Bayes estimators.

In Eq. (22) and Eq. (23), we set (a1, b1)=(0, 1/5), (a2,
b2)=(4/5, 1) and A= 2, k=1,..., 4. In this setting, Eq. (24) is
satisfied for y <€ (0, 4/3). We take di=5, d»=1/5, d=0.35 and
wi= wr=1.

The simulation study is carried as follows. First, we iterate
following steps (i) -(i1) 500 times. In the kth (k=1,..., 500) it-
eration:

1) Fori=1,..., nt+1, we generate ., . rom the 0
) F 1 l,weg 00, 69 from the pdf of

1000

(b2 _ XZ)(M +1)(1-y)

’ (Xl’ XZ) € Dg
, (%, %) €Dy

, (%, %) € Dg

Eq. (23) and generate two samples y(i) , yg) from the pdf of
Eq. (22). Then we set x® =y Ay x® Zy0y y0 ;=

1,..., (past data) and Ay

v Y™ (present data).

n

X, = yl(n+1)

X = yl(n+1)

(i1) The Bayes estimators d;z(x1, x2), j=1, 2, the empirical
Bayes estimators dju(x1, x2), /=1, 2 and

2
Jne = Z(5jn (X1, %) =g (x4, %)),
j=1

Tk = 1610 (%, X2) > 855 (X, X2))

are computed.
Next, we estimate J, and p,, by sample means respectively
as

500 500

3, =500 " 35, Pon =500 "y
k=1 k=1

The variances of above sample means are estimated respec-
tively by

SE?(J,) = (600x599) > (I —Ju)?, SE*(Pon) =500 Py (1= Pon)

k=1

The values of jn, Bon » SE(jn)and SE(py,) forn € M
— {10, 50, 100, 200, 300, 500, 700, 1,000, 1,500, 2,000} are

60

presented in Table 1. Finally, solving the minimization prob-
lem.
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n(Jy —Cn#)?
neM

min
(C.5)

gives B = 0.08452 and C = 0.07360. The values of

J, 1(0.07360n%%2) are filled in 4th column of Table 1

and all they are close to 1. Numerical computations are carried
by Matlab.

Table 1. The performances of Estimators Via Estimates of J,, and Po, According to Different n.

n J, x10 SE(J,,)x10? J, 1(0.07360n00842) Boy x10° SE(fy,) x10?
10 12.0427 23.029 1.7591 5.8 0.7392
20 7.5427 5.3255 1.1907 1.5 0.3844
30 6.7558 4.9921 1.116 1.4 0.3715
40 6.5257 4.9932 1.1133 1.6 0.3968
50 5.5564 4.44 0.972 0.6 0.2442
70 5.1461 4.692 0.9348 0.2 0.1413
100 49181 4.5479 0.9297 0.8 0.2817
150 4.3617 3.9638 0.8629 0.2 0.1413
200 4.3447 4.2461 0.8876 0.3 0.1729
300 4.4198 4.1612 0.9449 0.1 0.0999
600 4.365 3.8058 1.0086 0 0

1000 4.3067 3.8096 1.0537 0 0

Table 1 shows that J n, and variances of it tend to zero, as
n—oo, respectively. We can also see that f,, and variances

of it tend to zero, as n—oo, respectively. Therefore, J,, the dif-
ference between empirical risk and theoretical risk, and pon,
the probability of reversely estimating, tend to zero, as n—o,
respectively. However, the speeds of the convergences are rel-
atively slow as usual in empirical Bayes inferences.

5. Conclusion

The empirical Bayes estimation for truncation parameters
of two-sided truncated distribution has been considered. We
theoretically confirmed that by a sample of size one, the
Bayesian estimators for two truncation parameters cannot be
constructed. This is the motivation for using size two samples.
Empirical Bayes estimators for the truncation parameters un-
der squared error loss have been constructed and their asymp-
totic optimality have been proved. It has been also proved that
the probability that the lower and upper bounds are reversely
estimated approaches zero. An example was presented to ver-
ify applicability of the proposed estimation scheme to real
problems. The simulation result confirms the asymptotic opti-
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mality of the proposed empirical Bayes estimators. New pro-
posal of using size two samples could be extended to the case
of multi-dimensional truncated distributions defined on hyper-
cubic domain. The empirical Bayes inference using samples
of size larger than one would be effective in many statistical
problems.

Abbreviations

ii.d.
LINEX

Independent and Identically Distributed
Linear Exponential
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